1 6 Séque‘ngeg and Séries

6.1 Introduction
Sequences also called Progressions, are used to represent ordered lists of
qumbers. As the members of a sequence are in a definite order, so a correspondence

anbe established by matching them one by one il e ravibiis 1.2 3, 4, .o FOT
ccample, if the sequence is 1,4, 7,10, ..., ath member. then such a correspondence
can be set up as shown in the diagram below:

Position the member of the ch.l;_'@j

I + | Q

o4
<0

g
G

-~
n— y mMh member

Thus a sequence 1s a Turg) hose domain is a subset ol the set ol natural
mumbers. A sequence is a spechyl fype of u function from a subset of N 10 ", or C.
Sometimes, the domain g sequence is faken 1o be A subset of the set
0,1,2,3....}, e, the set of non-negative inlegers. If all members of a sequence are
real numbers, then it is called 2 real sequence.

Sequences are usnally named with letiers a.b.c etc., and n is used instead of x
2 a variable. If a natural number n belongs 10 the domain of a sequence a, the
corresponding element in ils range is denoted bya,. For convenience, a special
motation a, is adopted fora(n)and the symbol{a, }or @@y dyuee a, .18 used to
represent the sequence a. The elements in the range of the sequencefa, Jare called its
terms; that is, a is the first term, a,the second term and a,the nith term or the

generzl term.
For example, the terms of
Wsigning (o n, the values 1, 2, 3, ... . I we denote the sequence by (b, }. then

the sequence {n+(=1)")can be written by
b, =n+(=1)"and we have
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b, =4+ =4+1=3¢C

domain of @ s2qUENCE is a finite sct then the sequence js calleg
If the domai

sequence otherwise, an infinite sequence.

L .
e P TSN ,H

Some examples of sequences are,

149,121 i) 1L3579...21 w124,
[ I I
iv) 13.7053L.. V) L6.20.56.... Q ? _5“.;‘-9-
The sequences (i) and (i) are ﬁnt @B the sequences (iii) to (vi) y
infinite.
62 I'If‘szrz ?blfe?:f?nlc:?;:les the given initial terms of a sequence, they

terms of the sequence.
e given sequence giving corresponding value o
sequence. ;

in the nth / general
Example 1: rst two, 21st and 26th terms of the sequence whose geoad
termis (=1)"".

we can deduce a rule or formul

We can find any

Solution: Given that a, =(-1)"". For getting required terms, we pul
n=1221and26 .
a, =(-1)"=|
, =(=D* =-]
a,, =(-1)"" =1
ay = (-1)*" =]
Example 2: Find the sequence if a, -a, =n+landa, =14
Solution: Putting n=234 in

E! _aq--'l =ﬂ+l.Wl:ha\re

N
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a,—a,=4
a,—a, =5

=l4<3=9 (a, =14)
From (i), @, =a,—4
=9-4=§ (ca,=9)
And from (1), a, =a, =3
=5-3=)

Thus the sequence is 2.5.9,14,20, ...

Eﬁaﬁ-q‘.—_ﬁﬂﬂ, =a,+6=14+6= OQ

L “rnu: the first four terms ¢ lh:: Emg sequem:e'-. if

(ii)
(iii)

1) a,=2n-3 -{ " n i) a, =(=1)"(2n-3)
, 0’ n : |
iv) a =3n-§ g = vi) a, =
' Q,( 2n+1 g
vil) a, —a, ,=n+24, =2 viii) a, =na,,,a, =1
, B |
IX) a,=(n+ha, .a, =I X) Ty
2. Find the indicated terms of the following sequences;
- 3 57
i ; i 3.12,60.... i) L=,=,—,..a.
) 26]1117...a i) 1,312 ay ) >'3'8 :
“ ] l.l ."3.5..—?, q'“ .H! L L_'-?'-si_?lgv-l l'“ al
3

Find the next two terms ol the following sequences;
) 79,216,... i) 1371530

) -=1,21240,... iv) 1,-3,5-79,~-11,...

