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Ø Introduction 

In elementary treatment of Integral Calculus the subject of integration is 
treated as inverse of differentiation. The subject arose in connection with the 
determination of areas of plane regions and was based on the notion of the limit of a 
type of sum when the number of terms in the sum tends to infinity and each term 
tends to zero. In fact the name Integral Calculus has its origin in this process of 
summation. It was only afterwards that it was seen that the subject of integration 
can also be viewed from the point of the inverse of differentiation.  
 

Ø Partition 
   Let [ , ]a b  be a given interval. A finite set { }0 1 2, , ,...., ,....,k nP a x x x x x b= = =  is 
said to be a partition of [ , ]a b  which divides it into n  such intervals  
                               [ ] [ ] [ ] [ ]0 1 1 2 2 3 1, , , , , ,......, ,n nx x x x x x x x−  
   Each sub-interval is called a component of the partition. 
   Obviously, corresponding to different choices of the points ix  we shall have 
different partition. 
   The maximum of the length of the components is defined as the norm of the 
partition. 
 

Ø Riemann Integral 
   Let f  be a real-valued function defined and bounded on  [ , ]a b . Corresponding to 
each partition P  of  [ , ]a b , we put 
                               sup ( )iM f x=     1( )i ix x x− ≤ ≤  
                               inf ( )im f x=   1( )i ix x x− ≤ ≤  
   We define upper and lower sums as  

                               ( )
1

,
n

i i
i

U P f M x
=

= ∆∑  

                    and  ( )
1

,
n

i i
i

L P f m x
=

= ∆∑  

   where   1 ( 1,2,...., )i i ix x x i n−∆ = − =  

   and finally     inf ( , )
b

a

f dx U P f=∫  ………….… (i) 

               sup ( , )
b

a

f dx L P f=∫  ……………..(ii) 

   Where the infimum and the supremum are taken over all partitions P  of  [ , ]a b . 

Then  
b

a

f dx∫   and  
b

a

f dx∫   are called the upper and lower Riemann Integrals of f  

over  [ , ]a b   respectively. 
   In case the upper and lower integrals are equal, we say that f  is Riemann-
Integrable on [ , ]a b  and we write  f ∈R , where R  denotes the set of Riemann 
integrable functions. 
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   The common value of ( )i and ( )ii  is denoted by  
b

a

f dx∫   or by  ( )
b

a

f x dx∫ . 

   Which is known as the Riemann integral of f  over [ , ]a b . 
 

Ø Theorem 
   The upper and lower integrals are defined for every bounded function  f . 
Proof 
   Take M  and m  to be the upper and lower bounds of  ( )f x   in  [ , ]a b . 

( )m f x M⇒ ≤ ≤          ( )a x b≤ ≤  
   Then   iM M≤    and   im m≥    ( 1,2,....., )i n=  
Where iM  and im  denote the supremum and infimum of ( )f x  in ( )1,i ix x−  for 
certain partition P  of  [ ],a b . 

( )
1 1

,
n n

i i i
i i

L P f m x m x
= =

⇒ = ∆ ≥ ∆∑ ∑      1( )i i ix x x−∆ = −  

( )
1

,
n

i
i

L P f m x
=

⇒ ≥ ∆∑  

   But      1 0 2 1 3 2 1
1

( ) ( ) ( ) .... ( )
n

i n n
i

x x x x x x x x x −
=

∆ = − + − + − + + −∑   

                          0nx x b a= − = −  
( ), ( )L P f m b a⇒ ≥ −  

   Similarity  ( ), ( )U P f M b a≤ −  
( ) ( )( ) , , ( )m b a L P f U P f M b a⇒ − ≤ ≤ ≤ −  

   Which shows that the numbers ( ),L P f  and ( ),U P f  form a bounded set. 
   ⇒  The upper and lower integrals are defined for every bounded function f .     ¤ 
 

Ø Riemann-Stieltjes Integral 
   It is a generalization of the Riemann Integral. Let ( )xα  be a monotonically 
increasing function on  [ , ]a b .  ( )aα   and  ( )bα  being finite, it follows that  ( )xα   
is bounded on [ , ]a b . Corresponding to each partition P  of  [ , ]a b , we write                         
                                         1( ) ( )i i ix xα α α −∆ = −  
                                                   ( Difference of values of α  at ix  & 1ix −  ) 
   ∵  ( )xα  is monotonically increasing. 
   0iα∴ ∆ ≥   
   Let f  be a real function which is bounded on [ , ]a b . 

   Put   ( )
1

, ,
n

i i
i

U P f Mα α
=

= ∆∑  

                     ( )
1

, ,
n

i i
i

L P f mα α
=

= ∆∑  

   Where  iM   and  im   have their usual meanings. 
   Define  

                     ( )inf , ,
b

a

f d U P fα α=∫  ……………. (i) 

                     ( )sup , ,
b

a

f d L P fα α=∫  ……………. (ii) 
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   Where the infimum and supremum are taken over all partitions of  [ , ]a b . 

   If   
b b

a a

f d f dα α=∫ ∫ ,  we denote their common value by  
b

a

f dα∫  or  ( ) ( )
b

a

f x d xα∫ . 

   This is the Riemann-Stieltjes integral or simply the Stieltjes Integral of  f   w.r.t. 
α   over  [ , ]a b . 

   If  
b

a
f dα∫  exists, we say that  f  is integrable w.r.t. α , in the Riemann sense, 

and write  ( )f α∈R . 
 
Ø Note 
   The Riemann-integral is a special case of the Riemann-Stieltjes integral when we 
take ( )x xα = . 
   ∵ The integral depends upon , ,f aα  and b  but not on the variable of integration. 

   ∴ We can omit the variable and prefer to write  
b

a

f dα∫  instead of   ( ) ( )
b

a

f x d xα∫ . 

   In the following discussion  f  will be assume to be real and bounded, and α  
monotonically increasing on  [ , ]a b . 
 

Ø Refinement of a Partition 
   Let P  and P∗  be two partitions of an interval [ ],a b  such that P P∗⊂  i.e. every 
point of P  is a point of P∗ , then P∗  is said to be a refinement of P . 
 

Ø Common Refinement 
   Let 1P  and 2P  be two partitions of [ , ]a b . Then a partition P∗  is said to be their 
common refinement if  1 2P P P∗ = ∪ . 
 

Ø Theorem 
   If P∗  is a refinement of P , then 
                               ( ) ( ), , , ,L P f L P fα α∗≤  ……..………… (i) 

                     and  ( ) ( ), , , ,U P f U P fα α∗≥  ………………. (ii) 

Proof 
   Let us suppose that *P  contains just one point x∗  more than P  such that 

1i ix x x∗
− < <   where 1ix −  and ix  are two consecutive points of  P . 

   Put  
1 inf ( )w f x=   ( )1ix x x∗

− ≤ ≤  

2 inf ( )w f x=  ( )ix x x∗ ≤ ≤  

   It is clear that  1 iw m≥   & 2 iw m≥   where inf ( )im f x=    ,  ( )1i ix x x− ≤ ≤ . 
Hence  
     ( ) ( ) 1 1 2, , , , ( ) ( ) ( ) ( )i iL P f L P f w x x w x xα α α α α α∗ ∗ ∗

−   − = − + −     

       [ ]1( ) ( )i i im x xα α −− −  
   1 1 2( ) ( ) ( ) ( )i iw x x w x xα α α α∗ ∗

−   = − + −     

       1( ) ( ) ( ) ( )i i im x x x xα α α α∗ ∗
− − − + −   

   *
1 1 2( ) ( ) ( ) ( ) ( ) ( )i i i iw m x x w m x xα α α α∗

−   = − − + − −     

xi – 1 x* xi 
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   α∵  is a monotonically increasing function. 
   1( ) ( ) 0ix xα α∗

−∴ − ≥     ,     ( ) ( ) 0ix xα α ∗− ≥  
          ( ) ( ), , , , 0L P f L P fα α∗⇒ − ≥  

          ( ) ( ), , , ,L P f L P fα α∗⇒ ≤       which is (i) 

   If P∗  contains k  points more than  P , we repeat this reasoning k  times and 
arrive at (i). 
   Now put  

1 sup ( )W f x=   1( )ix x x∗
− ≤ ≤  

and  2 sup ( )W f x=   ( )ix x x∗ ≤ ≤  
   Clearly     1iM W≥    &    2iM W≥  
   Consider 
        ( ) ( ) [ ]1, , , , ( ) ( )i i iU P f U P f M x xα α α α∗

−− = −  

                                   1 1 2( ) ( ) ( ) ( )i iW x x W x xα α α α∗ ∗
−   − − − −     

1( ) ( ) ( ) ( )i i iM x x x xα α α α∗ ∗
− = − + −   

            1 1 2( ) ( ) ( ) ( )i iW x x W x xα α α α∗ ∗
−   − − − −     

( ) ( )1 1 2( ) ( ) ( ) ( ) 0i i i iM W x x M W x xα α α α∗ ∗
−   = − − + − − ≥     

  ( )isα ↑∵  

( ) ( ), , , ,U P f U P fα α∗⇒ ≥      which is (ii)             
¤ 

 

Ø Theorem 
   Let f  be a real valued function defined on [ , ]a b  and α  be a monotonically 
increasing function on  [ , ]a b . Then  
                                 ( ) ( )sup , , inf , ,L P f U P fα α≤  

                         i.e.   
b b

a a

f d f dα α≤∫ ∫  

Proof 
   Let *P  be the common refinement of two partitions 1P  and 2P . Then  

( ) ( ) ( ) ( )1 2, , , , , , , ,L P f L P f U P f U P fα α α α∗ ∗≤ ≤ ≤  

   Hence    ( ) ( )1 2, , , ,L P f U P fα α≤  …………. (i) 
   If 2P  is fixed and the supremum is taken over all 1P  then (i) gives 

      ( )2 , ,
b

a

f d U P fα α≤∫  

   Now take the infimum over all 2P  
b b

a a

f d f dα α⇒ ≤∫ ∫              ¤ 

 
 

{{{{{{{{{{{{{{{{{{{{ 
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Ø Theorem (Condition of Integrability or Cauchy’s Criterion for  
                  Integrability.) 
    ( )f α∈R   on  [ , ]a b   iff for every  0ε >   there exists a partition P  such that  
                              ( ) ( ), , , ,U P f L P fα α ε− <  
Proof 
   Let      ( ) ( ), , , ,U P f L P fα α ε− <  …………. (i) 

   Then   ( ) ( ), , , ,
b b

a a

L P f f d f d U P fα α α α≤ ≤ ≤∫ ∫  

          ( ), , 0
b

a

f d L P fα α⇒ − ≥∫     and    ( ), , 0
b

a

U P f f dα α− ≥∫  

   Adding these two results, we have 

     ( ) ( ), , , , 0
b b

a a

f d f d L P f U P fα α α α− − + ≥∫ ∫  

    ( ) ( ), , , ,
b b

a a

f d f d U P f L P fα α α α ε⇒ − ≤ − <∫ ∫         from (i) 

i.e.    0
b b

a a

f d f dα α ε≤ − <∫ ∫      for every  0ε > . 

    
b b

a a

f d f dα α⇒ =∫ ∫      i.e.   ( )f α∈R  

   Conversely, let  ( )f α∈R  and let  0ε >  
b b b

a a a

f d f d f dα α α⇒ = =∫ ∫ ∫  

   Now    ( )inf , ,
b

a

f d U P fα α=∫    and    ( )sup , ,
b

a

f d L P fα α=∫  

   There exist partitions 1P  and 2P  such that  

( )2 , ,
2

b

a

U P f f d εα α− <∫  ……..…… (ii) 

and ( )1, ,
2

b

a

f d L P f εα α− <∫  ……..…… (iii) 

   We choose P  to be the common refinement of  1P  and 2P . 
   Then 

( ) ( ) ( ) ( )2 1, , , , , , , ,
2

b

a

U P f U P f f d L P f L P fεα α α α ε α ε≤ < + < + ≤ +∫  

   So that  
( ) ( ), , , ,U P f L P fα α ε− <              ¤

          
�-----------------------------� 

 
 
 
    

 

( )2 , , 2U P f f dεα α− < ∫  

( )1, , 2f d P fL εα α< +∫  
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Ø Theorem 
   a) If  ( ) ( ), , , ,U P f L P fα α ε− <   holds for some P  and some ε ,  then it holds  
        (with the same ε ) for every refinement of P . 
   b) If  ( ) ( ), , , ,U P f L P fα α ε− <   holds for { }0 ,...., nP x x=  and ,i is t  are arbitrary  
        points in [ ]1,i ix x− , then  

                                          
1

( ) ( )
n

i i i
i

f s f t α ε
=

− ∆ <∑  

   c) If  ( )f α∈R  and the hypotheses of (b) holds, then  

                                         
1

( )
bn

i i
i a

f t f dα α ε
=

∆ − <∑ ∫  

Proof 
   a)  Let P∗  be a refinement of  P . Then  

( ) ( ), , , ,L P f L P fα α∗≤  

and  ( ) ( ), , , ,U P f U P fα α∗ ≤  

   ( ) ( ) ( ) ( ), , , , , , , ,L P f U P f L P f U P fα α α α∗ ∗⇒ + ≤ +  

   ( ) ( ) ( ) ( ), , , , , , , ,U P f L P f U P f L P fα α α α∗ ∗⇒ − ≤ −  

   ( ) ( ), , , ,U P f L P fα α ε− <∵  
   ( ) ( ), , , ,U P f L P fα α ε∗ ∗∴ − <  
 

   b)  { }0 ,...., nP x x=  and is , it  are arbitrary points in [ ]1,i ix x− .  
   ( )if s⇒  and  ( )if t  both lie in  [ ],i im M . 
   ( ) ( )i i i if s f t M m⇒ − ≤ −  
   ( ) ( )i i i i i i if s f t M mα α α⇒ − ∆ ≤ ∆ − ∆  

