
Ch.9:  Normal Distribution 

 
Let “X” be a continuous random variable with interval   ,  is said to be normal 

distribution having its probability density function (p.d.f) is given as 
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It has two parameters  2, . 
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Properties of normal distribution 
i) It is continuous distribution and its range   ,  

ii) Total area under the curve is unity 

iii) It is bell shape distribution 

iv) It is symmetrical distribution and its mean, median and mode are identical 

v) It is unimodal distribution and maximum ordinate of the curve at X  is 
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vi) It has two points of inflection which are equidistant from mean”  ”are 
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vii) The mean deviation of normal distribution is approximately 
5
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 of its Standard 

deviation i.e.  7979.0
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viii) The Quartile deviation of normal distribution is approximately 
3
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deviation i.e.  6745.0
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ix) All odd order moments about mean equal to zero i.e. 0....531    

x) The expression of even order moments about mean are 
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xi) If X is ),( 2N  and if bXaY  then Y is ),( 22 bbaN   

xii) The sum of independent normal variables is a normal variable  

xiii) The property of normal distribution 

i) %5050.0)6745.06745.0( orXP    
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xiv) The two quartiles are equidistant from the mean  

 6745.01 Q     Lower quartile  

 6745.03 Q      Upper quartile  

xv) The normal curve approaches but never touches the base line. So the curve is 

asymptotic to the horizontal line. 

xvi) It has two parameters  2,  

 Standard normal variate 

Ans: Any variable having zero mean and unit variance is called standard normal variate 

or variable. i.e. 
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Standard normal distribution 

The normal probability distribution of “Z” which has zero mean and unit variance is 

called the standardized normal distribution. It is denoted by )1,0(NZ  and its p.d.f 

given as  
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Standard normal distribution 

Properties of standard normal distribution 
i) It is continuous distribution and its range   ,  

ii) Total area under the curve is unity 

iii) It is bell shape distribution 

iv) It is symmetrical distribution and its mean, median and mode ere equal to zero 

v) The mean deviation of standard normal distribution is approximately 
5

4
 i.e. 

7979.0
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vi) The Quartile deviation of standard normal distribution is approximately 
3

2
  

i.e. 6745.0
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vii) All odd order moments about mean equal to zero i.e. 0....531    

viii) The two quartiles of standard normal distribution   

6745.01 Q     Lower quartile  

6745.03 Q      Upper quartile  

ix) It has two parameters  1,0NZ   

 

Theorem.No.1: Show that total area under the curve is unity 

Proof: Let by definition  
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As we know that Gamma function is  
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Theorem.No.2: Show that mean of normal distribution is ""  

Proof: Let by definition  
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1st function is odd and 2nd is even function then eq. (ii) becomes  
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As we know that Gamma function is  
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Theorem.No.3: Show that Variance of normal distribution is "" 2  

Proof: Let by definition  
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It is even function then eq. (ii) becomes  

  







0

2

1

2
2

)(
2

2
)(

2

zdeZXVar
Z




     (iii) 

Put 2

2

1
Zt   

22 Zt   

Zt 2  

)()(2)2(
2

1
2

1

zdtdt 


 

)()()2( 2

1

zdtdt 


   And  Limits remains same   t0  








0

2

12

)()2(2
2

2
)( tdettXVar t




    





0 2

1

2

1

2

)(

2
2

4
)( tde

t
XVar t




  









0

1
2

1

2

)(
22

4
)( tde

t
XVar t




 








0

1
2

12

)(
2

4
)( tdetXVar t




  








0

1
2

32

)(
2

)( tdetXVar t




     (iv) 

  

As we know that Gamma function is  
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Theorem.No.4: Show that Mean deviation of normal distribution is "
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Proof: Let by definition  
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Theorem.No.5: Show that mean, median and mode of normal distribution is equal to  . 

Proof: Let by definition  
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Now for median  
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Now for mode  

The following two conditions are satisfied then mode is exist  
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Now we equating the first derivative zero  
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Put X  then we get 0)(  xf thus the Mode . 

Hence in normal distribution  

 ModeMedianMean  Proved  

Theorem.No.6: Show that maximum value of )(Xf  occurs at “ X ” 

Proof: As we know that  
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Theorem.No.7: Show that the points of inflexation in normal distribution are equidistant 

from mean 
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Now we equating the first derivative zero  
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Hence the two points of inflection of normal curve are  
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Theorem.No.8: Derive moment generating function of normal distribution  

Proof: Let by definition of m.g.f  
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Theorem.No.9: Derive moment generating function of standardized normal distribution  

Proof: Let by definition of m.g.f  
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As we know that Gamma function is  
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Theorem.No.10: Show those odd order moments of a normal distribution are equal to 

zero 

Proof: Let by definition  
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Theorem.No.11: Show that Mean deviation of normal distribution is 

"67.0
3

2
."  DQ  

Proof: As we know that 
2

. 13 QQ
DQ


   (A)  

First we find "" 13 QAndQ  

Let “
1Q ” be a point that contain 25% area below it. Then we get the ordinate from   to 

1Q  is 0.5-0.25=0.25 

By S.N.V 






X
Z  

 



 1250.0/

Q
PZP   Using area table inversely  






X
67.0   Sign is negative because left sided  

  167.0 Q  

 67.01 Q  

Let “ 3Q ” be a point that contain 75% area below it. Then we get ordinate from 3Q  to  is 

0.7-0.5=0.25 

By S.N.V 






X
Z  

 



 3250.0/

Q
PZP   Using area table inversely  




 367.0

Q
  Sign is positive because right sided  

  367.0 Q  

 67.03 Q  

Substitute the values in (A) we get  

2

)67.0(67.0
.