Wwww.educatedzone.com
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[
6.3 Arithmetic Progression (A.P)

A sequence {a, )1s an Arithmelic Sequence OF Arithmetic rogression A,

number  for all neNandn>1.  The ﬁﬁ‘:

the same

the difference of two consecutive lerms of an AP.. i
L | m~

denoted by d.

a, —d, 18
a, —a,,(n> hie.

common difference and is usuvally
Rule for the nth term of an AF.:
We know that a, =@, = d (n>1).

in=>1 i

=a, 4" d
5 3.4, in (1) we gel
hd

which implies @,
Putting 1 -

-
_.Il;"l.}'tl'l + | &

tl'-*if‘—lﬂ,*d”*ﬁ' @
g +2d =a,+(3-1d (\

a, = dy +d =4 +:¢f|+if /»O

a, +3d = a +(4-1e

Thus we conclude that @
a, =¢€f--—nd
where @ 1s the first lc|b€ulw: sequence.

We have observe

il

o,

a, =4d, { =a,+(1=Dd

a, =d, +d =aq, #12-1d

a, =a,td=a (3-Dd

a, =a,+d =4, +(4—Dd
s a general anmmicnqnﬂ“

La Hn=hd+ ...
fference respectively.

E ] - L i
o ) TS, o W

Thus @ .a, +d. 4 * 2d,..
the first term and common di

with a,.d as

Example 1: Find the general term and the eleventh te
d -3 respectively. Also wnite

and the common difference are 2 an
Solution: Here, @, =2,d=-3

We know that a, =a, * (n—=1)d,
nr—hrﬂﬂlEdEﬂﬂ'B.ﬂ-ﬂm
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0 In+3
of by =520
hus the general term of the AP, j5 5_ -3n. )
(= 11in (i), we have
a =9=3(11
=5-33=-28
wecan find a,,a,, 4b3‘P““1ﬁB n=234in (), that is,
a,=5-32)=
3_5 3=
=5-3(4)=-7

Hence the first four terms of the sequence are: 2,-1,~4,~
gnple 2: If the 5th term of an A.P. is 13 and 17th term |5Q\l’md a,anda
" "

Jution: Given a; = 13 and a, =49, O
Putting n=5 1n a, =u,+(n-l:d we h /\/
a.=a, +(5- \,\’@
a, +4d rb-

or . l?r-a, (1)

Also a, q{‘{ I]J
or dY=q +

or 49 = (a, +4d)+12d
or 49 =13+12d (by (1))
= 12d=36 = d=3
From (i), a, =13-4d =13-403)=1 .
Thus ﬂ”=1+(13—l]3=37 and
I'% a,=1+(n- N3=3n-2
3':['rmﬂl.hrcnurnb-::]:'a::tfu::n'nsml'.h-tal'i.I" 1
U’"‘E a, =a, ’f{ﬂ—nd we have 3md=’ﬂ
59:3“’{”-]}"{? ( a, -59:]‘..

o 56= (n—1)x7=>n-1=8 2n=7

if, d:":“d =7anda, =39

e . www.educatedzone.com
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L, 0N btc cta a+b
6.6 Word on A.P.

Example 1: 'I_'"jckcts for a certain show were printed bearing numbers from It 100
Odd number tickets were sold by receiving paisas equal to thrice of the number 00 -
ticket while even number tickets were issued by receiving paisas equal to twice of
number on the ticket. How much amount was received by the issuing agencj?

tickets respectively, Then
5, =}1+3+5+...499) and S, =2244+6+..+100]
_1 50 50 e
mfﬂsu'*sz 3x—z—ﬂ+991+2x—2-(2+100).[':IMreareSDmmsinﬁ"hw

=T7500+5100 =12600 »
Hence . . |
the total amount received by the issuing agency = 12600 plﬂ”'m

www.educatedzone.com Il
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2: A man repays his

. agllment and then increases the
ke 10 clear his loan?
Solution: 1t is given that the first instaliment (in Rs.) is 15 and the monthly increase
inpayment (in Rs.) 15 10,

Here a, =15 and d =10

Let the time required (in months) to clear his loan be i Then

§,=1120, that is.

| i
0an of Rs. 1120 by paying Rs. 15 in the first
payment by Rs. 10 every month, How long will it

n
112ﬂ=-,.‘-IZxIS+{n~llltl|=-;-|3{}+m-ljltl]