   
1 1 1

( ) ( )
n n n

i i i i i i i
i i i

f s f t M mα α α
= = =

⇒ − ∆ ≤ ∆ − ∆∑ ∑ ∑  

   ( ) ( )
1

( ) ( ) , , , ,
n

i i i
i

f s f t U P f L P fα α α
=

⇒ − ∆ ≤ −∑  

   ( ) ( ), , , ,U P f L P fα α ε− <∵  

   
1

( ) ( )
n

i i i
i

f s f t α ε
=

∴ − ∆ <∑  

 
   c)     ( )i i im f t M≤ ≤∵  

   ( )i i i i i im f t Mα α α∴ ∆ ≤ ∆ ≤ ∆∑ ∑ ∑  
   ( ) ( ), , ( ) , ,i iL P f f t U P fα α α⇒ ≤ ∆ ≤∑  

   and also   ( ) ( ), , , ,
b

a

L P f f d U P fα α α≤ ≤∫  

   Using (b), we have  

( )
b

i i
a

f t f dα α ε∆ − <∑ ∫                        ¤ 

 

�-----------------------------� 

xi – 1 ti xi si 
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Ø Theorem 
   If  f  is continuous on  [ , ]a b  then  ( )f α∈R  on  [ , ]a b . 
Proof 
   Let  0ε >  be given. Choose  0β >  so that 

[ ]( ) ( )b aα α β ε− <  
   f  is continuous on  [ , ]a b     f⇒  is uniformly continuous on  [ , ]a b . 
   ⇒   There exists a  0δ >   such that  

( ) ( )f s f t β− <     if  [ , ]x a b∈ , [ , ]t a b∈  and  x t δ− <  ………..(i) 
If P  is any partition of  [ , ]a b  such that  ix δ∆ <  for all i   
then (i) implies that  i iM m β− ≤       ,      ( 1,2,...., )i n=  

( ) ( ), , , , i i i iU P f L P f M mα α α α⇒ − = ∆ − ∆∑ ∑  

   ( )i i iM m α= − ∆∑  

   [ ]( ) ( )i b aβ α β α α ε≤ ∆ = − <∑  
( )f α⇒ ∈R    by Cauchy Criterion.              ¤ 

 
Ø Theorem 
   If  f  is monotonic on  [ , ]a b , and if  α  is continuous on  [ , ]a b , then  ( )f α∈R . 
                                           ( Monotonicity of α  still assumed. )  
Proof 
   Let  0ε >   be a given positive number. 
   For any positive integer  n , choose a partition  { }0 1, ,....., nP x x x=  of  [ , ]a b   
such that 

( ) ( )
i

b a
n

α α
α

−
∆ =      ,      1,2,....,i n=  

   This is possible because  α  is continuous and monotonic increasing on the closed 
interval  [ , ]a b  and thus assumes every value between its bounds,  ( )aα  and  ( )bα . 
   Let  f  be monotonic increasing on  [ , ]a b , so that its lower and upper bounds 

,i im M   in  [ ]1,i ix x−   are given by  

1( )i im f x −=     ,     ( )i iM f x=     ,  1,2,....,i n=  

   ( ) ( ) ( )
1

, , , ,
n

i i i
i

U P f L P f M mα α α
=

∴ − = − ∆∑  

     [ ]1
1

( ) ( ) ( ) ( )
n

i i
i

b a f x f x
n

α α
−

=

−
= −∑  

     [ ]( ) ( ) ( ) ( )b a f b f a
n

α α−
= −    

     ε<    if n  is taken large enough. 
   ( )f R α⇒ ∈   on  [ , ]a b .                 

       ¤ 
 

Note:   ( )f α∈R  when either 
i)  f   is continuous and  α  is monotonic, or 
ii) f   is monotonic and  α  is continuous, of course  α  is still monotonic. 
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Ø Properties of Integral 
i)  If  ( )f α∈R   on  [ , ]a b , then  ( )cf α∈R  for every constant  c  and  

                                         
b b

a a

cf d c f dα α=∫ ∫ . 

Proof 
   ( )f α∈∵ R  
   ∴ ∃  a partition  P  such that  

( ) ( ), , , ,U P f L P fα α ε− <    ,   where ε  is an arbitrary +ive number. 

   Now      ( )
1 1

, ,
n n

i i i i
i i

U P cf cM c Mα α α
= =

= ∆ = ∆∑ ∑  

&   ( )
1 1

, ,
n n

i i i i
i i

L P cf cm c mα α α
= =

= ∆ = ∆∑ ∑  

   ( ) ( ), , , , i i i iU P f L P f c M mα α α α ⇒ − = ∆ − ∆ ∑ ∑  

      ( ) ( ), , , ,c U P f L P fα α= −    
      1cε ε< =  

   ( )cf α⇒ ∈R  
   ( ) ( ), , , ,U P cf c U P fα α=   ∵      &      ( ) ( ), , , ,L P cf c L P fα α=     

   ( ) ( )inf , , inf , ,U P cf c U P fα α∴ =      &   ( ) ( )sup , , sup , ,L P cf c L P fα α=     
   where infimum and supremum are taken over all  P  on [ , ]a b . 

   
b b

a a

cf d c f dα α⇒ =∫ ∫      &      
b b

a a

cf d c f dα α=∫ ∫  

   
b b

a a

cf d cf dα α=∫ ∫∵       and     
b b

a a

f d f dα α=∫ ∫  

                
b b

a a

cf d c f dα α∴ =∫ ∫               ¤ 

 
ii)  If  1 ( )f α∈R   and  2 ( )f α∈R  on  [ , ]a b , then  1 2 ( )f f α+ ∈R   and  

                               ( )1 2 1 2

b b b

a a a

f f d f d f dα α α+ = +∫ ∫ ∫ . 

Proof 
If  1 2f f f= +   and P  is any partition of  [ , ]a b , we have  
    i i i i i im m m M M M′ ′′ ′ ′′+ ≤ ≤ ≤ +   

   where  , , ,i i i iM m M m′ ′ ′′ ′′  and ,i iM m  are the bounds of 1 2,f f  and f  respectively in 
[ ]1,i ix x− . 
   Multiplying throughout by  iα∆   and adding the inequalities for  1,2,....,i n= , 
 we get 
  ( ) ( ) ( ) ( ) ( ) ( )1 2 1 2, , , , , , , , , , , ,L P f L P f L P f U P f U P f U P fα α α α α α+ ≤ ≤ ≤ +  ….....(i) 
   Since  1 ( )f α∈R  and  2 ( )f α∈R  on  [ , ]a b  therefore  ∃   0ε >   and there are 
partitions  1P   and  2P   such that 

( ) ( )
( ) ( )

1 1 1 1

2 2 2 2

, , , ,
and  , , , ,

U P f L P f
U P f L P f

α α ε
α α ε

− < 
− < 

 ………….. (ii) 

   These inequalities hold if 1P  and 2P  are replaced by their common refinement P . 
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       (ii)  ( ) ( ) ( ) ( )1 2 1 2, , , , , , , , 2U P f U P f L P f L P fα α α α ε⇒ + − + <        
   Using (i) we have 

( )( , , ) , , 2U P f L P fα α ε− <  
   which proves that  ( )f α∈R  on  [ , ]a b  
   With the same partition  P , we have 

( )1 1, ,
b

a

U P f f dα α ε< +∫  

and  ( )2 2, ,
b

a

U P f f dα α ε< +∫  

   Hence (i) implies that 

       ( ) 1 2, , 2
b b b

a a a

f d U P f f d f dα α α α ε≤ < + +∫ ∫ ∫  

   ε∵   is arbitrary, we conclude that 

1 2

b b b

a a a

f d f d f dα α α≤ +∫ ∫ ∫  

   Similarly if we consider the lower sums we arrive at  

1 2

b b b

a a a

f d f d f dα α α≥ +∫ ∫ ∫  

   Combining the above two results, we have 

1 2

b b b

a a a

f d f d f dα α α= +∫ ∫ ∫              ¤ 

 
iii)  If  1 2( ) ( )f x f x≤   on  [ , ]a b , then 

                                                     1 2

b b

a a

f d f dα α≤∫ ∫  

Proof 
   Let  ( ) 0f x ≥ ,  then  0iM ≥     ( ), , 0U P f α⇒ ≥  

   and   0
b

a

f dα∴ ≥∫  

            1 2f f≤∵       2 1 0f f∴ − ≥  

    ( )2 1 0
b

a

f f dα⇒ − ≥∫   2 1 0
b b

a a

f d f dα α⇒ − ≥∫ ∫  

1 2

b b

a a

f d f dα α⇒ ≤∫ ∫                ¤ 

 
Ø Note 

(i)     ( )( ) ( ) ( ) sup supf g x f x g x f g+ = + ≤ +  
       sup( ) sup supf g f g⇒ + ≤ +  
 

(ii)    ( )( ) ( ) ( ) inf inff g x f x g x f g+ = + ≥ +  
  inf ( ) inf inff g f g⇒ + ≥ +  
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iv)  If  ( )f α∈R  on  [ , ]a b  and if  a c b< < , then  ( )f α∈R  on  [ , ]a c  and on  [ , ]c b  
and   

                               
b c b

a a c

f d f d f dα α α= +∫ ∫ ∫  

Proof 
   Since  ( )f α∈R  on  [ , ]a b , therefore for  0ε > ,  ∃ a partition  P  such that 

( ) ( ), , , ,U P f L P fα α ε− <  
   Let  P∗   be the refinement of  P  such that   { }P P c∗ = ∪  

         ( ) ( ) ( ) ( ), , , , , , , ,L P f L P f U P f U P fα α α α∗ ∗∴ ≤ ≤ ≤  ….…...... (i) 

       ( ) ( ) ( ) ( ), , , , , , , ,U P f L P f U P f L P fα α α α ε∗ ∗⇒ − ≤ − <  ……….(ii) 

   Let  1 2,P P   denote the sets of points of  P∗  between  [ , ] , [ , ]a c c b   respectively.     
   Clearly  1 2,P P  are partitions of   [ , ] , [ , ]a c c b   respectively and   1 2P P P∗ = ∪ . 
   Also  ( ) ( ) ( )1 2, , , , , ,U P f U P f U P fα α α∗ = +  ……….. (iii) 

   and   ( ) ( ) ( )1 2, , , , , ,L P f L P f L P fα α α∗ = +  ………… (iv) 

    ( ) ( ){ } ( ) ( ){ }1 1 2 2, , , , , , , ,U P f L P f U P f L P fα α α α∴ − + −  

( ) ( ), , , ,U P f L P fα α∗ ∗= − ε<  
   Since each bracket on the left is non-negative, it follows that  

( ) ( )1 1, , , ,U P f L P fα α ε− <  
and  ( ) ( )2 2, , , ,U P f L P fα α ε− <  

( )f α⇒ ∈R   on  [ , ]a c   and on  [ , ]c b . 
   We know that for any functions  1f   and  2f , if  1 2f f f= + , then 

 1 2inf inf inff f f≥ +  
and  1 2sup sup supf f f≤ +  

   Now for any partitions  1 2,P P  of  [ , ] , [ , ]a c c b  respectively, if  1 2P P P∗ = ∪ , then 

( ) ( ) ( )1 2, , , , , ,U P f U P f U P fα α α∗ = +  
   Hence on taking the infimum for all partitions, we get  

cb b

a a c

f d f d f dα α α≥ +∫ ∫ ∫  

   But since  ( )f α∈R   on  [ , ] , [ , ] , [ , ]a c c b a b  
b c b

a a c

f d f d f dα α α∴ ≥ +∫ ∫ ∫  …………. (v) 

   Again  ( ) ( ) ( )1 2, , , , , ,L P f L P f L P fα α α∗ = +  
   and on taking the supremum for all partitions, we get 

    
b c b

a a c

f d f d f dα α α≤ +∫ ∫ ∫  

   But since  ( )f α∈R   on  [ , ] , [ , ] , [ , ]a c c b a b  
b c b

a a c

f d f d f dα α α∴ ≤ +∫ ∫ ∫  ……………(vi) 

   (v) and (vi) imply that  
b c b

a a c

f d f d f dα α α= +∫ ∫ ∫           ¤ 
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v)  If   ( )f α∈R   on  [ , ]a b   and   ( )f x M≤   on  [ , ]a b , then 

                                         [ ]( ) ( )
b

a

f d M b aα α α≤ −∫  

Proof 
   We know that  

( ), ,
b

a

f d U P fα α≤∫  

                    i i iM Mα α= ∆ ≤ ∆∑ ∑  
   But   

( ) ( )i b aα α α∆ = −∑  

  [ ]( ) ( )
b

a

f d M b aα α α⇒ ≤ −∫             ¤ 

 
vi)  If  1( )f α∈R   and  2( )f α∈R ,  then  1 2( )f α α∈ +R   and   

                                         1 2 1 2( )
b b b

a a a

f d f d f dα α α α+ = +∫ ∫ ∫  

and if  ( )f α∈R  and  c  is a positive constant, then  ( )f cα∈R  and 

                                         ( )
b b

a a

f d c c f dα α=∫ ∫  

Proof 
   Since  1( )f α∈R   and  2( )f α∈R , therefore for  0ε > , there exists partitions 

1 2,P P  of  [ , ]a b  such that 

( ) ( )1 1 1 1, , , ,
2

U P f L P f ε
α α− <  

and  ( ) ( )2 2 2 2, , , ,
2

U P f L P f ε
α α− <  

   Let 1 2P P P= ∪  

( ) ( )

( ) ( )

1 1

2 2

, , , ,
2

& , , , ,
2

U P f L P f

U P f L P f

ε
α α

εα α

∴ − < 

− <


 ………….. (i) 

   Let  im  , iM  be bounds of  f   in  [ ]1,i ix x−  
   Take   1 2α α α= +  
        1 2i i iα α α⇒ ∆ = ∆ + ∆  

  ( ), , i iU P f Mα α∴ = ∆∑  

    ( )1 2i i iM α α= ∆ + ∆∑  

    ( ) ( )1 2, , , ,U P f U P fα α= +  
   Similarly 

       ( ) ( ) ( )1 2, , , , , ,L P f L P f L P fα α α= +  
  ( ) ( ), , , ,U P f L P fα α∴ − ( ) ( ) ( ) ( )1 1 2 2, , , , , , , ,U P f L P f U P f L P fα α α α= − + −  

    
2 2
ε ε

ε< + =     by (i) 

   ( )f α⇒ ∈R    where   1 2α α α= +  
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   To prove the second part, we notice that  

( )inf , ,
b

a

f d U P fα α=∫  

   ( ) ( ){ }1 2inf , , , ,U P f U P fα α= +  
   ( ) ( )1 2inf , , inf , ,U P f U P fα α≥ +  

   1 2

b b

a a

f d f dα α= +∫ ∫  ………….... (ii) 

   Similarly by taking the supremum of lower sum of partition we arrive that 

1 2

b b b

a a a

f d f d f dα α α≤ +∫ ∫ ∫  ……...…….. (iii) 