 
DQ  

 




3

2
67.0

2

67.02

2

67.067.0

2

67.067.0
. 





DQ  Proved 

Importance of normal distribution 

There are some importance of normal distribution are given below 

i) Normal distribution is called probability distribution for errors of measurements. 

ii) It is used in solving problems both in probability and in statistical inference. 

iii) Many natural facts follow normal distribution. 

iv) This distribution helps for drawing conclusions about population on the basis of 

sample information. 

v) This distribution is used in many other subjects 

vi) Many other distribution derived from normal distribution 

vii) Shape of normal curve determined by its parameters ( 2 and )  

a)  Changes the position of normal curve along horizontal axis 

b) 2  Indicates horizontal spread  

viii) The graph of normal distribution is bell-shaped and symmetrical 

ix) Normal distribution has two parameters  and 2 . It is denoted by ),( 2NX   

X) It is very important in applied statistics 

Binomial approximation to normal  

When total number of trials “n is so much large ( 30n ) and
2

1
 qp  binomial 

probability tends to a continuous distribution known as normal distribution  

i.e. ),(),;(lim 2Npnxbn   

 



Poisson approximation to normal distribution  

When   the mean of Poisson distribution is so much large (as it approaches to ) then 

Poisson distribution tends to a continuous distribution known as normal distribution 

),();( 2

lim  NxPt    

Asymptotic curve 

The normal curve approaches but never touches the base line (horizontal axis). So the 

curve is asymptotic to the horizontal axis as X  

What do you mean by continuity correction? 

Continuity correction: Binomial probability distribution is discrete which is the 

probability for a specified value “X” and the normal distribution is continuous, which is 

probability for an interval. Therefore, using binomial approximation to normal , a discrete 

value of binomial variable “X” is to be replaced by an interval from “X-0.5 “ to “X+0.5” , 

before the “Z” values are computed. This sort of adjustment is called continuity 

correction.  

For example:  

i) )5.239()240(  XPXP  

ii) )5.240()240(  XPXP  

iii) )5.240()240(  XPXP  

iv) )5.239()240(  XPXP  

v) )5.2605.239()260240(  XPXP  

vi) )5.2595.240()260240(  XPXP  

vii) )5.2405.239()240(  XPXP  

Example: If the random variable “Z” has the standard normal distribution, find; 

i) )46.0( ZP    ii) )46.0( ZP   iii) )46.1( ZP   

iv) )46.1( ZP    v) )46.1( ZP   vi) )48.1( ZP   

vii) )96.1( ZP    viii) )0( ZP    ix) )0( ZP    

x) )15.10(  ZP    xi) )025.1(  ZP           xii) )99.165.0(  ZP   

xiii) )32.165.1(  ZP   xiv) )99.165.0(  ZP  xv) )( meanZP   

xvi) )( VaianceZP   

Solution:  

i) ?)46.0( ZP  

= )046.0()0(  ZPZp   

= 0.5-0.1772=0.3228 

 

ii) ?)46.0( ZP  

= )46.00()(  ZPZop   

= 0.5-0.1772=0.3228 

 

iii) ?)46.1( ZP  

= )46.10()0(  ZPZp  

= 0.5+0.4279=0.9279 

 

iv) ?)46.1( ZP  

= )046.1()0(  ZPZp  

  = 0.5+0.4279=0.9279 

 

v) ?)46.1( ZP  

)46.10()0(  ZPZp  

 = 0.5-0.4279=0.0721 

 

vi) ?)48.1( ZP  

= )048.1()0(  ZPZp  

= 0.5-0.4306=0.0694 

 

vii) ?)96.1( ZP  

= )096.1()0(  ZPZp  

  = 0.5+0.4750=0.9750 



viii) ?)0( ZP  

= )0()0( oZPZp   

= 0.5-0=0.5 

 

 

ix) ?)0( ZP  

= )00()0(  ZPZp  

  = 0.5-0=0.5 

 

x) ?)15.10(  ZP  

= )00()15.10(  ZPZp  

  = 0.3749-0=0.3749 

 

xi) ?)025.1(  ZP  

= )00()025.1(  ZPZp  

  = 0.3944-0=0.3944 

 

xii) ?)99.165.0(  ZP  

= )65.00()99.10(  ZPZp  

 = 0.4767-0.2422=0.2345 

 

xiii) ?)32.165.1(  ZP  

= )032.1()065.1(  ZPZp  

 = 0.4505-0.4066=0.0439 

 

xiv) ?)99.165.0(  ZP  

= )065.0()99.10(  ZPZp  

 = 0.4767+0.2422=0.7189 

 

xv) ?)0()(  ZpmeanZP  

= )00()0(  ZPZP  

 = 0.5-0=0.5 

 

xvi) ?)1()(  ZpVarianceZP  

= )0.10()0(  ZPZP  

  = 0.5-0.3413=0.1587 

 

xvii) ?)22.111.1(  ZP  

=  )22.10()011.1(1  ZPZP  

=1-(0.3665+0.3888) =0.2447 

 

Alternative way    

)22.1()11.1()22.111.1(  ZPZPZP ----------------------------------- (A) 

First we find  

?)11.1( ZP  

 

= )011.1()0(  ZPZP  

=0.5-0.3665=0.1335 

?)22.1( ZP  

 

= )22.10()0(  ZPZP  

=0.5-0.3888=0.1112       then equation (A) becomes 

)22.1()11.1()22.111.1(  ZPZPZP =0.1335+0.1112=0.2447 

Example: In a normal distribution M.D=3.9895 then find standard deviation, Quartile 

deviation, Second and fourth moment about mean of the normal distribution.  