I

=%xli!3+m-l]l=ﬁn{n+1:
or 28 =np(n+2)=n’+2n-224=10 Q(Z’
-24+J4+896 -2+900 Q
- n= =
~ ‘ /\/
—2%30 b-

<&
=I4,—216 Q‘;‘

But n can not be negative, so Q.M, that is, the time required to clear

1s 14 months. o
Example 3: A manufactu 10 sets produced 625 units in the 4th y

units in the 7th year. Assurfing that production uniformly increases by

number every year, find 8 S dem
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T Chaptey ¢
e )

is said to be th
mr‘,‘ 15 <a : EAM
A“;mdisthﬂ common diffe
N4 A-a=b-A
2A=a+}

hﬂ‘ﬂtg
Tence of this ,: :"’ two "Umbers , nd
P “@and p

ot if,
heﬂd'-ﬂ-dind l'l-;iﬂ:l h

e I: Find three A.Ms between 2 ang 3.5
m: Let A, A, A be three A Mg between .j“
ji.Apa;r-Aa 3\@11[{: iﬂ AP

.
Herz d,-‘wﬁ. ag =32 ()(b

Using a . =a, ~(n-1)d_ weé}}
ﬂ'; =a + (5 - Ij‘f!

or 3J2_’=\f;+4d
2 W2-a-4y
= d:glr-z::ﬁ_ 1
4 2 h
o A‘=“l+d=\/§+-]—-=£—l=i.
2 V2 2
A1=A1+d'*3+l 4 M~
Se—_—t—=—=12.2
2 2z 2

fa—

A=A +d=np, 1 _4+1_5
3 'RThRh
fore, :;3--1242.

5
75 e three A.Ms between V2and 32.
www.azlucatedzuna.nnrn
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6.8 Geometric Means

A number G js said to be 4

adbifa.G,bareingp Mfmgmmm mean (G.M.) between two number®

www.educatedzone.com
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o e— N
(81 7 ¢ Means Between ¢
The n numbers G, .G,,G,,.... g e Ry

G, are called n Eeometric means between a and

i 4,G,.G1.G;......G, bare in G P,
Thus we have, b = gp "2+

. 'where r is the common ratio,
or ar'" =

| i+l
5. p=[2
c

2in+l
G,=ar" = u[—fz\' 7
a )
wMn=) Q
G, =ar’ =u[2] /\/(:)
il

n#nf

b gy

Example 1: Find the geometric mean between 4 and 16.
Solution: Herea = 4, b = 16, therefore

G ==:t1J:;E; =4 i‘)(lti

= i\.‘ﬁ =+8 '
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|
1 -__I
Example 2: Insert three G.Ms. between = and 3

|
between 2 and — . Therefore 2, GI*G:-G]._%

Selution: Lt G,.G,.G, be three G.Ms

: =5
are in GP. Here a, = 2. u,=;andn—-
Using a, =a,r  wehave.
‘ ' (i)
a, =a,r je. a,=ar

! in (i ve
Now substituting the values of a,and a, 10 (i) we ha

a_1 Gi)

\"2' 2
i 1
=t then G, = = =-J2.G " . =1G, = =1 =--1-
ki st I I O | 2) 2

" 1 M
I . . _ I II-‘_ . i ui I
mr=ﬁ.MG1=2XF—ﬁI.GI—Z[-EJ *—1.63-4—"2J —75
i

-

W2 J
Wher r=“_l‘[hc~|] G] 2{;—%J=—J§r.(;: =2[1J :-I.G]= 7_2—] =-'J'-2"

V2

Example 3: If a,b,c and dare in G.P. show that a + b, b+ ¢, ¢ +d are in G.F-

www.educatedzone.com
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—_ .
golution: Since a,b.care in G.P therefore,

ac=b’ -
Also b.c.dm ll'l G.P.. S0 we hava * u}
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Exercise 6.8

L. Find the sum ot first 15 1erns of the geometric seque e 1. l

Surn W terms. the sene:
1 et et 2L - i I+ 431 Q\
3. Sumn o 1 terins the serws /\/(1 )
1) l+ta+b)+tu +ub+b” )+ u Tub” +b')+.

i) re(l+kir' +00+k +&° }5@

& o B terms.
5 Find the sums of lh@% infinite geometric series:
1 )

LB
=

4. Sum the series "+{I-l}+[

1
_ .t .. iii1—+%+l+-"—+...
5 25 125 7 4 R § 2 3

iv) 2+1+05+.. VI 4+ '.‘.«E+Z+JTZ +1+ .. Vi) nr.|+n.u.5+(1025+._,
6. Find vulgar fractions equivalent to the following rf:uurnng d_ccmuls.