   From (ii) and (iii) 

1 2

b b b

a a a

f d f d f dα α α= +∫ ∫ ∫   

i.e.  1 2 1 2( )
b b b

a a a

f d f d f dα α α α+ = +∫ ∫ ∫   1 2α α α= +∵  

   Now  ( )f α∈∵ R     ∴  for  0ε > , ∃ a partition  P  of  [ , ]a b  such that 
( ) ( ), , , ,U P f L P fα α ε− <  …………. (iv) 

   Let  cα α′ =    then   ( )i icα α′∆ = ∆ ic α= ∆  
   ( ), , i iU P f Mα α′ ′⇒ = ∆∑  

       ( )i iM c α= ∆∑  

       i ic M α= ∆∑  
       ( ), ,c U P f α=  

   Similarly,           ( ) ( ), , , ,L P f c L P fα α′ =   

( ) ( ) ( ) ( ){ }, , , , , , , ,U P f L P f c U P f L P fα α α α′ ′⇒ − = −  cε<         by (iv) 
( )f α ′⇒ ∈R     where  cα α′ =  

   Also  ( )inf , ,
b

a

f d U P fα α′ ′=∫  

  ( )inf , ,c U P f α=  
  ( )inf , ,c U P f α=  

  
b

a

c f dα= ∫  

   and  

( )sup , ,
b

a

f d L P fα α′ ′=∫  

  ( )sup , ,cU P f α=  
  ( )sup , ,c U P f α=  

  
b

a

c f dα= ∫  

   Hence     

                    
b b

a a

f d c f dα α′ =∫ ∫    where  cα α′ =             ¤ 



Riemann-Stieltjes Integral 13 

Ø Lemma 
   If  M   &  m  are the supremum and infimum of  f  and  M ′ , m′  are the 
supremum & infimum of  f  on  [ , ]a b  then  M m M m′ ′− ≤ − . 
Proof 
   Let  1 2, [ , ]x x a b∈ , then 

1 2 1 2( ) ( ) ( ) ( )f x f x f x f x− ≤ −  ………………(A) 
       M∵   and  m  denote the supremum and infimum of  ( )f x  on  [ , ]a b  
       ( )f x M∴ ≤    &   ( )f x m≥        [ , ]x a b∀ ∈  
       1 2, [ , ]x x a b∈∵  
       1( )f x M∴ ≤     and     2( )f x m≥   
       1( )f x M⇒ ≤    and  2( )f x m− ≤ −  
       1 2( ) ( )f x f x M m⇒ − ≤ −  ……………... (i) 
   Interchanging  1x   &  2x , we get 

[ ]1 2( ) ( )f x f x M m− − ≤ −  ………….. (ii) 
   (i) & (ii)  1 2( ) ( )f x f x M m⇒ − ≤ −  

        1 2( ) ( )f x f x M m⇒ − ≤ −      by eq. (A) …….…..(I) 
   M ′∵   and  m′  denote the supremum and infimum of  ( )f x   on  [ , ]a b  
   ( )f x M ′∴ ≤   and  ( )f x m′≥      [ , ]x a b∀ ∈  
   0ε⇒ ∃ >  such that 

  1( )f x M ε′> −  ………….. (iii) 
  and    2( )f x m ε′< +     2( )f x mε ′⇒ − + > −  ………….. (iv) 

   From (iii) and (iv), we get 
  1 2( ) ( )f x f x M mε ε′ ′− + > − −  

      1 22 ( ) ( )f x f x M mε ′ ′⇒ + − > −  
   ε∵   is arbitrary   ∴  1 2( ) ( )M m f x f x′ ′− ≤ −  …….…..…. (v) 
   Interchanging  1x   &  2x , we get 

     ( )1 2( ) ( )M m f x f x′ ′− ≤ − −  …………… (vi) 
   Combining (v) and (vi), we get 

   1 2( ) ( )M m f x f x′ ′− ≤ −  ……………. (II) 
   From (I) and (II), we have the require result 

M m M m′ ′− ≤ −             ¤ 
 

Ø Theorem 

   If  ( )f α∈R   on  [ , ]a b , then  ( )f α∈R  on  [ , ]a b  and  
b b

a a

f d f dα α≤∫ ∫ . 

Proof 
   ( )f α∈∵ R  
   ∴  given 0ε >   ∃ a partition P  of  [ , ]a b  such that  

( ) ( ), , , ,U P f L P fα α ε− <  
     i.e.     ( )i i i i i i iM m M mα α α ε∆ − ∆ = − ∆ <∑ ∑ ∑  
   Where iM  and im  are supremum and infimum of f  on [ ]1,i ix x−  
   Now if iM ′  and im′  are supremum and infimum of  f  on  [ ]1,i ix x−  then 

i i i iM m M m′ ′− ≤ −  
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( ) ( )i i i i i iM m M mα α′ ′⇒ − ∆ ≤ − ∆∑ ∑  

( ) ( ) ( ) ( ), , , , , , , ,U P f L P f U P f L P fα α α α ε⇒ − ≤ − <  
( )f α⇒ ∈R . 

   Take  1c = +   or  1−   to make  0c f dα ≥∫  

   Then   
b b

a a

f d c f dα α=∫ ∫  …….……… (i) 

   Also     ( ) ( )c f x f x≤      [ , ]x a b∀ ∈  
b b

a a

c f d f dα α⇒ ≤∫ ∫   
b b

a a

c f d f dα α⇒ ≤∫ ∫  ………. (ii) 

   From (i) and (ii), we have 

     
b b

a a

f d f dα α≤∫ ∫                ¤ 

 

Ø Theorem 
   If  ( )f α∈R   on  [ , ]a b , then  2 ( )f α∈R  on  [ , ]a b . 
Proof 
     ∵  ( )f α∈R     ( )f α⇒ ∈R  
    ( )f x M⇒ <        [ , ]x a b∀ ∈  
     ( )f α∈∵ R    ∴ given  0ε > , ∃ a partition P  of  [ , ]a b  such that 

( ) ( ), , , , 2U P f L P f M
εα α− <  ………… (i) 

   If  iM  &  im  denote the sup. & inf. of  f  on [ ]1,i ix x−  then  2
iM   &  2

im   are the 
sup. & inf. of  2f  on [ ]1,i ix x− . 
     ( ) ( ) ( )2 2 2 2, , , , i i iU P f L P f M mα α α⇒ − = − ∆∑  

  ( )( )i i i i iM m M m α= + − ∆∑  
   ( ) ( )f x f x M≤ ≤∵         [ , ]x a b∀ ∈  

   and   22f f=  
   iM M∴ ≤   &  im M≤  
    ( ) ( ) ( )( )2 2, , , , i i iU P f L P f M M M mα α α⇒ − ≤ + − ∆∑  

 ( )2 i i iM M m α= − ∆∑  

 ( ) ( )2 , , , ,M U P f L P fα α= −    2
2

M
M
ε

ε< ⋅ =  

    2 ( )f α⇒ ∈R                  ¤ 
 

Ø Corollary 
   If  ( )f α∈R   &  ( )g α∈R   on  [ , ]a b  then  ( )fg α∈R   on  [ , ]a b . 
Proof 
   ( )f α∈∵ R  ,   ( )g α∈R  
  ( )f g α∴ + ∈R  ,  ( )f g α− ∈R  
  2( ) ( )f g α⇒ + ∈R   ,  2( ) ( )f g α− ∈R  
  2 2( ) ( ) ( )f g f g α⇒ + − − ∈R   4 ( )fg α⇒ ∈R  
and ultimately  

( )fg α∈R   on  [ , ]a b               ¤ 
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Ø Theorem 
   Assume  α  increases monotonically and  α′∈R  on  [ , ]a b . Let  f   be bounded 
real function on  [ , ]a b . Then  ( )f α∈R   iff   f α ′∈R . In that case 

                                                    ( ) ( )
b b

a a

f d f x x dxα α ′= ⋅∫ ∫  

Proof 
   α ′∈∵ R   on  [ , ]a b  
   ∴  given  0ε >   ∃  a partition P  of  [ , ]a b  such that  

( ) ( ), ,U P L Pα α ε′ ′− <  ….……..…. (i) 
   The Mean-value theorem furnishes point  [ ]1,i i it x x−∈   such that 

1( ) ( )i i ix xα α α −∆ = −  
        ( )i it xα ′= ∆     for  1,2,....,i n=     …………. (ii)      

   If   [ ]1,i i is x x−∈ , then form (i) we have 

( ) ( )i i i is x t xα α ε′ ′∆ − ∆ <∑ ∑      | Previously proved at page 6 

      ( ) ( )i i is t xα α ε′ ′⇒ − ∆ <∑  …………… (iii) 
   Put  sup ( )M f x=   and consider 

( ) ( ) ( )i i i i if s f s s xα α ′∆ − ∆∑ ∑  …………….. (A) 

       ( ) ( ) ( ) ( )i i i i i if s t x f s s xα α′ ′= ∆ − ∆∑ ∑       by (ii) 

           ( )( ) ( ) ( )i i i if s t s xα α′ ′= − ∆∑  

       ( )( ) ( )i i iM t s xα α′ ′≤ − ∆∑    
       Mε≤                  …………..…….. (iv)      by (iii) 

       ( ) ( ) ( )i i i i if s f s s x Mα α ε′⇒ ∆ ≤ ∆ +∑ ∑      for all choices of  [ ]1,i i is x x−∈  
       ( ) ( ), , ,U P f U P f Mα α ε′⇒ ≤ +  
   The same arguments leads from (A) to  

    ( ) ( ), , ,U P f U P f Mα α ε′ ≤ +  
   Thus  ( ) ( ), , ,U P f U P f Mα α ε′− ≤  ………..…. (v) 
   ∵  (i)  remains true if  P  is replaced by any refinement 
   ∴  (v) also remains true 

( ) ( )
b b

a a

f d f x x dx Mα α ε′⇒ − ≤∫ ∫  

   ε∵  was arbitrary  

   ( ) ( )
b b

a a

f d f x x dxα α ′∴ =∫ ∫      for any bounded f . 

   Using the same argument, we can prove from ( )iv  by considering the infimum of 
( )f x  that  

     ( ) ( )
b b

a a

f d f x x dxα α ′=∫ ∫  

   Hence     

     
b b

a a

f d f dα α=∫ ∫     ⇔     ( ) ( ) ( ) ( )
b b

a a

f x x dx f x x dxα α′ ′=∫ ∫  

   Equivalently   ( )f α∈R    ⇔    ( )f α α′∈R .            ¤ 
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Ø Theorem (Change of Variable) 
   Suppose ϕ  is a strictly increasing continuous function that maps an interval 
[ ],A B  onto  [ , ]a b . Suppose α  is monotonically increasing on  [ , ]a b  and ( )f α∈R  
on  [ , ]a b . Define  β  and  g  on  [ , ]A B  by 
                               ( )( ) ( )y yβ α ϕ=     ,    ( )( ) ( )g y f yϕ=  

   then  ( )g β∈R   and   
B b

A a

g d f dβ α=∫ ∫ . 

Proof 

[A,B] [a,b]

β 

g 

y 

φ 

α 

f 

R 

φ(y) x =  f(φ(y)) =  g(y) 

α(φ(y)) =  β(y) 

 
    To each partition  { }0 ,....., nP x x=   of  [ , ]a b   corresponds a partition 

{ }0 ,....., nQ y y=   of  [ ],A B   because  ϕ   maps  [ ],A B   onto  [ , ]a b . 
( )i ix yϕ⇒ =  

   All partitions of  [ ],A B   are obtained in this way. 
   ∵ The value taken by  f  on  [ ]1,i ix x−  are exactly the same as those taken by  g  
on  [ ]1,i iy y− , we see that  

 ( ) ( ), , , ,U Q g U P fβ α=     
  and    ( ) ( ), , , ,L Q g L P fβ α=  

   ( )f R α∈∵   on  [ , ]a b  
   ∴  given  0ε > ,  we have 

( ) ( ), , , ,U P f L P fα α ε− <  
    ( ) ( ), , , ,U Q g L Q gβ β ε⇒ − <  

   ( )g β⇒ ∈R   and   
B b

A a

g d f dβ α=∫ ∫               ¤ 

 
 

{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{{ 
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INTEGRATION AND DIFFERENTIATION 
 

Ø Theorem (Ist Fundamental Theorem of Calculus) 

   Let  f ∈R  on  [ , ]a b . For  a x b≤ ≤ , put  ( ) ( )
x

a

F x f t dt= ∫ , then  F  is continuous 

on  [ , ]a b ; furthermore, if  f  is continuous at point  0x  of  [ , ]a b , then  F  is 
differentiable at  0x , and  0 0( ) ( )F x f x′ = . 
Proof 
   f ∈∵ R  
   f∴   is bounded. 
   Let  ( )f t M≤   for  [ , ]t a b∈  
   If   a x y b≤ < ≤ ,  then 

( ) ( ) ( ) ( )
y x

a a

F y F x f t dt f t dt− = −∫ ∫  

  ( ) ( ) ( )
yx x

a x a

f t dt f t dt f t dt= + −∫ ∫ ∫  

  ( )
y

x

f t dt= ∫   ( )
y

x

f t dt≤ ∫   
y

x

M dt≤ ∫   ( )M y x= −  

       

          ( ) ( )F y F x ε⇒ − <    for  0ε >   provided  M y x ε− <  

       i.e.    ( ) ( )F y F x ε− <    whenever   y x
M
ε

− <  

   This proves the continuity (and, in fact, uniform continuity) of  F  on  [ , ]a b . 
   Next, we have to prove that if  f  is continuous at  0 [ , ]x a b∈   then  F  is 
differentiable at  0x   and  0 0( ) ( )F x f x′ =  

            i.e.   
0

0
0

0

( ) ( )lim ( )
t x

F t F x f x
t x→

−
=

−
 

   Suppose  f   is continuous at  0x . Given  0ε > , ∃  0δ >   such that  

0( ) ( )f t f x ε− <    if   0t x δ− <     where  [ , ]t a b∈  
     0 0( ) ( ) ( )f x f t f xε ε⇒ − < < +     if    0 0x t xδ δ− < < +   

