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Introduction to Mathematical Physics

Mathematical physics refers to the development of mathematical methods for
application to problems Physics. It defines the field as "the application of
mathematics to problems in physics and the development of mathematical methods
suitable for such applications and for the formulation of physical theories.

Why to study Mathematical Physics

Physics is so interlinked with math that beyond the most elementary level of physics,
you NEED to know math to do physics. ... Physics is a science. It

uses mathematics as the logical framework to test ideas about how physical
phenomena behave.

Mathematics is the primary tool used by physicists to construct models, make
measurements and make predictions. Frequently, physicists also get degrees

in mathematics to help them better understand the subtleties that would otherwise
remain hidden in advanced physics.

“Don’t worry about your difficulties in mathematics. | assure you mine are greater.”
Albert Einstein

This quote attributed to Albert Einstein rarely fails to raise a smile. It is reassuring for
those who struggle with mathematics, but it is also surprising. Even a cursory brush
with physics confirms that this science is highly mathematical. Whether it is
describing the force of gravity, as was Einstein’s goal, understanding a simple light
switch, or designing sophisticated GPS satellites, physicists need numbers to
measure and to quantify, and they need mathematical equations to describe the
relationships between physical objects and the forces that act on them. Mathematics
is the indispensable language of physics — which is why Einstein’s admission strikes
many as amusing

Mathematics does not just provide tools for physics. It can also drive physical insight.
A striking example is Paul Dirac’s prediction of antimatter. Dirac was searching for
an equation to describe the behaviour of electrons, tiny building blocks of matter,
taking account of insights from special relativity and the other great success story of
early twentieth-century physics, quantum mechanics. When he found a suitable
mathematical expression he realised it contained twice as many pieces of
information as necessary, leading him to suggest that each electron comes with an
anti-particle,

the positron. Its existence, and that of many other anti-particles, was later confirmed
in the laboratory.

Dirac’s efforts contributed vital pieces to a jigsaw puzzle physicists are still trying to
complete today, aiming to describe all the fundamental forces and particles of nature



in one theoretical framework, known as the Standard Model of particle physics. The
language of this framework is mathematics, and mathematical considerations have
led to the discovery of other particles.

Differential Equations

An equation that involves one or more derivatives of an unknown function is called

a differential equation.

Order and Degree of a Differential Equation

The order of a differential equation is the order of the highest order derivative involved in
the differential equation. The degree of a differential equation is the exponent of the
highest order derivative involved in the differential equation when the differential equation
satisfies the following conditions —

o All of the derivatives in the equation are free from fractional powers, positive as
well as negative if any.

e There is no involvement of the derivatives in any fraction.

o There shouldn’t be involvement of highest order derivative as a transcendental
function,trigonometric or exponential, etc. The coefficient of any term containing
the highest order derivative should just be a function of x, y, or some lower order
derivative with respect to its independent variables.

Solved Examples

For a differential equation represented by a function f(x, y, y’) = 0; the first order derivative
is the highest order derivative that has involvement in the equation. Thus, the Order of
such a Differential Equation = 1. In a similar way, work out the examples below to
understand the concept better —

. xdz—y+y2—z+4y2 =1: Order=2

dx?

e sin (‘ﬁ—y) =2 . Order =3

dx3 dx

o For /(Z—z)z + 3y =% : Order=2



Find the Degrees.
d d? .
o 3y? (d—z)3 — d—xi = sin (x?)

The highest order derivative involved here is of order 2, and its power = 1 in the
equation. Thus, the order of the differential equation = 2, degree = 1.

d as
c e @ =y e

Since this equation involves fractional powers, we must first get rid of them. On
3
squaring the equation, we get — 1 + (Z—Z)2= yz(%)z. Now, we can clearly
make out that the highest order derivative is of order 3 here i.e. order of the
differential equation = 3 and since its power is 2 in the equation — the degree
of the differential equation = 2.
2
e sin (d—y) +d—32’+ 3x=0

dx dx
Here, the highest order derivative is of order 2, and it has no involvement in
any function. So, the order of the differential equation = 2, and degree = 1.