) 1.3 iy 07 fii) u.z'.jf

iv) 1.53 v) 0150 vy LIS

7. Find the sum to infinity of
rand k being proper fractions. 2

8. lfvsi+-l—x:+lx-'+,_,and if0<x<2, then prove that I-H-
- 2 4

8 3y
3 -__.—‘—'H—'—
1f0c..t-::-£.:hcnshowthll 4+

. A}
the series: r+(l+kr r(lrk+k o+

B
9. if y= —i—.r-l—%-x +_ﬁx +..and

www.educatedzone.com

rwv*d'*""'"m”w

: from a e ame way what di of
“.u.sampped twnunmsmfallmmes y ‘dmme.‘\

. ? L
iravel before “"mmg e | pefore coming to rest if it is drg

. q ball trave Pped fmm
1L ' unds —of th distance ;
height af 75 mELEr and after each alae 5 ¢ el .
1 I y=].+2:+4-r’ 481+

}--]
i) Show that x = 2

ij)  Findthe interval in which the series is convergent.
ii

e
-

X
11 IT ‘I='+_._I__+_'_+“‘
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' the common difference of

(1)

(ii)

25
and a,+ﬁd=?

Subtracting (i) from (ii), gives

From (i), we get

13 13
w2 iAgac
“=3 2

+2

b
O
O@

" Thus a,ofthe AP =a,+d =

And a,ofthe AP. =a +2d =— +2

0;3

-] = M= =

f

o ]

Hence the required H.P. i if,?%

6.12.1 Harmonic Mean; Qw t H is said 1o be the harmonic mean (H.M)
between two numbers a an%.  bharein H.P.

|

Let a, b be the two numbers and H be their HM. Then —:;% are in A.P.
i

For example, H.M. between 3 and 7 s
2x3x7 _2x21 2|

— —

3+7 10 5

www.educatedzone.com
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Chapter 6: Sequences and Series

12.2n Harmonic Means between two numbers

H.,H. H,,..H ~are called n harmonic means (H.Ms) between a and b if
aH Hy . H,y,.. H.-bﬂn!lnHPIfw:wmtmmaennH.Msbetwunawb.we

_
6

AMs. A, A, Lo ]
first find n S. A\ A,,...., A, between ;-und % v then take their reciprocals w get n

11 I
H.Ms. between a and b, thatis, —, — ' .. : W
: will be the required n H.Ms. between

a and b.
Example 3: Find three harmonic means between % :md-L

17
Solution: Let A ,A., A, be three A.Ms. between S and 17,that is,

5,A,,A,,A,17are in A.P. {\(Z;

Using a, =a; + (n—1) d, we get,
7=5+(5-1d (- a;=17 9
4d =12

>  d=3 %
Thus .4,:5+3=E.A:=ﬁ-®=lland,-l‘3=5+3{3l=l-l

1 1 ] g _
He -_—,— ,— are cquired harmonic means.
N TRT!

Example 4: Find » H.h@;ée;n a and b

I I
Solution: Let A, A. A,....A, ben AMs between - and =

] | .
- e —are in A.P.
Then H.A,‘.A:.A‘ "

Using a, =a)+(n~- 1) d, we get,

l=i+{n+2-—l}lff

b a
a-b

! _

or ‘"+'“=;':=’d‘mn+n
a-b bln+l)+“’-’ —-b) _ _nb+a
Thes "1'—“‘" tmiD) . abn+D)  ab(n+D

www.educatedzone.com
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| I 2[ a-b ]= bin+1)+2(a-b) _(
A2+ W=t it D) ab(n+1) ab(n+ 1y
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