 

 

 



Solution:   

i) As we know that 0.7979M.D  in a normal distribution. So, we get 

0.79799895.3        Because M.D=3.9895 

deviatondardS tan0.5
7979.0

9895.3
  

ii) As we know that 0.6745Q.D  in a normal distribution. So, we get 

deviationQuartile 3725.3)5(0.6745Q.D  

iii) Second moment about mean 25522

2   

iv) Fourth moment about mean 1875)5(33 44

4    

vii) Between 15 and 30 viii) greater than 50  ix) Find the area not less than 

Example: In a normal distribution with 20  and standard deviation 5 .  

Find the area 

i) Less than 15   ii) More than 25  iii) Less than 25   

iv) More than 15  v) Between 15 and 18  vi) Between 25 and 30 

15 0r more than 25  2515  or    

Solution: Given that 20  and 5 . 

Standardized normal variate  






X
Z  

i) ?15)P(X15) than Less( P  

X=15 20  and 5 . 

By S.N.V 

1
5

5

5

2015













X
Z  

Then we get  

1587.03413.05.0)00.1()0(-1.0)P(Z15)P(X  ZPZP  

 

ii) ?25)P(X25)than M( oreP  

X=25 20  and 5 . 

By S.N.V 

0.1
5

5

5

2025










X
Z  

Then we get  

1587.03413.05.0)0.10()0(1.0)P(Z25)P(X  ZPZP  

iii) Less than 25 

?25)P(X25)than ( LessP  

          

X=25 20  and 5 . 

By S.N.V 

0.1
5

5

5

2025










X
Z  

Then we get  

8413.03413.05.0)0.10()0(1.0)P(Z25)P(X  ZPZP  

 

iv) ?15)P(X15)than M( oreP  

 

X=15 20  and 5 . 

By S.N.V 

1
5

5

5

2015













X
Z  

Then we get  

8413.03413.05.0)00.1()0(-1.0)P(Z15)P(X  ZPZP  

 

 

 

 

 



v) Between 15 and 18 

?18)X15 (18) and 15P(Between  P  

 

X1=15 20  and 5 . 

By S.N.V 

0.1
5

5

5

20151
1 












X
Z  

X2=18 20  and 5 . 

By S.N.V 

4.0
5

2

5

20182
2 












X
Z  

Then we get  

1859.01554.03413.0)00.1()04.0(-0.4)ZP(-1.018)XP(15  ZPZP

 vi) Between 25 and 30 

?)03X25 (30) and 25P(Between  P  

 

X1=25 20  and 5 . 

By S.N.V 

0.1
5

5

5

20251
1 









X
Z  

X2=18 20  and 5 . 

Then we get  

1359.03413.04772.0)0.10()0.20()0.2ZP(1.0)03XP(25  ZPZP

 vii) Between 15 and 30 

?)03X15 (30) and 15P(Between  P  

 

X1=15 20  and 5 . 

By S.N.V 

0.1
5

5

5

20151
1 












X
Z  

X2=30 20  and 5 . 

By S.N.V 

0.2
5

10

5

20302
2 









X
Z  

Then we get  

8185.04772.03413.0)0.20()00.1()0.2ZP(-1.0)03XP(15  ZPZP

 

 viii) Greater than 50 

?50)P(X50)than ( GreaterP  

 

X=50 20  and 5 . 

By S.N.V 

0.6
5

30

5

2050










X
Z  

Then we get  

05.05.0)0.60()0(6.0)P(Z50)P(X  ZPZP  

ix) Find the area not less than 15 0r more than 25  2515  or    

?)51P(X15)than ( lessP  

 

X=15 20  and 5 . 

By S.N.V 

0.1
5

5

5

2015













X
Z  

Then we get  

1587.03413.05.0)00.1()0()0.1-P(Z)51P(X  ZPZP  

?25)P(X25)than ( moreP  

X=25 20  and 5 . 



By S.N.V 

0.1
5

5

5

2025










X
Z  

Then we get  

1587.03413.05.0)0.10()0()0.1P(Z)52P(X  ZPZP   

And required result 

  3174.01587.01587.0)25()15(2515  XPXPorP  

Example:  In a normal distribution the mean is five and the variance is one. Write down 

its equation. Also find the value of maximum ordinate correct to two places decimals. 

Solution: As )1,5(NX   

5  And 0.12   

The equation of normal distribution 
2

2

1

2

1
)(








 


 





X

exf         X  

When 5  And 0.12   then it becomes 

 
2

1

5

2

1

21

1
)(








 




X

exf


 

 

 
2

5
2

1

2

1
)(




X

exf


 Required result      X  

 

ii) The equation of normal distribution 
2

2

1

2

1
)(








 


 





X

exf              Maximum ordinate at 5 X  

 

 
40.03989.0

21

1

2

1

2

1

21

1
)( 0

0
2

1
2

1

55

2

1










 



eeexf  

Note: When ask the question find maximum ordinate then put the value of mean and 

variable “X” as same value. 

Example: The scores made by candidates in a certain test are normally distributed with 

mean 500 and standard deviation 100. What percent of the candidates received scores?  

  

Find the probability which differ from mean by more than 150?  

Solution: Given that 500  And 100  

Mean differ by more than 150 means that we add and subtract 150 from mean then we 

get ?)650()350(650)XP(350  XPXP  

 

?350)P(X   

?25)P(X25)than ( moreP   

X=350 400  and 100 . 

By S.N.V 

50.1
100

150

100

500350













X
Z  

Then we get  

0668.0.04332.05.0)050.1()0()50.1-P(Z)503P(X  ZPZP

?650)P(X   

 X=650 400  and 100 . 

By S.N.V 

50.1
100

150

100

500650










X
Z  

Then we get  

0668.0.04332.05.0)50.10()0()50.1P(Z)506P(X  ZPZP  

And required result 



  1336.00668.00668.0)650()350(150  XPXPthanmoredifferMeanP  

Hence required percentage 13.36%. 