          ( ) ( )
0 0 0

0 0( ) ( ) ( )
t t t

x x x

f x dt f t dt f x dtε ε⇒ − < < +∫ ∫ ∫   

     ( ) ( )
0 0 0

0 0( ) ( ) ( )
t t t

x x x

f x dt f t dt f x dtε ε⇒ − < < +∫ ∫ ∫  

     ( ) ( )0 0 0 0 0( ) ( ) ( ) ( ) ( ) ( )f x t x F t F x f x t xε ε⇒ − − < − < + −  

     0
0 0

0

( ) ( )( ) ( )F t F xf x f x
t x

ε ε
−

⇒ − < < +
−

 

     0
0

0

( ) ( ) ( )F t F x f x
t x

ε−
⇒ − <

−
 

     
0

0
0

0

( ) ( )lim ( )
t x

F t F x f x
t x→

−
⇒ =

−
 

      0 0( ) ( )F x f x′⇒ =                ¤ 
 

� --------------------------------- � 

a y b x 

a 
t 

x0 x0 +  δ x0 –  δ 
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Ø Theorem (IInd Fundamental Theorem of Calculus) 
   If  f ∈R  on  [ , ]a b   and if there is a differentiable function  F  on  [ , ]a b  such that  
F f′ = ,  then 

                                 ( ) ( ) ( )
b

a

f x dx F b F a= −∫  

Proof 
   f ∈∵ R   on  [ , ]a b  
   ∴  given  0ε > ,  ∃  a partition  P  of  [ , ]a b   such that 

( ) ( ), ,U P f L P f ε− <  
   F∵   is differentiable on  [ , ]a b  
   [ ]1,i i it x x−∴ ∃ ∈   such  that   

1( ) ( ) ( )i i i iF x F x F t x− ′− = ∆  
         1( ) ( ) ( )i i i iF x F x f t x−⇒ − = ∆       for  1,2,....,i n=      F f′ =∵  

        
1

( ) ( ) ( )
n

i i
i

f t x F b F a
=

⇒ ∆ = −∑  

   ( ) ( ) ( )
b

a

F b F a f x dx ε⇒ − − <∫   

   ε∵  is arbitrary 

   ( ) ( ) ( )
b

a

f x dx F b F a∴ = −∫                ¤ 

 

Ø Theorem (Integration by Parts) 
   Suppose  F   and  G   are differentiable function on  [ , ]a b ,  F f′ = ∈R   and 
G g′ = ∈R   then 

                        ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
b b

a a

F x g x dx F b G b F a G a f x G x dx= − −∫ ∫  

Proof 
   Put ( ) ( ) ( )H x F x G x=  
   ( ) ( ) ( ) ( )H F x G x F x G x h′ ′ ′⇒ = + =  
   Now  H ∈∵ R   and  h∈R  on  [ , ]a b  
   ∴ By applying the fundamental theorem of calculus to H  and its derivative h , 
we have 

 ( ) ( )
b

a

hdx H b H a= −∫  

    [ ]( ) ( ) ( ) ( ) ( ) ( )
b

a

F x G x F x G x dx H b H a′ ′⇒ + = −∫  

    ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
b b

a a

f x G x dx F x g x dx F b G b F a G a⇒ + = −∫ ∫  

    ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
b b

a a

F x g x dx F b G b F a G a f x G x dx⇒ = − −∫ ∫          ¤ 
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∵    if  ( )f α∈R  then 

( )
b

i i a
f t f dα α ε∆ − <∑ ∫
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Ø Question 
   Show that the function  f  defined on [ ]0,1  by 

                                          
1 ; is rational  

( )
0 ; is irrational

x
f x

x


= 


 

   is not integrable on [ ]0,1  
Solution 
   For any partition P  of  [ ]0,1 ,  0km =  ,  1kM =  

( )
1 1

, 1 0 1
n n

k k k
k k

S P f M x x
= =

⇒ = ∆ = ∆ = − =∑ ∑  

   and        ( )
1

, 0
n

k k
k

L P f m x
=

= ∆ =∑  

   so that       
1

0

1f dx =∫        ,       
1

0

0f dx =∫  

   i.e.   
1 1

0 0

f dx f dx≠∫ ∫   f⇒  is not integrable on  [ ]0,1 .         ¤ 

 

Ø Question 

   Show that  ( ) sinf x x=   is Riemann integrable over  0,
2
π 

  
. 

Solution 

   Take  30, , , ,.....,
2 2 2

nP
n n n n

π π π π =  
 

  by dividing  0,
2
π 

  
 into  n  equal parts. 

   Then  sin
2k
kM

n
π

=  ,  ( 1)sin
2k

km
n

π−
=  

( ) ( ) ( 1), , sin sin
2 2 2
k kS P f L P f

n n n
π π π− ⇒ − = − 

 
∑  

     
2n
π

≤   ε<   for  0 2
n n π

ε
> =  

f⇒   is Riemann integrable over  0,
2
π 

  
.         ¤ 

 

Ø Question 

   Show that  
1 ; is rational , 0 1

( )
; is irrational              0

x xxf x
x

 < ≤= 


  

   is integrable on [ ]0,1 . 
Solution 
   f   is continuous at each irrational. And rational numbers are dense in [ ]0,1 . 

   Also  ( ), 0L P f =   for any partition  P  of  [ ]0,1  so that   
1

0

0f dx =∫  

   0f ≥∵       ( ), 0S P f∴ ≥   
1

0

0f dα⇒ ≥∫  ……..…. (i) 
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   ∵ There are only finite number of points p
q

 (rationals) for which 
2

p qf
q p

ε 
= ≥ 

 
 

   ∴  Suppose  ( )
2

f x ε
≥   for  k  values of  x  in  [ ]0,1  

   Take  1P   such that  1 2
P

k
ε

< .  

   Consider  ( ) ( )1 1
1

,
n

i i i
i

S P f M x x −
=

= −∑   

   There are at most  k  values for which  1
2 iMε

≤ ≤ . For all other values  
2iM ε

> . 

    ( )1 1 1
values values

, ( ) ( )i i i i i i
k other

S P f M x x M x x− −⇒ = − + −∑ ∑  

    1( )
2 2 2 2i ik x x

k
ε ε ε ε

ε−≤ ⋅ + − < + =∑  

   ε∵  is arbitrary 

   ( )1, 0S P f∴ ≤     and    
1

0

0f dx ≤∫  ………… (ii) 

   By (i) and (ii), we have  
1

0

0f dx =∫  

   Hence   
1

0

0f dx =∫                 ¤ 

 

Ø Note 
   If  f  is integrable then  f   is also integrable but the converse is false.  
For example, let  f   be a function defined on  [ , ]a b   by 

1 ; [ , ]
( )

1 ; otherwise      
x a b

f x
∈ ∩

= −

¤
 

   Then  f   is Riemann-integrable but  f   is not. 
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We shall now discuss the concept of functions of bounded variation which is 
closely associated to the concept of monotonic functions and has wide application in 
mathematics. These functions are used in Riemann-Stieltjes integrals and Fourier 
series. 
   Let a function  f  be defined on an interval [ , ]a b  and { }0 1, ,........, nP a x x x b= = =  

be a partition of [ , ]a b . Consider the sum  1
1

( ) ( )
n

i i
i

f x f x −
=

−∑ . The set of these sums 

is infinite. It changes when we make a refinement in a partition. If this set of sums is 
bounded above then the function  f  is said to be a bounded variation and the 
supremum of the set is called the total variation of the function  f  on  [ , ]a b , and is 
denoted by  ( ); ,V f a b   or  ( ),fV a b  and it is also affiliated as ( )V f   or  fV . 
   Thus 

                      ( ) 1
1

; , sup ( ) ( )
n

i i
i

V f a b f x f x −
=

= −∑  

   The supremum being taken over all the partition of  [ , ]a b . 
   Hence the function  f  is said to be of bounded variation on  [ , ]a b   if, and only, if 
its total variation is finite  i.e. ( ); ,V f a b < ∞ . 
 

Ð Note 
Since for  x c y≤ ≤ , we have  

( ) ( ) ( ) ( ) ( ) ( )f y f x f y f c f c f x− ≤ − + −  
   Therefore the sum  1( ) ( )i if x f x −−∑   can not be decrease (it can, in fact only 
increase) by the refinement of the partition. 
 

Ð Theorem 
A bounded monotonic function is a function of bounded variation. 

Proof 
   Suppose a function  f  is monotonically increasing on [ , ]a b  and  P is any partition 
of  [ , ]a b  then 

    1
1

( ) ( )
n

i i
i

f x f x −
=

−∑   ( )1
1

( ) ( )
n

i i
i

f x f x −
=

= −∑   ( ) ( )f b f a= −  

           ( ) 1; , sup ( ) ( )i iV f a b f x f x −∴ = −∑  ( ) ( )f b f a= −   (finite) 
   Hence the function  f  is of bounded variation on  [ , ]a b .  
   Similarly a monotonically decreasing bounded function is of bounded variation 
with total variation ( ) ( )f a f b= − .  
   Thus for a bounded monotonic function  f  

   ( ) ( ) ( )V f f b f a= −               q          
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Ð Example 
A continuous function may not be a function of bounded variation. 

   e.g.  Consider a function  f , where 

; when  0 1sin
( )

; when    00

xx
f x x

x

π < ≤
 =

 

   It is  clear that  f  is continuous on  [0,1] . 

   Let us choose the partition  2 2 2 20, , ,........, , ,1
2 1 2 1 5 3

P
n n

 =  
+ − 

 

   Then           

     1( ) ( )i if x f x −−∑ ( )2 2 2 2
3 3 5 2 1

(1) ....... 0
n

f f f f f f
+

       = − + − + + −       
       

  

     2 3 2 3 2 5sin sin sin sin ..........
3 2 3 2 5 2

π π ππ      = − + − +     
     

 

             2 (2 1)..... sin 0
2 1 2

n
n

π+ + − +  
 

             2 2 2 2 2 2 2 2............
3 3 5 5 7 2 1 2 1 2 1n n n

     = + + + + + + + +     − + +     
 

                        2 2 2 22 2 2 ............. 2
3 5 7 2 1n

        = + + + +        +        
 

                        1 1 1 14 .............
3 5 7 2 1n

 = + + + + + 
 

   Since the infinite series  1 1 1 ...........
3 5 7

+ + +   is divergent, therefore its partial sums 

sequence { }nS , where 1 1 1 1........
3 5 7 2 1nS

n
= + + + +

+
,  is not bounded above. 

   Thus  1( ) ( )i if x f x −−∑   can be made arbitrarily large by taking n  sufficiently 
large.    
   ( );0,1V f⇒ → ∞    and so  f  is not of bounded variation.             q 
 

Ð Remarks 
A function of bounded variation is not necessarily continuous. 

   e.g.  the step-function  ( ) [ ]f x x= , where [ ]x  denotes the greatest integer not 
greater than x, is a function of  bounded variation on  [0,2] but is  not continuous. 
 

Ð Theorem 
If the derivative of the function  f  exists and is bounded on [ , ]a b , then  f  is of 

bounded variation on [ , ]a b . 
Proof 

∵   f ′   is bounded on [ , ]a b  
k∴ ∃   such that  ( )f x k′ ≤    [ , ]x a b∀ ∈ . 

   Let P  be any partition of the interval  [ , ]a b   then 

1 1( ) ( ) ( )i i i if x f x x x f c− − ′− = −∑ ∑   ,     [ , ]c a b∈      (by M.V.T) 
k b a≤ −  

     ( ); ,V f a b⇒   is finite.   f⇒   is of bounded variation.                              q 
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Note 
Boundedness of  f ′  is a sufficient condition for ( )V f  to be finite and is not 

necessary. 
 

Ð Theorem 
A function of bounded variation is necessarily bounded. 

Proof 
   Suppose f   is of bounded variation on  [ , ]a b . 
   For any  [ , ]x a b∈ , consider the partition  { }, ,a x b , consisting of just three points 
then 

( ) ( ) ( ) ( ) ( ; , )f x f a f b f x V f a b− + − ≤  
              ( ) ( ) ( ; , )f x f a V f a b⇒ − ≤  
   Again               

          ( ) ( ) ( ) ( )f x f a f x f a= + −  
                               ( ) ( ) ( )f a f x f a≤ + −  
                               ( )( ) ; ,f a V f a b≤ + < ∞  
                  f⇒   is bounded on [ , ]a b .               q 
 

Ð Properties of functions of bounded variation 
   1)  The sum (difference) of two functions of bounded variation is also of bounded 
variation. 
Proof 
   Let f  and g  be two functions of bounded variation on [ , ]a b . Then for any 
partition P  of  [ , ]a b  we have 
         ( ) ( ) 1( ) ( )i if g x f g x −+ − +∑ { } { }1 1( ) ( ) ( ) ( )i i i if x g x f x g x− −= + − +∑  

                  1 1( ) ( ) ( ) ( )i i i if x f x g x g x− −= − + −∑  

        1 1( ) ( ) ( ) ( )i i i if x f x g x g x− −≤ − + −∑ ∑  
        ( ; , ) ( ; , )V f a b V g a b≤ +  

                            ( ); , ( ; , ) ( ; , )V f g a b V f a b V g a b⇒ + ≤ +  
   This show that the function  f g+   is of bounded variation. 
   Similarly it can be shown that  f g−   is also of bounded variation. 
   i.e.    ( ) ( ) ( )V f g V f V g− ≤ +                 q 
 

Note 
   (i) If f  and g  are monotonic increasing on [ , ]a b  then ( )f g−  is of bounded  
        variation on [ , ]a b . 
   (ii) If c  is constant, the sums 1( ) ( )i if x f x −−∑  and therefore the total variation  
        function, ( )V f  is same for f  and f c− .  
 
   2)  The product of two functions of bounded variation is also of bounded 
variation. 
Proof 
   Let f  and g  be two functions of bounded variation on  [ , ]a b . 
   f⇒  and g  are bounded and  ∃  a number  k   such that  

( )f x k≤    &   ( )g x k≤      [ , ]x a b∀ ∈ . 
   For any partition  P  of  [ , ]a b   we have 
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( ) ( ) 1( ) ( )i ifg x fg x −−∑  

       1 1( ) ( ) ( ) ( )i i i if x g x f x g x− −= −∑  

                 1 1 1 1( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )i i i i i i i if x g x f x g x f x g x f x g x− − − −= − + −∑  

                 { } { }1 1 1( ) ( ) ( ) ( ) ( ) ( )i i i i i if x g x g x g x f x f x− − −= − + −∑  

       1 1 1( ) ( ) ( ) ( ) ( ) ( )i i i i i if x g x g x g x f x f x− − −≤ − + −∑ ∑  

       1 1( ) ( ) ( ) ( )i i i ik g x g x k f x f x− −≤ − + −∑ ∑  
       ( ) ( )k V g k V f≤ +  

   fg⇒  is of bounded variation on  [ , ]a b .               q 
 
Ð Note 
   Theorems like the above, could not be applied to quotients of functions because the 
reciprocal of a function of bounded variation need not be of bounded variation. 

e.g. if  ( ) 0f x →   as  0x x→ , then  1
( )f x

  will not be bounded and therefore can not 

be of bounded variation on any interval which contains 0x . 
   Therefore to consider quotient, we avoid functions whose values becomes 
arbitrarily close to zero. 
 