Variable Separable Equations

Simply put, a differential equation is said to be separable if the variables can be
separated. That is, a separable equation is one that can be written in the form

F(y)dy = G(x) dx

Once this is done, all that is needed to solve the equation is to integrate both sides.
The method for solving separable equations can therefore be summarized as
follows:

Example 1: Solve the equation 2ydy = (x% + 1)dx

Since this equation is already expressed in “separated” form, just integrate:
2ydy = {(x* + 1) dx

f2ydy= f(x3 + 1) dx
2

ix*+x+c

y

Example 2: Solve the equation

xdx + seccxsinydy =0



This equation is separable, since the variables can be separated:

seccxsinydy = —xdx

sinydy = —xcosxdx

The integral of the left-hand side of this last equation is simply

fsin ydy = —cosy
and the integral of the right-hand side is evaluated using integration by parts:

f—xcosxdx —fx cos x dx

= —|xsinx — fsinxdx]
= —(xsinx + cosx + C)

The solution of the differential equation is therefore
coOsy =xsinx + cosx + ¢

Example 4: Find all solutions of the differential equation
(x2-1)y3dx+x?dy=0.
Separating the variables and then integrating both sides gives
xXdy=—-(x*- Ny*dx
dy 1-x° -
y? %
Jydy=f 2= 1yas
_%y-z =—x'=x—¢
1 1

§=;+x+(

()



For More Practice:

;WVARIABLES SEPARABLE
ifa differential equation can be written i, the form
We say that variables are separable,
We get the solution by integrating b
working Rule:

293

Y on left hand side .
oth sides and X on right hangd side.

step 1. Separate the variables as f D dy = d(x) dx

Step 2. Integrate both sides as jf () dy = jtb (x)dx
step 3. Add an arbitrary constant C on R.H S,

& _ xQlogx+1)

& sin Y+ ycosy. (U.P.B. Pharm (C.0.) 2005)
Q_ x(2logx +1)

Solution. We have, dx  siny+ ycos y

Separating the variables, we get

(siny+ycosy)a§z={x(2logx¥1)}dx

Example 4. Solve :

“Integrating both the sides, we get I(sin y+ycosy)dy = J.{ x(2logx + 1)} de+C

-cosy+ysiny— I(l)-sinyaﬁz=2jlogx-xdx+ J.xdx+C
2 2 2
= —cosy+ysiny+cosy=2[logx-x—— Il-x—dx}.ﬁz_;,c
) x

2 2
2 2
> ysmy=2logx.%—jx¢c+iz—+c
. : 2. 2 2
x* xt  x
iny= XX E
= ysiny =2logx 2 22
= _ ysiny= x* logx+C. Ans.
Example 5. Solve the differential equation.
b (AMLE.TE, Winier 2003)
X —=+ = — .
g x'y =—sec(xy) .
3 -
Solution, x4-Ex-+x3y=—sec(xy) - X (x_d;+y) secxy
Pu o ﬂ; ﬁj’_+ x3-‘i‘i=—secv
&
¥ == dv=—}—<+¢
Sei:v x3 = ICOSV_ I 3
_— 1 1 Ans.
Ex'am'vz'z?+c T R Sinxy=*-£x—2'+0
My - ' L2 =gec(x+
o cos (x +y) dy = & = dx

xt+ty=2z



esieMatiy
t.