Example: In a certain examination 3000 students appeared. The average marks obtained 

were 50% and standard deviation was 5%. How many students do you expect who 

obtain:  

i) More than 60% marks   ii) Less than 40% marks    iii) Between 40% and 60% marks 

Solution: Given that  5.0   05.0  And 3000N  

i) More than 60% marks    

?)60.0P(X0.60)than ( MoreP  

 

X=0.60 5.0   05.0  And 3000N  

By S.N.V 

0.2
05.0

10.0

05.0

50.060.0










X
Z  Then we get  

0228.047725.05.0)0.20()0()0.2P(Z)60.0P(X  ZPZP  

Hence required expected no. of students obtained more than 60% marks  is 68 

ii) Less than 40% marks    

?)40.0P(X0.40)than ( LessP  

 

X=0.40 5.0   05.0  And 3000N  

By S.N.V 

0.2
05.0

10.0

05.0

50.040.0













X
Z  

Then we get  

0228.047725.05.0)00.2()0()0.-2P(Z)40.0P(X  ZPZP  

Hence required expected no. of students obtained less than 40% marks  is 68 

iii) Between 40% and 60% marks 

?0.60)) 40.0(  XP  

 

X1=0.40 5.0   05.0   

By S.N.V 

0.2
05.0

10.0

05.0

50.040.01
1 












X
Z  

X2=0.60  

By S.N.V 

0.2
05.0

10.0

05.0

50.060.02
2 









X
Z  

 0.60)) 40.0( XP 2.0)ZP(00)ZP(-2.0)0.20.2(  ZP  

           0.95450.477250.47725   

Hence required expected no. of students obtained between 40% and 60% marks is 2864 

Example:  A random variable “X” is normally distributed with mean=70 and S.D=5.  

i) Find a point that has 87.9% of the distribution below it. 

ii) Find a point that has 81.7% of the distribution above it. 

iii) Find two such points between which the central 70% of the distribution lies. 

iii) Find two such points between which the central 90% of the distribution lies. 

Solution: Given that  70   5   

i) Find a point that has 87.9% of the distribution below it. 

Let “X” be a point that contain ( 879.0)
100

9.87
(%9.87  ) area below the point. Then the 

area between the point mean=40 and “X” is (0.0.879-0.50=0.379)  

By S.N.V 

5

70


X
Z  

 
5

70
379.0/




X
PZP   Using area table inversely  

5

70
17.1




X
  Sign is positive because right sided  



70)17.1(5  X  

X7085.5  

85.75X  Required result 

ii) Find a point that has 81.7% of the distribution above it. 

Let “X” be a point that contain ( 817.0)
100

7.81
(%7.81  ) area below the point. Then the 

area between the point mean=40 and “X” is (0.0.817-0.50=0.317)  

By S.N.V 

5

70


X
Z  

 
5

70
317.0/




X
PZP   Using area table inversely  

5

70
90.0




X
  Sign is negative because left sided  

70)90.0(5  X  

X 705.4  

50.65X  Required result 

iii) Let “X1 and X2” be the two points that contain 70% area. As we know that normal 

distribution is symmetrical, so we divide equally 350.0
2

70.0









 either side of mean.  

By S.N.V 

5

70


X
Z    Using area table inversely  

 
5

70
35.0/ 1

1




X
PZP  

5

70
04.1 1 

X
 Sign is negative because left sided 

70)04.1(5 1  X  

7020.5 1  X  

80.647020.51 X  

Similarly for “X2” 

 
5

70
35.0/ 2

2




X
PZP  

5

70
04.1 2 

X
 Sign is positive because right sided  

70)04.1(5 2  X  

7020.5 2  X  

20.757020.52 X  

Hence the required points are (64.80, 75.20) 

iv) Let “X1 and X2” be the two points that contain 90% area. As we know that normal 

distribution is symmetrical, so we divide equally 450.0
2

90.0









 either side of mean.  

 

 



By S.N.V 

5

70


X
Z    Using area table inversely  

 
5

70
45.0/ 1

1




X
PZP  

5

70
645.1 1 

X
 Sign is negative because left sided 

70)645.1(5 1  X  

70225.8 1  X  

775.61708225.81 X  

Similarly for “X2” 

 
5

70
45.0/ 2

2




X
PZP  

5

70
645.1 2 

X
 Sign is positive because right sided  

70)645.1(5 2  X  

70225.8 2  X  

225.78708225.82 X  

Hence the required points are (61.775, 78.225) 

 

Example: In a normal distribution 40 and 8.3 . Find i) Two points such that the 

curve has a 98% chance of falling between  

Solution: As )44.14,40(NX   

40   44.142   And 8.3  

i) Let “X1 and X2” be the two points that contain 98% area. As we know that normal 

distribution is symmetrical, so we divide equally 490.0
2

98.0









 either side of mean. 

From the area table the value of Z for which the area between 0(zero) and Z=0.490 is 

2.33. Therefore “X1” lie on the left side so sign of Z1 is negative and Z2 is positive 

because it is tight sided of the mean. 

 

By S.N.V 






X
Z     

8.3

40
490.0/ 1

1




X
PZP  Using area table inversely  

8.3

40
33.2 1 

X
 

40)33.2(8.3 1  X  

40854.8 1  X  

146.3140854.81 X  

Similarly for “X2” 



 
8.3

40
490.0/ 2

2




X
PZP  

8.3

40
33.2 2 

X
 

40)33.2(8.3 2  X  

40854.8 2  X  

854.4840854.82 X  

Hence the required points are (31.146, 48.854) 

Example: If X is N (24, 16) then find the i) 33rd percentile ii) 9th deciles iii) 90th 

percentiles iv) 60th percentiles. 