  3)  If  f  is a function of bounded variation on  [ , ]a b  and if ∃ a positive number k  

such that  ( )f x k≥    [ , ]x a b∀ ∈   then  1
f

  is also of bounded variation on [ , ]a b . 

Proof 
   For any partition  P   of  [ , ]a b , we have 

1
1 1( ) ( )i ix x
f f −−∑   

1

1 1
( ) ( )i if x f x −

= −∑  

    1

1

( ) ( )
( ) ( )

i i

i i

f x f x
f x f x

−

−

−
= ∑  

    12

1 ( ) ( )i if x f x
k −≤ −∑    ( )2

1 ; ,V f a b
k

≤  

   1
f

⇒   is of bounded variation on  [ , ]a b .               q 

 
4)  If  f   is of bounded variation on  [ , ]a b , then it is also of bounded variation on 
[ , ]a c   and  [ , ]c b ,  where c  is a point of  [ , ]a b , and conversely. Also 
                                          ( ; , ) ( ; , ) ( ; , )V f a b V f a c V f c b= + . 
Proof 
  a)   Let, first,  f   be of bounded variation on [ , ]a b . 
   Take  { }1 0 1, ,....., mP a x x x c= = =    &   { }2 0 1, ,....., nP c y y y b= = =    any two 
partitions of  [ , ]a c   and  [ , ]c b   respectively. 
   Evidently,  { }1 2 0 0,...., , ,....,m nP P P a x x y y b= ∪ = = =   is a partition of  [ , ]a b . 
   We have 

( )1 1
1 1

( ) ( ) ( ) ( ) ; ,
m n

i i i i
i i

f x f x f y f y V f a b− −
= =

 
− + − ≤ 

 
∑ ∑  
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( )1
1

( ) ( ) ; ,
m

i i
i

f x f x V f a b−
=

⇒ − ≤∑  

    and       ( )1
1

( ) ( ) ; ,
n

i i
i

f y f y V f a b−
=

− ≤∑  

    f⇒   is of bounded variation on  [ , ]a c   and  [ , ]c b   both.  
 b)  Let, now, f  be of bounded variation on  [ , ]a c   and  [ , ]c b   both.  
   Let  { }0 1, ,....., nP a z z z b= = =   be a partition of  [ , ]a b . 
   If it does not contain the point c , let us consider the partition  * { }P P c= ∪  
   Let [ ]1,r rc z z−∈    i.e.  1r rz c z− ≤ ≤ ,     r n<  
   Then  

    1
1

( ) ( )
n

i i
i

f z f z −
=

−∑   
1

1 1 1
1 1

( ) ( ) ( ) ( ) ( ) ( )
r n

i i r r i i
i i r

f z f z f z f z f z f z
−

− − −
= = +

= − + − + −∑ ∑  

      
1

1 1
1

( ) ( ) ( ) ( )
r

i i r
i

f z f z f c f z
−

− −
=

≤ − + −∑  

   1
1

( ) ( ) ( ) ( )
n

r i i
i r

f z f c f z f z −
= +

+ − + −∑  

                ( ) ( ); , ; ,V f a c V f c b≤ +  
   f⇒  is of bounded variation on [ , ]a b  if it is of bounded variation on  [ ],a c   &  
[ , ]c b  both, then 

( ) ( ) ( ); , ; , ; ,V f a b V f a c V f c b≤ +  …………. (i) 
   Now let  0ε >   be any arbitrary number. 
   Since  ( ); ,V f a c   and  ( ); ,V f c b   are the total variation of  f  on  [ ],a c   &  [ , ]c b   
respectively therefore  ∃  partition  { }1 0 1 2, , ,....., mP a x x x x c= = =  and 

{ }2 0 1 3, , ,......, nP c y y y y b= = =   of  [ ],a c   &  [ , ]c b  respectively such that 

( )1
1

( ) ( ) ; ,
2

m

i i
i

f x f x V f a c ε
−

=

− > −∑  ……………. (ii) 

         & ( )1
1

( ) ( ) ; ,
2

n

i i
i

f y f y V f c b ε
−

=

− > −∑  …………… (iii) 

Adding (ii) and (iii) we get 

     ( ) ( )1 1
1 1

( ) ( ) ( ) ( ) ; , ; ,
m n

i i i i
i i

f x f x f y f y V f a c V f c b ε− −
= =

− + − > + −∑ ∑  

         ( ) ( ) ( ); , ; , ; ,V f a b V f a c V f c b ε⇒ > + −  
   But ε  is arbitrary positive number therefore we get 

( ) ( ) ( ); , ; , ; ,V f a b V f a c V f c b≥ +  …………….. (iv) 
   From (i) and (iv), we get 

( ) ( ) ( ); , ; , ; ,V f a b V f a c V f c b= +               q 
 

|||||||||||||||||||||||||||| 
 
 
 
 
 
 
 

a 
c 

zr – 1 zr z1 
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Ð Variation Function 
     Let  f  be a function of bounded variation on  [ , ]a b  and x is a point of  [ , ]a b . 
Then the total variation of  f  is  ( ); ,V f a x  on [ , ]a x , which is clearly a function of  x, 
is called the total variation function or simply the variation function of  f   and is 
denoted by ( )fV x , and when there is no scope for confusion, it is simply written as 

( )V x . 
   Thus   ( )( ) ; , ; ( )fV x V f a x a x b= ≤ ≤  
   If  1 2,x x  are two points of the interval  [ , ]a b  such that  2 1x x> , then 
                       ( )2 1 1 20 ( ) ( ) ; ,f x f x V f x x≤ − ≤   
                                                      ( ) ( )1 2; , ; ,V f a x V f a x= −  

                                            2 1( ) ( )f fV x V x= −  
            2 1( ) ( )f fV x V x⇒ ≥  
   implies that the variation function is monotonically increasing function on [ , ]a b . 
 
CHARACTERIZATION OF FUNCTIONS OF BOUNDED VARIATION 
 
Ð Theorem 

A function of bounded variation is expressible as the difference of two 
monotonically increasing function. 
Proof 
   We have  

    ( ) ( )1 1( ) ( ) ( ) ( ) ( )
2 2

f x V x f x V x f x= + − −  

( ) ( )G x H x= −   (say) 
   We shall prove that these two functions  ( )G x   and  ( )H x   are monotonically 
increasing on  [ , ]a b . 
   Now, if  2 1x x> ,  we have 

[ ]2 1 2 1 2 1
1( ) ( ) ( ) ( ) ( ) ( )
2

G x G x V x V x f x f x− = − + −  

  ( )1 2 1 2
1 ( ; , ) ( ) ( )
2

V f x x f x f x= − −    

   Since   1 2 1 2( ; , ) ( ) ( )V f x x f x f x≥ −  
    2 1( ) ( ) 0G x G x⇒ − ≥       i.e.   2 1( ) ( )G x G x≥  

   so that the function ( )G x  is monotonically increasing on [ , ]a b . 
   Again, we have 

( ) ( )2 1 2 1 2 1
1( ) ( ) ( ) ( ) ( ) ( )
2

H x H x V x V x f x f x− = − − −    

   ( )1 2 2 1
1 ( ; , ) ( ) ( )
2

V f x x f x f x= − −    

   so that as before  
2 1( ) ( ) 0H x H x− ≥     i.e. 2 1( ) ( )H x H x≥ .  

   i.e. ( )H x  is also monotonically increasing function. 
   Hence the result.                   q 
 
Ð Note 

A function ( )f x  is of bounded variation over the interval [ , ]a b  iff it can be 
expressed as the difference of two monotonically functions.  
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Ð Theorem 
   Let  f   be of bounded variation on  [ , ]a b . Let  V  be defined on  [ , ]a b  as follows: 
                      ( )( ) ( ) ; , )fV x V x V f a x= =      if     a x b< ≤  ,  ( ) 0V a = . 
Then 

i)   V   is an increasing function on  [ , ]a b . 
ii)  ( )V f−   is an increasing function on  [ , ]a b . 

Proof 
    If  a x y b< < ≤  , we can write 

( ; , ) ( ; , ) ( ; , )V f a y V f a x V f x y= −  
    ( ) ( ) ( ; , )V y V x V f x y⇒ − =  

               ( ; , ) 0V f x y ≥∵  
               ( ) ( ) 0V y V x∴ − ≥      ( ) ( )V x V y⇒ ≤    and (i) holds. 
   To prove (ii), let  ( ) ( ) ( )D x V x f x= −    if    [ , ]x a b∈ . 
   Then, if   a x y b≤ < ≤ , we have 

[ ] [ ]( ) ( ) ( ) ( ) ( ) ( )D y D x V y V x f y f x− = − − −  
[ ]( ; , ) ( ) ( )V f x y f y f x= − −  

   But from the definition of  ( ; , )V f x y , it follows that  
( ) ( ) ( ; , )f y f x V f x y− ≤  

   This means that   ( ) ( ) 0D y D x− ≥    and (ii) holds.              q 
 

Ð Theorem 
If  c  be any point of  [ , ]a b , then  ( )V x  is continuous at  c   if and only if  

( )f x   is continuous at  c . 
   i.e. A point of continuity of  ( )f x   is also a point of continuity of  ( )V x   and 
conversely. 
Proof 

Firstly suppose that  ( )V x  is continuous at  c . 
   Let 0ε >  be given, then  ∃   0δ >  such that 

( ) ( )V x V c ε− <       for    x c δ− <    ………… (i) 
   Also, we have  

( ) ( ) ( ) ( )f x f c V x V c− ≤ −        if     x c>   …………… (ii) 
   And  

( ) ( ) ( ) ( )f x f c V c V x− ≤ −    if      x c<   …………… (iii) 
   From (i), (ii) and (iii), we deduce that  

( ) ( ) ( ) ( )f x f c V x V c ε− ≤ − <      for   x c δ− <  
   Which shows that  ( )f x   is continuous at  c . 
   Now suppose that  c   is a point of continuity of  ( )f x   and let  0ε >   be given,  
then  0δ∃ >   such that  

( ) ( )
2

f x f c ε
− <      for    x c δ− <  

   Also ∃  a partition  { }0 1 1, ,....., , ,.....,q q nP c y y y y y b−= = =   of  [ , ]c b  such that  

1
1

1( ) ( ) ( ; , )
2

n

q q
q

f y f y V f c b ε−
=

− > −∑    …………… (iv) 

   Since as a result of introducing addition points to the partition  P , the 
corresponding sum of the moduli of the differences of the function values at end 
points will not be decreased, therefore we may assume that  

a b y x 
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10 y c δ< − <    

   so that     1( ) ( )
2

f y f c ε
− <  ……………. (v) 

   Thus (iv) becomes 

1 1
2

1 1 1( ; , ) ( ) ( ) ( ; , )
2 2 2

n

q q
q

V f c b f y f y V f y bε ε ε−
=

− < + − < +∑  

1( ; , ) ( ; , )V f c b V f y b ε⇒ − <  
1( ) ( )V y V c ε⇒ − <  

   Thus for  10 y c δ< − < ,  we have  10 ( ) ( )V y V c ε< − <  
          

0
lim ( ) ( )

x c
V x V c

→ +
∴ =  

   Similarly, we can have 
               

0
lim ( ) ( )

x c
V x V c

→ −
=   

   Which shows that  ( )V x  is continuous at  c .              q 
 

Ð Note 
( )V x  is continuous in  [ , ]a b   iff  ( )f x   is continuous in  [ , ]a b . 

 

Ð Corollary 
   A function  f   is of bounded variation on  [ , ]a b   iff there is a bounded increasing 
function  g  on  [ , ]a b   such that for any two points  x′   and  x′′   in  [ , ]a b ,  x x′ ′′< , 
we have   
             ( ) ( ) ( ) ( )f x f x g x g x′′ ′ ′′ ′− ≤ −  
   Moreover, if  g   is continuous at  x′ , so is  f . 
Proof 

Take  
,

( )
,0

x
a a x bV

g x
x a

< ≤
=  =

 

   Then  g   is increasing and bounded on  [ , ]a b . 
   Also,  ( ) ( ) ( ) ( ) ( )x

xf x f x V f g x g x′′
′′ ′′ ′′ ′− ≤ = −  

   Which also yields that if  g   is continuous at  x′ , so is  f .            q 
 
Ð Question 
    Show that the function f  defined by 

                                   
2 1 ; 0sin

( )
; 00

xx
f x x

x

 ≠=  =

 

   is of bounded variation on  [ ]0,1 . 
Solution 

   f   is differentiable on  [ ]0,1  and  1( ) 2 sin sinf x x x
x

′ = −  for  0 1x≤ ≤ . 

   Also   

  1( ) 2 sin sin 2 1 3f x x x
x

′ ≤ + ≤ + =  

   i.e.   ( )f x′   is bounded on  [ ]0,1  
   Hence  f   is of bounded variation on  [ ]0,1 .              q 
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Ð Question 

Show that     
, 0 1cos

( ) 2
, 00

x xx
g x

x

π < ≤=  =

    is not of bounded variation on  [ ]0,1  

Solution 

   Let  1 1 1 10, , ,....., , ,1
2 2 1 3 2

P
n n

 =  
− 

  be a partition of  [ ]0,1 .  