294 o iy an
1+/—=-__- = dx dx
So that Jx  dx .
%-1:5(‘:{:2 - —J;=1+SCC2
Separating the variables, we get di
_ G4z =
1+s€ecZ
On integrating, ‘ ) )
j‘ cosz_ g _ Idx - I[l—-——-———cosz+ ]dz—x+c
cosz+1
I 1_,__—/——-1 dz=x+C
2Z _1+1
2cos >

Example 7. Solve the equation.
' @2 +3 - T)x dx — G2+ 2y2 8)ydy=0. (UP II Semester, Summer I
Solution. We have . ’
@2 +3 - T xdx— (3x2+2y2—8)ya§)=0
Re-arranging (1), we get xd 3 +2y -8
’ ydy 2x*+3y% -7

Applying componendo and dividendo rule, we get

xde+ydy _5x*+5y" 15 xdx+ydy xdx—ydy
. xde—ydy  xP -yt = x2+y2—3=5 x?-y* -1
Multiplying by 2 both the sides, we get ‘
2xdx+2
~ ( ydy —s| 2xdx-2ydy |
x* +y? -3 _ x2—y2—1

Integratmg both sides, we get

i‘:g(":‘“y' 3)=51log (x*~3?- 1) +log C
+32 -3 C o= — -y 1)5 o ¥
where C is arbitrary constant of integration, -

=

E
Solve the following dnfferentlal equatlo:n(sE neise 122

1. Etany-ap .
- S y Ans.xcos_y=c

2, Q .‘1__y2 A ;sul x,(C
3, y(l+x2)”2dy+x r*_yzdxso . dx 2 ns. sin”! y ,

A
4. secxtany dc+sec ytanx gy o ns, Jl-p-y +\/1+x C
Ans.tanxtany_—c



pis

1+ —xyde=

@+ 1) cos x dx + ¢ gjp Y dv =

3 ¢ tan y_dx (1 - ¢ secz?@g 0
(¢ +2)sinx dx — & cos y dy=0

imﬂ?\ ’:II

! -¥ -
d}—ex)+xze)

295
AnS.y2.= C(l +x2) o
ADS. (e} + ]) Siﬂx =C
Ans. (] ~ &P = Ctany
Ans, (¢ + 2cosx=C

g, —=

8 3
dx Ans, ¢’ :ex_(,x‘_}_c

dy _ -
i | -
‘ z Ans, SIN (y — x) = ¢
s
(4x+) dy 14x+y
2

[Hin‘t. Put dx +y+1 = z] Ans, tan™' m
2

Ans, tan”

=2x+C

2. gX=(4x+y+1)2
dx : =2x+C

Homogeneous Equations

A function f(x,y) is said to be homogeneous of degree n if the equation

flx, y) = 27f(x, y)

holds for all (x,y,), and z (for which both sides are defined).

Example 1: The function f(x,y) = x? + y? is homogeneous of degree 2, since
f(zx,zy) = (zx)* + (zy)’

=z (x* +y?) =z° f(x,y)

Example 2: The function f(x,y) = Vx8 — 3x2y® is homogeneous of degree 4, since

flzx, ) = (@ )* = 3(z)Hzy)® = ™ = 2DF)
=28 0¥ — 3y = 2 (x, y)

Example 3: The function f(x,y) = 2x + y is homogeneous of degree 1, since
f(zx,zy) = z(2x) + (zy)

f(zx,zy) = 2(zx) + (zy) = z(2x + y) = zf (x,y)



Example 4: The function f(x,y) = x3 —y? is not homogeneous, since
f@,2) = @) = () =2%* = 2%?

which does not equal z" f (x,y) = for any n.

126 HOMOGENEOUS DIFFERENTIAL EQUATIONS

A differential equation of the form & Iy

dx ’ ¢(x9y)

is called a homogeneous equation if each term of S, p)and ¢ (x, y) is of the same degree ie

iy__3xy+y2'
dx 3x2+xy

av dv
Insuch case we put |y = wx. and —==v+x—
put |y =vx. an i 0

 The reduced equation involves v and x only. This new differential equation can be solved by
Variables separable method.