Solution: Given that 24   162    4  

i) 33rd percentile=? 

Let “P33” be a point contain ( 33.0)
100

33
(%33  ) values below the point. Then the area 

between the point P33 and mean=24 is (0.5-033=0.17) And the of Z corresponding the 

area 0.17 is 0.44 

 

 
4

24
17.0/ 33 

P
PZP   Using area table inversely  

 

4

24
44.0 33 

P
  Sign is negative because left sided  

24)44.0(4 33  P  

2476.1 33  P  

332476.1 P     And 24.2233 P  Required result 

ii) 9th deciles=? 

Let “D9=P90” be a point contain )90.0
10

9
%90(   values below the point. Then the area 

between the point“D9” and mean=24 is (0.9-0.5=0.40) And the value of Z corresponding 

the area 0.40 is 1.28 

 

 
4

24
40.0/ 9 

D
PZP   Using area table inversely  

 

4

24
28.1 9 

D
  Sign is positive because right sided  

24)28.1(4 9  D  

2412.5 9  D  

92412.5 D  

12.299 D  Required result 

iii) 10th percentiles be a point contain ( 10.0)
100

10
(%10  ) values below the point. Then 

the area between the point P10 and mean=24 is (0.5-0.10=0.40) and the of Z 

corresponding the area 0.40 is 0.1.28 

 

 
4

24
40.0/ 10 

P
PZP   Using area table inversely  



 

4

24
28.1 10 

P
  Sign is negative because left sided  

24)28.1(4 10  P  

2412.5 10  P  

102412.5 P  

88.1833 P  Required result 

iv) 60P  be a point that contain ( 60.0)
100

60
(%60  ) values below the point. Then the 

area between the point P10 and mean=24 is (0.60-0.50=0.10) and the of Z corresponding 

the area 0.10 is 0.25 

 

 
4

24
10.0/ 60 

P
PZP   Using area table inversely  

4

24
25.0 10 

P
  Sign is positive because right sided  

24)25.0(4 60  P  

240.1 60  P  

60240.1 P   And 0.2560 P  Required result 

Example: Given a normal distribution with 40  and 6 , find the value of “X” that 

has; i) 38% of the area below it.   ii) 5% of the area above it. 

Solution: Given that 40  and 6  

i) Let “X” be a point that contain ( 38.0)
100

38
(%38  ) area below the point. Then the 

area between the point “X” and mean=40 is (0.50-0.38=0.12) and the of Z corresponding 

the area 0.12 is 0.31 

 

 
6

40
12.0/




X
PZP   Using area table inversely  

 

6

40
31.0




X
  Sign is negative because left sided  

40)31.0(6  X  

4086.1  X  

X 4086.1  

14.38X  Required result 

ii) Let “X” be a point that contain ( 05.0)
100

5
(%5  ) area above the point. Then the 

area between the mean=40 and point “X” is (0.50-0.05=0.45) and the value of Z 

corresponding the area 0.45 is 1.645 

 

 
6

40
45.0/




X
PZP   Using area table inversely  

6

40
645.1




X
  Sign is positive because right sided  

40)645.1(6  X  

40870.9  X  

X 40870.9  

87.49X  Required result 



Example: In a normal distribution 7% of the items are under 35 and 89% are  under 63. 

What is the mean and standard deviation of the distribution? 

Solution: As we know that 7% of the items are under 35 mean that 

07.0)
100

7
(%7)35( XP  

And that 7% of the items are under 35 mean that 89.0)
100

89
(%89)63( XP  

Now  

 

07.0)
100

7
(%7)35( XP  

The 7% items are under 35, the area to the left of the ordinate “X=35” and mean is (0.5-

0.07=0.43). Then Z1 corresponding to the area 0.43 is 1.48  

Using area table inversely  

 





35
43.0/1 PZP  






35
48.1   Sign is negative because left sided  

  3548.1  

3548.1        (i) 

 

And 

89.0)
100

89
(%89)63( XP  

The 89% items are under 63, the area to the left of the ordinate “Mean and X=63” is 

(0.89-0.5=0.39).  Then Z2 corresponding to the area 0.39 is 1.23  

 

Using area table inversely  

 





63
39.0/2 PZP  






63
23.1   Sign is positive because right sided  

  6323.1  

6323.1        (ii) 

Subtracting equation (i) and (ii)  
3548.1    

6323.1    

2871.2    

332.10
71.2

28





  

The value of standard deviation put in equation (ii) then we get the value of mean 
63)3321.10(23.1   

637085.12   

2915.507085.1263   

Example:  In a normal distribution the first moment about 10 is 40 and the fourth 

moment about 50 is 48. What is the arithmetic mean, variance and standard deviation. 

Solution: The relationship between first raw moment and mean is 1 AMean  

Given that 40)10(1  XE  48)50( 4

4  XE  

)10(  XD   10A  

So 5040101  AMean  

48)50( 4

4  XE      (i) 

As we know that fourth moment about mean  
4

4 )(   XE  Therefore  50 Mean ,so it becomes 
4

4 )50(  XE       (ii) 



Comparing (i) and (ii)  

44    

So, we get  

484   

As we know that  
4

4 3   
4348   

16
3

484   

44 )2(  

Then  

2tan  deviationdardS  

42 Variance  

Example: A manager leaves his house at 7 A.M for his office. The time taken to reach 

the office is normally distributed with mean 45 minutes and standard deviation of 10 

minutes. What is the probability that he will be late for office on a randomly selected day 

if the office starts at 8 A.M? 