Then 
        1( ) ( )i if x f x −−∑  

     1 1 1 1 1(1)
2 2 3 3 4

f f f f f f         = − + − + − +         
         

( )1...... 0
2

f f
n

 + − 
 

 

     1 1 1 1 1cos cos cos cos cos cos .....
2 2 4 2 4 3 6 3 6 4 8
π π π π π π

= − + − + − +
1 cos 0
2 4n n

π
+ −  

     1 1 1 12 cos 2 cos 2 cos ..... 2 cos
2 4 3 6 4 8 2 4n n

π π π π       = + + + +       
       

 

     1 1 1 12 cos cos cos ...... cos
2 4 3 6 4 8 2 4n n

π π π π = + + + + 
 

 

   which is not bounded. 
   Hence  ( )f x   is not of bounded variation on  [ ]0,1 .               q 
 

Alternative 
  We have 

  1 1( ) ( ) ( ) ( )k k k kg x g x g x g x+ −− + −  

                    1 ( 1) 1 1 1 ( 1)cos cos cos cos
1 2 2 2 1 2

k k k k
k k k k

π π π π+ −
= − + −

+ −
 

          

2 ; if is even

1 1
; if    is odd

1 1

k
k

k
k k


= 
 +
 + −

 

      
1 1

1 1( )
n

b
a

k k
V g

k k

∞

= =

⇒ ≤ ≤∑ ∑  

      
1

1
k k

∞

=
∑∵   is divergent  ( )b

aV g∴   is not finite. 

   Hence g  is not of bounded variation.                q 
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    We discussed Riemann-Stieltjes’s integrals of the form 
b

a
f dα∫  under the 

restrictions that both f  and α  are defined and bounded on a finite interval [ , ]a b . 
To extend the concept, we shall relax these restrictions on f  and α . 
 

Ø Definition 

    The integral 
b

a
f dα∫  is called an improper integral of first kind if  a = −∞   or  

b = +∞   or  both  i.e. one or both integration limits is infinite. 
 

Ø Definition  

    The integral  
b

a
f dα∫   is called an improper integral of second kind if ( )f x  is 

unbounded at one or more points of a x b≤ ≤ . Such points are called singularities 
of ( )f x . 
 

Ø Notations 
    We shall denote the set of all functions  f  such that  ( )f α∈R   on  [ , ]a b   by  

( ; , )a bαR . When ( )x xα = , we shall simply write ( , )a bR  for this set. The notation 
α ↑  on  [ , )a ∞  will mean that α  is monotonically increasing on  [ , )a ∞ . 
 

Ø Definition 
    Assume that  ( ; , )f a bα∈R  for every  b a≥ . Keep ,a α  and f  fixed and define 
a function I  on [ , )a ∞  as follows: 

                                 ( ) ( ) ( )
b

a

I b f x d xα= ∫    if   b a≥  ………… (i) 

   The function I  so defined is called an infinite ( or an improper ) integral of first 
kind and is denoted by the symbol ( ) ( )

a
f x d xα

∞

∫  or by 
a

f dα
∞

∫ . 

   The integral  
a

f dα
∞

∫  is said to converge if the limit  

                                       lim ( )
b

I b
→∞

 ………… (ii) 

exists (finite). Otherwise,  
a

f dα
∞

∫  is said to diverge. 

   If the limit in (ii) exists and equals A , the number A  is called the value of the 
integral and we write 

a
f d Aα

∞
=∫  

 

Ø Example 

      Consider   
1

b px dx−∫ . 

    
( )1

1

1
1

pb
p b

x dx
p

−
−

−
=

−∫    if 1p ≠ ,  the integral  
1

px dx
∞

−∫  diverges if  1p < . When 

1p > , it converges and has the value 1
1p −

. 

      If  1p = , we get  1

1
log

b
x dx b− = → ∞∫    as   b → ∞ .     1

1
x dx

∞ −⇒ ∫  diverges. 
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Ø Example 

     Consider  
0

sin 2
b

xdxπ∫   

0

(1 cos 2 )sin 2
2

b bxdx ππ
π

−
= → ∞∫∵    as  b → ∞ . 

∴ the integral 
0

sin 2 xdxπ
∞

∫   diverges. 

 

Ø Note 

    If  
a

f dα
−∞
∫   and  

a

f dα
∞

∫  are both convergent for some value of a , we say that  

the integral  f dα
∞

−∞
∫  is convergent  and its value is defined to be the sum  

a

a

f d f d f dα α α
∞ ∞

−∞ −∞

= +∫ ∫ ∫  

   The choice of the point a  is clearly immaterial. 

   If the integral f dα
∞

−∞
∫  converges, its value is equal to the limit:   lim

b

b
b

f dα
→+ ∞

−
∫ . 

 
Ø Theorem 
   Assume that α ↑  on [ , )a +∞   and suppose that ( ; , )f a bα∈R  for every b a≥ . 

Assume that ( ) 0f x ≥  for each  x a≥ . Then  
a

f dα
∞

∫  converges if, and only if, 

there exists a constant 0M >  such that  

     
b

a

f d Mα ≤∫   for every  b a≥ . 

Proof 

   We have   ( ) ( ) ( )
b

a

I b f x d xα= ∫ ,    b a≥  

I⇒ ↑   on  [ , )a +∞  
   Then { }lim ( ) sup ( ) | 0

b
I b I b b a M

→+∞
= ≥ = >  and the theorem follows 

   
b

a

f d Mα⇒ ≤∫  for every  b a≥  whenever the integral converges. 

 
 

]]]]]]]]]]]]]]]] 
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Ø Theorem: (Comparison Test) 
    Assume that α ↑  on [ , )a +∞ . If ( ; , )f a bα∈R  for every  b a≥ , if 

0 ( ) ( )f x g x≤ ≤  for every x a≥ , and if  
a

g dα
∞

∫  converges, then  
a

f dα
∞

∫  converges 

and we have  

                         
a a

f d g dα α
∞ ∞

≤∫ ∫  

Proof 

    Let   1( )
b

a

I b f dα= ∫      and     2 ( )
b

a

I b g dα= ∫        ,    b a≥  

0 ( ) ( )f x g x≤ ≤∵    for every   x a≥  
1 2( ) ( )I b I b∴ ≤  …………………. (i) 

  
a

g dα
∞

∫∵   converges   ∴ ∃  a constant  0M >   such that 

     
a

g d Mα
∞

≤∫   ,    b a≥  …………………(ii) 

   From (i) and (ii) we have   1( )I b M≤  ,   b a≥ . 
   1lim ( )

b
I b

→∞
⇒    exists and is finite. 

   
a

f dα
∞

⇒ ∫   converges. 

   Also    1 2lim ( ) lim ( )
b b

I b I b M
→∞ →∞

≤ ≤  

  
a a

f d g dα α
∞ ∞

⇒ ≤∫ ∫ . 

 
Ø Theorem (Limit Comparison Test) 
    Assume that  α ↑  on  [ , )a +∞ . Suppose that  ( ; , )f a bα∈R   and that 

( ; , )g a bα∈R   for every  b a≥ , where  ( ) 0f x ≥   and  ( ) 0g x ≥   if  x a≥ . If  

                                             ( )lim 1
( )x

f x
g x→∞

=  

   then  
a

f dα
∞

∫   and  
a

g dα
∞

∫  both converge or both diverge. 

Proof 
    For all  b a≥ , we can find some  0N >   such that 

( ) 1
( )

f x
g x

ε− <   x N∀ ≥    for every   0ε > . 

          ( )1 1
( )

f x
g x

ε ε⇒ − < < +  

   Let  1
2

ε = ,  then we have 

     1 ( ) 3
2 ( ) 2

f x
g x

< <  

   ( ) 2 ( )g x f x⇒ <  …..…..(i)       and       2 ( ) 3 ( )f x g x<  ……....(ii) 
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    From (i)   2
a a

g d f dα α
∞ ∞

<∫ ∫    

   
a

g dα
∞

⇒ ∫   converges if 
a

f dα
∞

∫  converges and  
a

f dα
∞

∫  diverges if  
a

f dα
∞

∫   

diverges. 

   From (ii)   2 3
a a

f d g dα α
∞ ∞

<∫ ∫      

   
a

f dα
∞

⇒ ∫   converges if  
a

g dα
∞

∫   converges and  
a

g dα
∞

∫  diverges if 
a

f dα
∞

∫  

diverges. 

   ⇒  The integrals  
a

f dα
∞

∫   and  
a

g dα
∞

∫   converge or diverge together. 
 

Ø Note 

    The above theorem also holds if  ( )lim
( )x

f x c
g x→∞

= ,  provided that  0c ≠ . If 0c = , 

we can only conclude that convergence of  
a

g dα
∞

∫  implies convergence of 
a

f dα
∞

∫ . 

 

Ø Example 

    For every real p , the integral  
1

x pe x dx
∞

−∫  converges. 

   This can be seen by comparison of this integral with 2
1

1 dx
x

∞

∫ .  

   Since   
2

( )lim lim 1( )

x p

x x

f x e x
g x

x

−

→∞ →∞
=   where  ( ) x pf x e x−=   and  2

1( )g x
x

= . 

        
2

2( )lim lim lim 0
( )

p
x p

xx x x

f x xe x
g x e

+
− +

→∞ →∞ →∞
⇒ = = =  

   and  2
1

1 dx
x

∞

∫∵   is convergent  

           ∴ the given integral  
1

x pe x dx
∞

−∫   is also convergent. 

 
Ø Theorem 

    Assume  α ↑  on [ , )a +∞ . If ( ; , )f a bα∈R  for every b a≥  and if 
a

f dα
∞

∫  

converges, then 
a

f dα
∞

∫  also converges. 

   Or:  An absolutely convergent integral is convergent. 
Proof 
    If  x a≥  ,   ( ) ( )f x f x± ≤  
     ( ) ( ) 0f x f x⇒ − ≥  
     0 ( ) ( ) 2 ( )f x f x f x⇒ ≤ − ≤  
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    ( )
a

f f dα
∞

⇒ −∫  converges. 

   Subtracting from  
a

f dα
∞

∫   we find that  
a

f dα
∞

∫  converges. 

 ( ∵ Difference of two convergent integrals is convergent ) 
 
Ø Note 

    
a

f dα
∞

∫  is said to converge absolutely if  
a

f dα
∞

∫  converges. It is said to be 

convergent conditionally if 
a

f dα
∞

∫  converges but 
a

f dα
∞

∫  diverges. 

Ø Remark 
    Every absolutely convergent integral is convergent. 
 

Ø Theorem 
     Let f  be a positive decreasing function defined on [ , )a +∞  such that 

( ) 0f x →   as  x → +∞ . Let α  be bounded on [ , )a +∞  and assume that 

( ; , )f a bα∈R  for every  b a≥ . Then the integral 
a

f dα
∞

∫  is convergent. 

Proof 
    Integration by parts gives 

( ) ( ) ( )
b b

b

a
a a

f d f x x x dfα α α= ⋅ −∫ ∫  

 ( ) ( ) ( ) ( ) ( )
b

a

f b b f a a d fα α α= ⋅ − ⋅ + −∫  

   It is obvious that ( ) ( ) 0f b bα →   as  b → +∞   
( α∵   is bounded and ( ) 0f x →  as x → +∞ ) 

and  ( ) ( )f a aα  is finite. 

   ∴ the convergence of 
b

a

f dα∫  depends upon the convergence of ( )
b

a

d fα −∫ . 

   Actually, this integral converges absolutely. To see this, suppose ( )x Mα ≤  for 
all x a≥   ( ( )xα∵  is given to be bounded ) 

    ( ) ( ) ( )
b b

a a

x d f M d fα⇒ − ≤ −∫ ∫   

   But ( ) ( ) ( ) ( )
b

b

a
a

M d f M f M f a M f b M f a− = − = − →∫  as b → ∞ . 

   ( )
a

M d f
∞

⇒ −∫  is convergent. 

   ∵  f−   is an increasing function. 

   ∴  ( )
a

d fα
∞

−∫   is convergent.    (Comparison Test) 

   
a

f dα
∞

⇒ ∫  is convergent. 

]]]]]]]]]]]]]]]] 
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Ø Theorem (Cauchy condition for infinite integrals) 

    Assume that ( ; , )f a bα∈R  for every b a≥ . Then the integral 
a

f dα
∞

∫  converges 

if, and only if, for every 0ε >  there exists a 0B >  such that c b B> >  implies 

     ( ) ( )
c

b

f x d xα ε<∫  

Proof 

   Let  
a

f dα
∞

∫  be convergent. Then  ∃  0B >  such that  

2

b

a a

f d f d ε
α α

∞

− <∫ ∫   for every  b B≥  ………..(i) 

   Also for  c b B> > , 

2

c

a a

f d f d ε
α α

∞

− <∫ ∫  …………….. (ii) 

   Consider 

    
c c b

b a a

f d f d f dα α α= −∫ ∫ ∫  

       
c b

a a a a

f d f d f d f dα α α α
∞ ∞

= − + −∫ ∫ ∫ ∫  

       
2 2

c b

a a a a

f d f d f d f d ε ε
α α α α ε

∞ ∞

≤ − + − < + =∫ ∫ ∫ ∫  

       
c

b

f dα ε⇒ <∫    when  c b B> > . 

   Conversely, assume that the Cauchy condition holds. 

   Define  
a n

n
a

a f dα
+

= ∫    if   1,2,......n =  

   The sequence { }na  is a Cauchy sequence  ⇒  it converges. 
   Let    lim nn

a A
→∞

=  

   Given  0ε > , choose B  so that  
2

c

b

f d ε
α <∫     if   c b B> > . 

   and also that  
2na A ε

− <   whenever  a n B+ ≥ . 

   Choose an integer N  such that  a N B+ >   i.e.  N B a> −  
   Then, if  b a N> + , we have 

b a N b

a a a N

f d A f d A f dα α α
+

+

− = − +∫ ∫ ∫  

         
2 2

b

N
a N

a A f d ε ε
α ε

+

≤ − + < + =∫  

   
a

f d Aα
∞

⇒ =∫  

   This completes the proof.  

B b c 

a B c b 
a+N
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Ø Remarks 

   It follows from the above theorem that convergence of  
a

f dα
∞

∫  implies 

lim 0
b

bb
f d

ε
α

+

→∞
=∫  for every fixed 0ε > .  

   However, this does not imply that ( ) 0f x →  as x → ∞ . 
 

Ø Theorem 

   Every convergent infinite integral ( ) ( )
a

f x d xα
∞

∫  can be written as a convergent 
infinite series. In fact, we have 

                   
1

( ) ( ) k
ka

f x d x aα
∞ ∞

=

= ∑∫   where  
1

( ) ( )
a k

k
a k

a f x d xα
+

+ −

= ∫  ……….. (1) 

Proof 

   
a

f dα
∞

∫∵  converges, the sequence  { }a n

a
f dα

+

∫  also converges. 