Solution: Given that 45  and 10  

?)min60(  utesXP  

 

By S.N.V 

50.1
10

15

10

4560










X
Z  

0668.043319.05.0)50.10()0()50.1P(Z60)P(X  ZPZP  

 

Example: If “X” is normally distributed with mean 20 minutes and variance 16. Let the 

function 5020  XY is also normally distributed. Determine the probabilities  

i) )510( YP   ii) )250( YP  

Solution: As )16,20(NX      20X  162 X  4X     5020  XY  

First we find mean and standard deviation for “Y” distribution. 

YXEXEYE  35050)20(2050)(20)5020()(  
22 6400)16(4000)()20()5020()( YXVXVYV   

80Y  

Now )6400,350(NY   

 

i) ?)510( YP   

 

By S.N.V 

0.2
80

160

80

350510








Y

YY
Z




 

0228.047725.05.0)0.20()0()0.2P(Z510)P(Y  ZPZP  

ii) ?)250( YP  

 

By S.N.V 

25.1
80

100

80

350250











Y

YY
Z




 

89435.039435.05.0)025.1()0()25.1P(Z0)52P(Y  ZPZP

 

 

 

 

 

 



Example: The 10th percentiles and 90th percentiles of a certain normal distribution are 

17.2 and 42.8 respectively. Find  , , 
1Q , 3Q  and 50P . 

Solution: Given that 2.1710 P  and 8.4290 P  

i) 30
2

60

2

8.422.17

2

9010 






PP

 Because we know that mean lies exactly in the 

centre of 10P  and 90P . 

ii) ?  

10P be a point contain ( 10.0)
100

10
(%10  ) values below the point. Then the area 

between the point P10 and mean=24 is (0.5-0.10=0.40 

 



3010 
P

Z  

 


301
40.0/


PZP   Using area table inversely  

 

8.1228.1      Sign is negative because left sided  

0.10
28.1

8.12





  

iii) ?1 Q  

As we know that 

 6745.01 Q  

255.23)10(6745.0301 Q     

iv) ?3 Q  

 6745.03 Q  

745.36)10(6745.0303 Q  

Example: Find the probability that 500 tosses of a fair coin will result in    

i) 240 or more   ii) more than 240 heads   iii) 240 or less heads  

 iv) Less than 240 heads  v) Between 240 and 260 heads inclusive   

vi) Between 240 and 260 heads     vii) Exactly 240 heads  

Solution: Given that 500n  5.0P  5.0q  

W know that in binomial distribution if 30n  and qP  then binomial distribution 

approaches to normal distribution. 

250)5.0(500  np  

1803..11)5.0)(5.0(005  npq  

i) ?)5.239()240(  XPXP  

 

By S.N.V 

94.0
1803.11

2505.239










X
Z  

8264.032639.05.0)094.0()0(-0.94)P(Z240)P(X  ZPZP  

ii) ?)5.240()240(  XPXP  

 

By S.N.V 

85.0
1803.11

2505.240










X
Z  

80234.030234.05.0)085.0()0(-0.85)P(Z240)P(X  ZPZP  

iii) 240 or less heads 

?)5.240()240(  XPXP  

 

By S.N.V 

85.0
1803.11

2505.240










X
Z  

1977.030234.05.0)085.0()0(-0.85)P(Z240)P(X  ZPZP  

iv) Less than 240 heads 



?)5.239()240(  XPXP  

 

By S.N.V 

94.0
1803.11

2505.239










X
Z  

1736.032639.05.0)094.0()0(-0.94)P(Z240)P(X  ZPZP  

v) Between 240 and 260 inclusive 

?)5.2605.239()260240(  XPXP  

 

By S.N.V 

94.0
1803.11

2505.2391
1 









X
Z  

94.0
1803.11

2505.2602
2 









X
Z  

)94.00()094.0()94.094.0()260240(  ZPZPZPXP  

       6528.032639.032639.0   

 

 

vi) Between 240 and 260 heads 

?)5.2595.240()260240(  XPXP  

 

By S.N.V 

85.0
1803.11

2505.2401
1 









X
Z  

85.0
1803.11

2505.2592
2 









X
Z  

)85.00()085.0()85.085.0()260240(  ZPZPZPXP  

       6047.030234.030234.0   

vii) Exactly 240 heads 

?)5.2405.239()240(  XPXP  

 

By S.N.V 

94.0
1803.11

2505.2391
1 









X
Z  

85.0
1803.11

2505.2402
2 









X
Z  

)085.0()094.0()85.094.0()5.2405.239(  ZPZPZPXP  

       0241.030234.032639.0   

Q.9.15 (a): if 24/)96( 2

)(  xxkexf  is the equation of a normal curve find the value of “k” 

and mean and standard deviation.  

Solution: give that 24/)96( 2

)(  xxkexf  

)12(2/)3( 2

)(  xkexf     (A)  

)(2/)( 22

2

1
)( 



 xexf    (B)  

Comparing (A) and (B) 

 
 24

1

2

1
K  122   12   3  

 

 

 



Q.16: Prove that for the normal distribution, the quartile deviation, the mean deviation 

and standard deviation are approximately in the ratio 15:12:10  

Proof: As we know that  


3

2
. DQ   

5

4
. DM  

2.3 DQ  

Dividing by 30 in each side 


30

2
.

30

3
DQ  


15

1
.

10

1
DQ   (A) 

4.5 DM  

Dividing by 60 in each side 


60

4
.

60

5
DM  


15

1
.

12

1
DM   (B) 

From (A) and (B)  


15

1
.

12

1
.

10

1
 DMDQ  Hence the Q.D, M.D and S.D are approximately in the ratio 

10:12:15 Proved  

Q.9.24 (b): If the m.g.f of “X” is 
2326)( ttetM  then find 

)010()164(  XPandXP  

Solution: Given that 
2326)( ttetM   

2

2

64
6

)(
tt

etM


    (A) 

22

2

1

)(
tt

etM
 

    (B) 

Comparing (A) and (B) and we get  

646 2   and  

Remaining parts do yourself  

 

Fitting a normal distribution 
Method-I 

If the observed frequency distribution is given then find mean and standard deviation  

i) 

2
2
























f

fx

f

fx
SAnd

f

fx
X  

ii) Find “Z” values for all upper class boundaries 

iii) Find cumulative probabilities )(Z   

iv) Obtain P̂  for each class subtraction 

v) Expected or theoretical frequencies PN ˆ   

This procedure is called fitting normal distribution by area table  

 

 

 

 



Method-II 

If only 2 and  is given  

i) First we find the range of  3  

ii) Rake appropriate “class interval=h” for making classes between 6 and 15 

iii) Find “Z” values for all upper class boundaries 

iv) Find cumulative probabilities )(Z   

v) Obtain P̂  for each class subtraction 

vi) Expected or theoretical frequencies PN ˆ   

 

Q.42 (b): Fit a normal distribution given mean=27.0 standard deviation is 2.2 and total 

frequency is 209. 

Solution: Given that 0.27  2.2  209N  

Since the bulk (mean maximum values lies between the interval) of normal distribution 

 3  then the interval )2.2(327 is ( 6.33,4.20 ) 

2.134.206.33 Range  

Classes should be between 6 and 15 so we assume 7 classes  

0.2885.1
7

2.13

.
int 

classesofno

Range
ervalClassh  

Then we make the class  

Classes UCB 






UCB
Z  

)(Z  P̂  Expected 

Frequency 

PN ˆ  

20-22 

22-24 

24-26 

26-28 

28-30 

30-32 

32-34 

22 

24 

26 

28 

30 

32 

  

-2.27 

-1.36 

-0.45 

0.45 

1.36 

2.27 

  

0.0116 

0.0869 

0.3264 

0.6736 

0.9131 

0.9884 

1.000 

0.0116 

0753.00116.00869.0   

2395.00869.03264.0   

0.3472 

0.2395 

0.0753 

0.0116 

2.4244 

15.7377 

50.0555 

72.5648 

50.0555 

15.0555 

2.4244 

    1.0 209 

 

Q.9.43: The following table gives the distribution of statures among the first year 

students of a university  

Stature(X) f fx  2fx  

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

2 

10 

11 

38 

57 

93 

106 

126 

109 

87 

75 

23 

9 

4 

122 

620 

693 

2432 

3705 

6138 

7102 

8568 

7521 

6090 

5325 

1656 

657 

296 

7442 

38440 

43659 

155648 

240825 

405108 

475834 

582624 

518949 

426300 

378075 

119232 

47961 

21904 

 750 50925 3462001 

a) Test the normality of the distribution by comparing the proportion of the cases lying 

between Sx  , Sx 2 , Sx 3 for distribution and for the normal distribution 

9.67



f

fx
X   365.2.

2
2






















f

fx

f

fx
DS  

 

 

 

 

 



Number of stature between Sx   the interval (65.54, 70.26) 

 

 

The percentage no. of observation falling between the intervals 

Sx  = %5.69100
750

521
  

Number of stature between Sx 2  the interval (62.77, 72.23) 

 

 

The percentage no. of observation falling between the intervals 

Sx 2 = %67.96100
750

725
  

Number of stature between Sx 3  the interval (60.405, 74.595) 

 

 

The percentage no. of observation falling between the intervals 

Sx 3 = %100100
750

750
  

 

 

 

 

 

 

 

 

 

 

Stature(X) f 

66 

67 

68 

69 

70 

 

93 

106 

126 

109 

87 

 

  521 

Stature(X) f 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

11 

38 

57 

93 

106 

126 

109 

87 

75 

23 

 725 

Stature(X) f 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

2 

10 

11 

38 

57 

93 

106 

126 

109 

87 

75 

23 

9 

4 

 750 



b) 

Class boundary Ucb 

S

XUcb
Z


  

)(Z  P̂  Expected 

Frequency PN ˆ  

60.5-61.5 

61.5-62.5 

62.5-63.5 

63.5-64.5 

64.5-65.5 

65.5-66.5 

66.5-67.5 

67.5-68.5 

68.5-69.5 

69.5-70.5 

70.5-71.5 

71.5-72.5 

72.5-73.5 

73.5-74.5 

61.5 

62.5 

63.5 

64.5 

65.5 

66.5 

67.5 

68.5 

69.5 

70.5 

71.5 

72.5 

73.5 

  

-2.71 

-2.28 

-1.86 

-1.44 

-1.01 

-0.59 

-0.17 

0.25 

0.68 

1.10 

1.52 

1.94 

2.37 

  

0.0034 

0.0113 

0.0314 

0.0749 

0.1562 

0.2776 

0.4325 

0.5987 

0.7518 

0.8643 

0.9357 

0.9738 

0.9911 

1.000 

0.0034 

0079.00034.00113.0   

0201.00113.00314.0   

0.0435 

0.0813 

0.1214 

0.1549 

0.1662 

0.1531 

0.1125 

0.0714 

0.0381 

0.0173 

0.0089  

2.55 

5.925 

15.075 

32.625 

60.975 

91.05 

116.175 

124.65 

114.825 

84.375 

53.55 

28.575 

12.975 

6.675 

    1.0 750 

 

Example 9.23: Find the ordinate of the frequency distribution of weights  

Weight(Kg) f X fx  2fx  

28-31 

32-35 

36-39 

40-43 

44-47 

47-51 

52-55 

56-59 

60-63 

64-67 

1 

14 

56 

172 

245 

263 

156 

67 

23 

3 

29.5 

33.5 

37.5 

41.5 

45.5 

49.5 

53.5 

57.5 

61.5 

65.5 

  

     

 

Solution: First we calculate mean and standard deviation of the given frequency 

distribution  

71.47



f

fx
X   88.5.