   But  
1

a n n

k
ka

f d aα
+

=

= ∑∫ . Hence the series 
1

k
k

a
∞

=
∑  converges and equals 

a

f dα
∞

∫ . 

 
Ø Remarks 
   It is to be noted that the convergence of the series in (1) does not always imply 

convergence of the integral. For example, suppose  
1

sin 2
k

k
k

a xdxπ
−

= ∫ . Then each 

0ka =  and ka∑  converges. 

   However, the integral  
0 0

sin 2 lim sin 2
b

b
xdx xdxπ π

∞

→∞
=∫ ∫

1 cos2lim
2b

bπ
π→∞

−
=   diverges. 

 
 IMPROPER INTEGRAL OF THE SECOND KIND 
 

Ø Definition 
   Let f  be defined on the half open interval ( ],a b  and assume that ( ; , )f x bα∈R  
for every ( ],x a b∈ . Define a function I  on ( ],a b  as follows: 

                                             ( )
b

x

I x f dα= ∫     if  ( ],x a b∈  ……….. (i) 

   The function I  so defined is called an improper integral of the second kind and 

is denoted by the symbol  ( ) ( )
b

a

f t d tα
+
∫   or  

b

a

f dα
+
∫ . 

   The integral 
b

a

f dα
+
∫  is said to converge if the limit   

  lim ( )
x a

I x
→ +

 ……...(ii)   exists (finite). 

Otherwise, 
b

a

f dα
+
∫  is said to diverge. If the limit in (ii) exists and equals A , the 

number A  is called the value of the integral and we write  
b

a

f d Aα
+

=∫ . 
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   Similarly, if f  is defined on [ , )a b  and ( ; , )f a xα∈R   [ , )x a b∀ ∈  then 

( )
x

a

I x f dα= ∫   if  [ , )x a b∈  is also an improper integral of the second kind and is 

denoted as  
b

a

f dα
−

∫   and is convergent if  lim ( )
x b

I x
→ −

 exists (finite). 

 

Ø Example 
     ( ) pf x x−=  is defined on (0, ]b  and ( , )f x b∈R  for every (0, ]x b∈ . 

( )
b

p

x

I x x dx−= ∫       if   (0, ]x b∈  

        
0

b
px dx−

+

= ∫  
0

0

lim
b

px dx
ε

ε

−

→
+

= ∫  

        
1

0
lim

1

bpx
pε

ε

−

→
=

−
  

1 1

0
lim

1

p pb
pε

ε− −

→

−
=

−
      ,     ( 1)p ≠  

                             
, 1
, 1

finite p
infinite p

<
=  >

 

      When 1p = , we get  1 log log
b

dx b
xε

ε= − → ∞∫    as  0ε → . 

       1

0

b

x dx−

+

⇒ ∫   also diverges. 

     Hence the integral converges when  1p <  and diverges when  1p ≥ . 
 

Ø Note 

   If the two integrals 
c

a

f dα
+
∫  and 

b

c

f dα
−

∫  both converge, we write 

                                              
b bc

a a c

f d f d f dα α α
− −

+ +

= +∫ ∫ ∫  

   The definition can be extended to cover the case of any finite number of sums. 
We can also consider mixed combinations such as 

                              
b

a b

f d f dα α
∞

+

+∫ ∫   which can be written as  
a

f dα
∞

+
∫ . 

 

Ø Example 

   Consider   1

0

x pe x dx
∞

− −

+
∫       ,    ( 0)p >  

   This integral must be interpreted as a sum as 

                                    
1

1 1 1

0 0 1

x p x p x pe x dx e x dx e x dx
∞ ∞

− − − − − −

+ +

= +∫ ∫ ∫  

                                                        1 2I I= +  ………..….…… (i) 
   2I , the second integral, converges for every real  p  as proved earlier. 

   To test 1I , put 1t
x

=      2
1dx dt
t

⇒ = −    
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1

1
1 0

lim x pI e x dx
ε

ε

− −

→
⇒ = ∫   

11
1

20
1

1lim pte t dt
tε

ε

− −

→

 = − 
 ∫   

1
1

1

0
1

lim pte t dt
ε

ε

− − −

→
= ∫  

   Take  
1

1( ) ptf t e t
− − −=    and   1( ) pg t t− −=  

   Then  
1

1

1
( )lim lim 1
( )

p

pt t

tf t e t
g t t

− − −

− −→∞ →∞

⋅
= =   and since  1

1

pt dt
∞

− −∫   converges when  0p >   

   
1

1

1

pte t dt
∞

− − −∴ ∫   converges when  0p >  

   Thus  1

0

x pe x dx
∞

− −

+
∫   converges when  0p > . 

   When 0p > , the value of the sum in (i) is denoted by ( )pΓ . The function so 
defined is called the Gamma function. 
 
Ø Note 
   The tests developed to check the behaviour of the improper integrals of Ist kind 
are applicable to improper integrals of IInd kind after making necessary 
modifications. 
 
Ø A Useful Comparison Integral 

( )

b

a
n

dx
x a−∫  

   We have, if 1n ≠ , 

                         
( ) 1

1
(1 )( )

bb

n
a a

n
dx

n x ax aε ε
−

+ +

=
− −−∫  

                                            1 1
1 1 1

(1 ) ( )n nn b a ε− −

 
= − − − 

 

   Which tends to 1
1

(1 )( )nn b a −− −
  or +∞   according as 1n <  or  1n > , as  0ε → . 

   Again, if  1n = , 

                       log( ) log
b

a

dx b a
x aε

ε
+

= − − → +∞
−∫    as   0ε → . 

   Hence the improper integral  
( )

b

a
n

dx
x a−∫  converges iff  1n < . 

 

 
 

]]]]]]]]]]]]]]]] 
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Ø Question 
   Examine the convergence of  

    (i)    
( )

1

1 230 1

dx

x x+
∫             (ii)    

1

2 2
0 (1 )

dx
x x+∫      (iii)    

( )

1

1 1
2 30 1

dx

x x−
∫  

 Solution 

(i)     
( )

1

1 230 1

dx

x x+
∫  

    Here ‘0’ is the only point of infinite discontinuity of the integrand. 
    We have 

( )1 23

1( )
1

f x
x x

=
+

 

   Take   1
3

1( )g x
x

=  

   Then   20 0

( ) 1lim lim 1
( ) 1x x

f x
g x x→ →

= =
+

 

        
1

0
( )f x dx⇒ ∫   and  

1

0
( )g x dx∫   have identical behaviours. 

        
1

1
30

dx

x
∫∵   converges    

( )
1

1 230 1

dx

x x
∴

+
∫  also converges. 

 

(ii)    
1

2 2
0 (1 )

dx
x x+∫  

   Here ‘0’ is the only point of infinite discontinuity of the given integrand. 
   We have 

                  2 2
1( )

(1 )
f x

x x
=

+
 

   Take  2
1( )g x
x

=  

   Then   
( )20 0

( ) 1lim lim 1
( ) 1x x

f x
g x x→ →

= =
+

 

   
1

0
( )f x dx⇒ ∫   and  

1

0
( )g x dx∫   behave alike. 

   But 2n =  being greater than 1, the integral 
1

0
( )g x dx∫  does not converge. Hence 

the given integral also does not converge. 
 

(iii)     
( )

1

1 1
2 30 1

dx

x x−
∫  

   Here ‘0’ and ‘1’ are the two points of infinite discontinuity of the integrand. 
   We have 

                 
( )

1 1
2 3

1( )
1

f x
x x

=
−

 

   We take any number between 0 and 1, say 1
2 , and examine the convergence of  



  Chap. 8 – Improper Integrals. 11 

the improper integrals  
1

2

0

( )f x dx∫   and  
1

1
2

( )f x dx∫ . 

   To examine the convergence of  
1

2

11
320

1

(1 )
dx

x x−
∫ , we take 1

2

1( )g x
x

=  

   Then 

10 0 3

( ) 1lim lim 1
( ) (1 )x x

f x
g x x→ →

= =
−

 

   
1

2

1
20

1 dx
x

∫∵   converges    
1

2

11
320

1

(1 )
dx

x x
∴

−
∫  is convergent. 

   To examine the convergence of  
1

11
321

2

1

(1 )
dx

x x−
∫ , we take  1

3

1( )
(1 )

g x
x

=
−

 

   Then 

            11 1 2

( ) 1lim lim 1
( )x x

f x
g x x→ →

= =  

   
1

1
31

2

1

(1 )
dx

x−
∫∵   converges     

1

11
321

2

1

(1 )
dx

x x−
∫∵   is convergent. 

   Hence 
1

0
( )f x dx∫  converges. 

 
Ø Question 

   Show that  ( )
1

11

0

1 nmx x dx−− −∫  exists iff  ,m n  are both positive. 

Solution 
   The integral is proper if  1m ≥   and  1n ≥ . 
   The number ‘0’ is a point of infinite discontinuity if  1m <  and the number ‘1’ is 
a point of infinite discontinuity if  1n < . 
   Let  1m <   and  1n < . 
   We take any number, say 1

2 , between 0 & 1 and examine the convergence of 

the improper integrals  ( )
1

2
11

0

1 nmx x dx−− −∫   and  ( )
1

11

1
2

1 nmx x dx−− −∫   at ‘0’ and ‘1’ 

respectively.  
Convergence at 0: 
   We write  

                  
1

1 1
1

(1 )( ) (1 )
n

m n
m

xf x x x
x

−
− −

−

−
= − =    and take  1

1( ) mg x
x −=  

   Then  ( ) 1
( )

f x
g x

→   as  0x →  

   As  
1

2

1
0

1
m dx

x −∫   is convergent at 0  iff   1 1m− <   i.e. 0m >  

  We deduce that the integral  ( )
1

2
11

0

1 nmx x dx−− −∫   is convergent at 0, iff  m  is +ive. 
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Convergence at 1: 

   We write  
1

1 1
1( ) (1 )

(1 )

m
m n

n
xf x x x

x

−
− −

−= − =
−

   and take  1
1( )

(1 ) ng x
x −=

−
 

   Then  ( ) 1
( )

f x
g x

→   as  1x →  

   As  
1

1
1

2

1
(1 ) n dx

x −−∫   is convergent, iff   1 1n− <    i.e. 0n > . 

   We deduce that the integral  ( )
1

11

1
2

1 nmx x dx−− −∫  converges iff  0n > . 

   Thus  ( )
1

11

0

1 nmx x dx−− −∫  exists for positive values of ,m n  only.  

   It is a function which depends upon m  & n  and is defined for all positive values 
of m  & n . It is called Beta function. 
 

Ø Question  
   Show that the following improper integrals are convergent. 

   (i)  2

1

1sin dx
x

∞

∫     (ii)  
2

2
1

sin x dx
x

∞

∫     (iii)  
1

2
0

log
(1 )
x x dx

x+∫     (iv)  
1

0

log log(1 )x x dx⋅ +∫  

Solution 

(i)   Let  2 1( ) sinf x
x

=    and   2
1( )g x
x

=   

   then    
2

0
2

21

1
sin( ) sinlim lim lim 1

( )x x y
x

x

f x y
g x y→∞ →∞ →

 
= = = 

 
 

    
1

( )f x dx
∞

⇒ ∫   and  2
1

1 dx
x

∞

∫   behave alike. 

    2
1

1 dx
x

∞

∫∵   is convergent   2

1

1sin dx
x

∞

∴ ∫  is also convergent. 

 

(ii)   
2

2
1

sin x dx
x

∞

∫  

   Take  
2

2
sin( ) xf x

x
=   and  1( )g x

x2=  

   2sin 1x ≤     
2

2 2
sin 1x

x x
⇒ ≤    ( )1,x∀ ∈ ∞  

   and   
1

1 dx
x

∞

2∫   converges    
2

2
1

sin x dx
x

∞

∴ ∫   converges. 

 

Ø Note 

   
1 2

2
0

sin x dx
x∫   is a proper integral because  

2

20

sinlim 1
x

x
x→

=   so that ‘0’ is not a point 

of infinite discontinuity. Therefore  
2

2
0

sin x dx
x

∞

∫  is convergent. 
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(iii)    
1

2
0

log
(1 )
x x dx

x+∫  

       log x x<∵  ,     (0,1)x∈      
     2logx x x∴ <  

             
( ) ( )

2

2 2
log

1 1
x x x

x x
⇒ <

+ +
 

   Now  
( )

1 2

2
0 1

x dx
x+∫   is a proper integral. 

        
( )

1

2
0

log
1
x x dx

x
∴

+∫   is convergent. 

 

(iv)   
1

0

log log(1 )x x dx⋅ +∫  

log x x<∵       log( 1) 1x x∴ + < +  
          log log(1 ) ( 1)x x x x⇒ ⋅ + < +  

          
1

0

( 1)x x dx+∫∵   is a proper integral    
1

0

log log(1 )x x dx∴ ⋅ +∫   is convergent. 

 
Ø Note 

    (i)   
0

1a

p dx
x∫   diverges when 1p ≥  and converges when 1p < . 

    (ii)  1
p

a

dx
x

∞

∫   converges iff  1p > . 

 
UNIFORM CONVERGENCE OF IMPROPER INTEGRALS 
 

Ø Definition 
   Let f  be a real valued function of two variables x  & y , [ , )x a∈ +∞ , y ∈S  

where ⊂ ¡S . Suppose further that, for each y  in S , the integral ( , ) ( )
a

f x y d xα
∞

∫  
is convergent. If F  denotes the function defined by the equation 

                                     ( ) ( , ) ( )
a

F y f x y d xα
∞

= ∫      if    y ∈S  

the integral is said to converge pointwise to F  on S  
 
Ø Definiton 

   Assume that the integral ( , ) ( )
a

f x y d xα
∞

∫  converges pointwise  to F  on S . The 
integral is said to converge Uniformly on S  if, for every 0ε >  there exists a 0B >  
(depending only on ε ) such that b B>  implies 

                                       ( ) ( , ) ( )
b

a

F y f x y d xα ε− <∫      y∀ ∈S . 

( Pointwise convergence means convergence when y  is fixed but uniform 
convergence is  for every y ∈S  ). 
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Ø Theorem (Cauchy condition for uniform convergence.) 

   The integral ( , ) ( )
a

f x y d xα
∞

∫  converges uniformly on S , iff, for every 0ε >  
there exists a  0B >  (depending on ε ) such that  c b B> >   implies  

                         ( , ) ( )
c

b

f x y d xα ε<∫      y∀ ∈S . 

Proof 

   Proceed as in the proof for Cauchy condition for infinite integral  
a

f dα
∞

∫ . 
 
Ø Theorem (Weierstrass M-test) 

   Assume that α ↑  on [ , )a +∞  and suppose that the integral ( , ) ( )
b

a
f x y d xα∫  

exists for every b a≥  and for every y  in S . If there is a positive function M  

defined on [ , )a +∞  such that the integral ( ) ( )
a

M x d xα
∞

∫  converges and 

( , ) ( )f x y M x≤  for each x a≥  and every y  in S , then the integral 

( , ) ( )
a

f x y d xα
∞

∫  converges uniformly on S . 

Proof 
   ( , ) ( )f x y M x≤∵  for each x a≥  and every y  in S . 
   ∴ For every c b≥ , we have 

                    ( , ) ( ) ( , ) ( )
c c c

b b b

f x y d x f x y d x M dα α α≤ ≤∫ ∫ ∫  ………… (i) 

    
a

I M dα
∞

= ∫∵  is convergent 

    ∴  given 0ε > , 0B∃ >   such that b B>  implies 

                         2

b

a

M d I εα − <∫  …………… (ii) 

   Also if  c b B> > , then 

                         2

c

a

M d I εα − <∫  …………… (iii) 

   Then  
c c b

b a a

M d M d M dα α α= −∫ ∫ ∫  

                            
c b

a a

M d I I M dα α= − + −∫ ∫  

                            
c b

a a

M d I M d Iα α≤ − + −∫ ∫  2 2
ε ε ε< + =      (By ii & iii) 

      ( , ) ( )
c

b

f x y d xα ε⇒ <∫  ,    c b B> >  & for each y ∈S  

   Cauchy condition for convergence (uniform) being satisfied. 
   Therefore the integral ( , ) ( )

a
f x y d xα

∞

∫  converges uniformly on S .  
 
 

]]]]]]]]]]]]]]]] 
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Ø Example 

    Consider   
0

sinxye x dx
∞

−∫  

                sinxy xy xye x e e− − −≤ =    ( )sin 1x ≤∵  

   and                 xy xce e− −≤                if     c y≤  
   Now take      ( ) cxM x e−=  

   The integral   
0 0

( ) cxM x dx e dx
∞ ∞

−=∫ ∫   is convergent & converging to  1
c

. 

   ∴  The conditions of M-test are satisfied and  
0

sinxye x dx
∞

−∫  converges 

uniformly on  [ , )c +∞  for every  0c > . 
 
Ø Theorem (Dirichlet’s test for uniform convergence) 

   Assume that α  is bounded on [ , )a +∞  and suppose the integral ( , ) ( )
b

a

f x y d xα∫  

exists for every b a≥  and for every y  in S . For each fixed y  in S , assume that 
( , ) ( , )f x y f x y′≤   if  a x x′≤ < < +∞ . Furthermore, suppose there exists a positive 

function g , defined on [ , )a +∞ , such that ( ) 0g x →  as x → +∞  and such that 
x a≥  implies  

              ( , ) ( )f x y g x≤    for every y  in S .  

   Then the integral ( , ) ( )
a

f x y d xα
∞

∫  converges uniformly on S . 

Proof 
   Let  0M >   be an upper bound for α   on  [ ),a +∞ .  
   Given  0ε > , choose B a>  such that x B≥  implies  

       ( )
4

g x
M
ε

<    

( ( )g x∵  is +ive and 0→  as x → ∞  
4

( ) 0
M

g x ε
∴ − <  for x B≥ ) 

   If  c b> , integration by parts yields 

( , ) ( )
c c

c
b

b b

f d f x y x dfα α α= ⋅ −∫ ∫   

 ( , ) ( ) ( , ) ( ) ( )
c

b

f c y c f b y b d fα α α= − + −∫  ………… (i) 

   But, since f−  is increasing (for each fixed y ), we have 

                   ( ) ( )
c c

b b

d f M d fα − ≤ −∫ ∫    ( ∵ upper bound of α  is M ) 

        ( , ) ( , )M f b y M f c y= −  …………… (ii) 
   Now if  c b B> > , we have from (i) and (ii) 

 ( , ) ( ) ( , ) ( ) ( )
c c

b b

f d f c y c f b y b d fα α α α≤ − + −∫ ∫  

     ( ) ( , ) ( , ) ( ) ( , ) ( , )c f c y f b y b M f b y f c yα α≤ + + −  
     ( ) ( , ) ( ) ( , ) ( , ) ( , )c f c y b f b y M f b y M f c yα α≤ + + +  
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     ( ) ( ) ( ) ( )M g c M g b M g b M g c≤ + + +  
     [ ]2 ( ) ( )M g b g c= +  

     2
4 4

M
M M
ε ε ε < + =  

 

       
c

b

f dα ε⇒ <∫     for every y  in S . 

   Therefore the Cauchy condition is satisfied and ( , ) ( )
a

f x y d xα
∞

∫  converges 

uniformly on S . 
 
Ø Example 

   Consider   
0

sin
xye xdx

x

∞ −

∫  

   Take  ( ) cosx xα =    and   ( , )
xyef x y

x

−

=    if  0x > , 0y ≥ . 

   If   [ )0,= +∞S   and  1( )g x
x

=   on  [ ),ε +∞   for every  0ε >   then 

i)    ( , ) ( , )f x y f x y′≤     if  x x′ ≤  and ( )xα  is bounded on [ ),ε +∞ . 
ii)   ( ) 0g x →   as  x → +∞  

iii)  1( , ) ( )
xyef x y g x

x x

−

= ≤ =      y∀ ∈S . 

   So that the conditions of Dirichlet’s theorem are satisfied. 
   Hence    

        sin ( cos )
xy xye ex dx d x

x xε ε

∞ ∞− −

= + −∫ ∫   converges uniformly on  [ ),ε +∞  if 0ε > . 

   
0

sinlim 1
x

x
x→

=∵        
0

sinxy xe dx
x

ε
−∴ ∫   converges being a proper integral. 

   
0

sinxy xe dx
x

∞
−⇒ ∫   also converges uniformly on [ )0,+∞ . 

 

Ø Remarks 
   Dirichlet’s test can be applied to test the convergence of the integral of a 
product. For this purpose the test can be modified and restated as follows: 
    Let  ( )xφ  be bounded and monotonic in [ ),a +∞  and let ( ) 0xφ → , when 

x → ∞ . Also let ( )
X

a

f x dx∫  be bounded when X a≥ . 

   Then  ( ) ( )
a

f x x dxφ
∞

∫   is convergent. 

 
Ø Example 

   Consider  
0

sin x dx
x

∞

∫  

sin 1x
x

→∵    as   0x → . 
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0∴  is not a point of infinite discontinuity. 

   Now consider the improper integral  
1

sin x dx
x

∞

∫ . 

   The factor  1
x

 of the integrand is monotonic and 0→  as x → ∞ . 

   Also 
1

sin cos cos(1) cos cos(1) 2
X

xdx X X= − + ≤ + <∫  

   So that  
1

sin
X

x dx∫   is bounded above for every 1X ≥ . 

   
1

sin x dx
x

∞

⇒ ∫   is convergent. Now since  
1

0

sin x dx
x∫  is a proper integral, we see 

that  
0

sin x dx
x

∞

∫  is convergent. 

 

Ø Example 

    Consider   2

0

sin x dx
∞

∫ . 

   We write   2 21sin 2 sin
2

x x x
x

= ⋅ ⋅  

   Now   2 2

1 1

1sin 2 sin
2

x dx x x dx
x

∞ ∞

= ⋅ ⋅∫ ∫  

   1
2x

  is monotonic and 0→   as  x → ∞  . 

   Also   2 2

1

2 sin cos cos(1) 2
X

x x dx X= − + <∫  

   So that  2

1

2 sin
X

x x dx∫   is bounded for 1X ≥ . 

   Hence  2

1

1 2 sin
2

x x dx
x

∞

⋅ ⋅∫    i.e.   2

1

sin x dx
∞

∫  is convergent. 

   Since  
1

2

0

sin x dx∫  is only a proper integral, we see that the given integral is 

convergent. 
 

Ø Example 

Consider 
0

sina x xe dx
x

∞
−∫   ,  0a >  

   Here  a xe−  is monotonic and bounded and  
0

sin x dx
x

∞

∫  is convergent. 

   Hence  
0

sina x xe dx
x

∞
−∫   is convergent. 

 
]]]]]]]]]]]]]]]] 
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Ø Example 

   Show that 
0

sin x dx
x

∞

∫  is not absolutely convergent. 

Solution    

   Consider the proper integral  
0

sinn x
dx

x

π

∫  

   where n  is a positive integer. We have 

10 ( 1)

sin sinn rn

r r

x x
dx dx

x x

π π

π= −

= ∑∫ ∫  

   Put  ( 1)x r yπ= − +   so that  y  varies in  [ ]0,π . 
   We have  1sin[( 1) ] ( 1) sin sinrr y y yπ −− + = − =  

   
( 1) 0

sin sin
( 1)

r

r

x ydx dy
x r y

π π

π π−

∴ =
− +∫ ∫  

   rπ∵  is the max. value of  [( 1) ]r yπ− +   in  [ ]0,π  

   
0 0

sin 1 2sin
( 1)

y dy ydy
r y r r

π π

π π π
∴ ≥ =

− +∫ ∫            Division by max. value
will lessen the value



∵  

   
1 10

sin 2 2 1n n nx
dx

x r r

π

π π
⇒ ≥ =∑ ∑∫  

   
1

1n

r
→ ∞∑∵   as  n → ∞ ,  we see that  

      
0

sinn x
dx

x

π

→ ∞∫    as  n → ∞ . 

   Let, now, X  be any real number. 
   There exists a  +tive integer n  such that   ( 1)n X nπ π≤ < + . 

   We have   
0 0

sin sinX nx x
dx dx

x x

π

≥∫ ∫   

   Let  X → ∞   so that  n  also → ∞ . Then we see that  
0

sinX x
dx

x
→ ∞∫  

   So that  
0

sin x
dx

x

∞

∫   does not converge. 

 
Ø Questions 

Examine the convergence of  

(i)   3
1 (1 )

x dx
x

∞

+∫       (ii)   
1

1
(1 )

dx
x x

∞

+∫      (iii)   
( )

1 1
3 21 1

dx

x x

∞

+
∫  

Solution 

(i)   Let  3( )
(1 )

xf x
x

=
+

 and take 3 2
1( ) xg x

x x
= =  

   As   
3

3
( )lim lim 1
( ) (1 )x x

f x x
g x x→∞ →∞

= =
+

 

We need not 
take x  
because  0x ≥ . 
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   Therefore the two integrals  3
1 (1 )

x dx
x

∞

+∫   and  2
1

1 dx
x

∞

∫   have identical behaviour 

for convergence at  ∞ . 

   2
1

1 dx
x

∞

∫∵   is convergent     3
1 (1 )

x dx
x

∞

∴
+∫   is convergent. 

 

(ii)  Let  1( )
(1 )

f x
x x

=
+

   and take   3
2

1 1( )g x
x x x

= =  

   We have  ( )lim lim 1
( ) 1x x

f x x
g x x→∞ →∞

= =
+

 

   and   3
21

1 dx
x

∞

∫  is convergent. Thus  
1

1
(1 )

dx
x x

∞

+∫   is convergent. 

(iii)   Let  
( )

1 1
3 2

1( )
1

f x
x x

=
+

 

   we take  1 51
3 2 6

1 1( )g x
x x x

= =
⋅

 

   We have  ( )lim 1
( )x

f x
g x→∞

=  and  5
61

1 dx
x

∞

∫  is convergent   
1

( )f x dx
∞

∴ ∫  is convergent. 

 
Ø Question  

   Show that  2
1

1
dx

x

∞

−∞ +∫   is convergent. 

Solution 
   We have  

         
0

2 2 2
0

1 1 1lim
1 1 1

a

a
a

dx dx dx
x x x

∞

→∞
−∞ −

 
= + 

+ + +  
∫ ∫ ∫  

       2 2
0 0

1 1lim
1 1

a a

a
dx dx

x x→∞

 
= + + + 

∫ ∫  2
0

12 lim
1

a

a
dx

x→∞

 
=  + 

∫  

       1
0

2 lim tan
a

a
x−

→∞
=  2

2
π π = = 

 
 

   therefore the integral is convergent. 
 
Ø Question 

   Show that  
1

2
0

tan
1

x dx
x

∞ −

+∫   is  convergent. 

Solution 

   
1

2 1
2

tan(1 ) tan
(1 ) 2

xx x
x

π−
−+ ⋅ = →

+
∵     as   x → ∞  

   
1

2
0

tan
1

x dx
x

∞ −

+∫     &    2
0

1
1

dx
x

∞

+∫   behave alike. 

   2
0

1
1

dx
x

∞

+∫∵   is convergent   ∴  A given integral is convergent. 

 

Here 
1

2

tan
( )

1
x

f x
x

−

=
+

 

and   2( ) 1g x x= +  



  Chap. 8 – Improper Integrals. 20 

Ø Question 

   Show that  
0

sin
(1 )

x dx
x α

∞

+∫  converges for 0α > . 

Solution 

   
0

sin xdx
∞

∫   is bounded because  
0

sin 2
X

xdx ≤∫     0x∀ > . 

   Furthermore the function  1
(1 )x α+

,  0α >  is monotonic on  [ )0,+∞ . 

   ⇒   the integral  
0

sin
(1 )

x dx
x α

∞

+∫  is convergent. 
 

Ø Question 

   Show that  
0

cosxe xdx
∞

−∫  is absolutely convergent. 

Solution 

   cosx xe x e− −<∵    and   
0

1xe dx
∞

− =∫  

   ∴  the given integral is absolutely convergent. (comparison test) 
 
Ø Question 

   Show that   
1

4
0 1

xe dx
x

−

−
∫   is convergent. 

Solution 
   1xe− <∵   and  21 1x+ >  

   
4 2 2 2

1 1
1 (1 )(1 ) 1

xe
x x x x

−

∴ < <
− − + −

 

   Also   
1 1

2 20
0 0

1 1lim
1 1

dx dx
x x

ε

ε

−

→
=

− −
∫ ∫  

             1

0
lim sin (1 )

2ε

π
ε−

→
= − =  

   
1

4
0 1

xe dx
x

−

⇒
−

∫  is convergent. (by comparison test) 
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