2
2






















f

fx

f

fx
DS  

The procedure to find the ordinates are given below 

X 

s

XX
Z


  

)(Z  
)(

88.5

)4(1000
)( zz

s

nh
Ordinates    

29.5 

33.5 

37.5 

41.5 

45.5 

49.5 

53.5 

57.5 

61.5 

65.5 

-3.10 

-2.42 

-1.74 

-1.06 

-0.38 

0.30 

0.98 

1.66 

2.35 

3.03 

0.0033 

0.0213 

0.0878 

0.2275 

0.3712 

0.3814 

0.2468 

0.1006 

0.0252 

0.0041 

2.245 

14.49 

59.73 

154.76 

252.52 

259.46 

167.89 

68.44 

17.14 

2.79 

    

 

 

 

 

 

 
 

 



Short Question 
Q.1: Give the background of normal distribution? 

Ans: Normal distribution is also called “Gaussian distribution in the honor of Karl F 

Gauss who derived its equation. Karl Pearson named it normal distribution, in 1893. It 

was discovered by “Abraham de moivre (1667-1754) as a limiting form of binomial 

distribution, when 30n  and qp   

Q.2: Define normal distribution? 

Ans: Normal distribution is defined as limiting form of binomial distribution when 

30n  and qp  . It is distribution of continuous random variable. Its p.d.f (Probability 

density function) is given as 

2

2

1

2

1
)(








 


 





X

exf    X  

Where Mean     deviationdardS tan  

14159.3
7

22
tan  toequalelyApproximattCons  

71828.2tan  toequalelyApproximattConse  

axisXonmarkedvalueeiAbscissaX  ..  

axisYonmarkedvalueeihieghtOrdinateY  ..  

Or  

Define normal distribution 

Ans: Let “X” be a continuous random variable with interval   ,  is said to be 

normal distribution having its probability density function (p.d.f) is given as 
2

2

1

2

1
)(








 


 





X

exf    X  

It has two parameters  2, . 

Q.3: What is the range of normal variable? 

Ans: The range of normal variable “X” from )(  to   i.e  Z  

Q.4: What is the shape of normal curve? 

Ans: The shape of normal curve is uni-modal, symmetrical and bell shaped as shown in 

the figure. 
 
 

 

 

 

Q.5: What is the role of mean”  ” and standard deviation “ ” in the normal curve? 

Ans: Mean”  ” and variance “ 2 ”are the parameters of normal distribution. Where 

Mean is known as shape parameters and   is known as scale parameters. 

Q.8: When normal distribution changes into standard normal distribution? 

Ans: When the normal random variable “X” is expressed in terms of deviations from 

mean in units of standard deviation the normal distribution changes into standard normal 

distribution. 

Q.9: How much area of the normal curve lies between mean+2Standard 

deviations   2 ? 

Ans: We know that 95.44% area lies between   2 . It means   2  contains 

%72.47%
2

44.95









area.      

 

Q.10: What is the relationship between mean deviation and standard deviation of normal 

curve? 

Ans: The relationship between mean deviation and standard deviation is given by 




2
7979.0. DM  in normal distribution. 

Q.11: Write down the ordinates of the standard normal curve at a) Z=1 b) Z=-1 

Ans: The ordinate of Z=1 is 0.3413 and Z=-1 is 0.3413 

Q.12: Define points of inflection in a normal distribution. 



Ans: Those points at which concavity of curve changes are called points of inflection. 

There are two points of inflection which are equidistant from mean. The two points ate 

given as 









e


2

1
,  and 










e


2

1
,  

Q.13 What is the relationship between the binomial distribution and the normal 

distribution? 

Ans: In case of binomial distribution when 30n  and qp  then it becomes normal 

distribution. It is denoted by ),(),;( 2Npnxb   when 30n  and qp   

Q.14: Explain why odd order moments about mean equal to zero for the normal 

distribution. 

Ans: In normal curve, if nth moment is odd, the value of odd moment will always equal 

to zero. This is because the normal curve is symmetrical and for symmetrical distribution 

sum of the positive deviations from   will always equal to sum of the negative 

deviations from  and these deviations are cancel out to each other. 

Q.15: When it is appropriate to use a normal approximation to the binomial distribution? 

Ans: In case of binomial distribution when 30n  and qp  then it is appropriate to use 

normal distribution.  

Q.16: Records from a dental practice show that the probability of waiting to go into the 

surgery for more than 20 minutes is 0.0239. If the waiting time is normally distributed 

with standard deviation 3.78 minutes, find the mean waiting time. 

Solution: In normal distribution it is given that  

0239.0)20( XP  

 

By S.N.V      






X
Z  

 
78.3

20
4761.0/


PZP   Using area table inversely  

78.3

20
98.1


   Sign is positive because right sided  

 20)98.1(78.3  

5156.124844.720   

Q.17: A manufacturer of pipe knows that the pipe lengths it produces vary diameter and 

that the diameters are normally distributed. The mean diameter is “1” inch and the 

probability that a length of pipe will have a diameter exceeding 1.1 inches is 0.1587. Find 

the variance of the diameters. 

Solution: In normal distribution it is given that  

0239.0)20( XP  
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




X
Z  

 


11.1
3413.0/


PZP   Using area table inversely  



1.011.1
0.1 


   Sign is positive because right sided  

1.0  And variance is 010.02   

 

 

 