Working Rule * _
| dv

dy , _
Step 1. Put y = v 50 that d_i =V “‘.E Step 2. Separate the variables.
Step 3. Integréte both the sides. - Step 4. Put v =-ii and simplify.
Example 8, Solve the Jollowing differential equation ) .
Qo+ )y =y + 2 (AMIE.TE. Dec. 2006)
2 .
2xy

Solution, Wi fy_=3 L) &

" ehave,(2xy+x2)dx. YA o YR
Pty = so that 95)—: v+x£v—

‘ dx 2 a2 ;
On subeties o : & WixTem’ T+2y 3
Ubstituting, the given equation becomes v+ e W il
' - ; dx
SN 2y Y fo_:vz“’ = (%‘iﬂ)dv:-;
R = T 2w+l vy
2v+]
> T—J dv = ix— = log (v2 + v)‘JOg x+ log c
Vot X )
. y _
vz +yp= ox = f—z—-l—-x" =X
¥t xylz o’ '



Example 9. Solve the equation :

_}-’+xsin-'):
X

X ‘1), v+xﬂ [E

vx in (1) so that _d—x.— dx

Solution.

e als
-
=

Put

13 <

v+xsinv

<
+
=

dv =siny
xsinv = -c_ix-_

b3
&R

=
Separating the variable, we get

=

ks

. Icosec vdv = Idx +C

1
=
<

b4

logtan§=x+C = logtan == = x+C )
EXERCISE 12.3 ~

Solve the following differential equations:

X
i. (1-3—.\;v)dx+x2dy=0 Ans. ;=10gX+C

2. (* =) dx+2p dy =0 (AMIETE, June 2009) Ans. x* + 32 =
v D
4 x(x~y)dy+y*dc =0+ (UP B Pharm (C.0) 2005) Anms.y =xlogCy
~ ody x=2y
,’f/dx T_}":O Ans. y—x =C (x + y) 6. %"tani i Ans sm}i =Cx
& _3xy+y dy x*-2)° :
i 322 Ans.3x +ylogx + Cy=0 8. .EZW Ans. 4y - @ =-
2
9. P+ dy =xyadx . Ans. —-zx—2+10g}'=c
}P
2 3 3 ' . —x3 '
})
an 0"’+2Ay)dx+(2x +3xy)d_‘y O(AMIETE Summer 2004)Ans 2 (x+y)=C
13. -3 dx + ; -
@ xyz) 0’ - 3x})a5z Oy(O) U Ans, x* — 65232 + )=

014 27 dy -+ 2 de=0

Ans. 2)* = 353 fogx + %
15. xsinldy=(ysinl—’x)dx . '
x x

Ans. cosZ = logx+C .

16. {xcosz+ysin1

' X
~dysinZ y ‘ :
. x ..V {ysm xcos-_}xfz:o y

3 X x| ax Ans. xycos==a
j7. & _yEx"+y ' *

ax X Ans. v+ ,xz +y2 :’-CI




Linear Differential Equations

1210 LINEAR DIFFERENTIAL EQUATIONS

| A differential equation of the form
! —~4+P
| _ dx y= Q

(i | is called a linear differential equation, where P and Q, are ﬁmctionsbof x (but not of y

. In such case, multiply both sides of (D by ¢ [pas ;

I : o , -[ (dy-i-PJ’) Ipdx'
|
The left hand side of (2) is
Je [ Pax ]
< dx, |
S _ dx
() becomes dx[y edeV] Qe I

. Integrating both sides, we get.
ye IPdt: ;J'Q.e I,.Pdtdx +C

This is the required solution.

Note, e'[ is called the integrating factor. =
f Solutiop is - yx[LF]= IQ‘[I.‘F.] dx+C
Working Rule:

Step 1: Convert the given equation to the standard form of linear differential equation
i.e. % + Py =Q

step 2: Find the integrating factor i.e. L.LF=/ eP4*



step 3: Then the solution is y(I.F) = [ Q(I. F)dx + C

Example 12. Solve: (x+ 1)5.‘12). —y=e(xt 1y’ (AMLETE., Sumpq, Iy
Solution. jﬁ x}:ﬂ =e*(x+1)
Integrating factor = e I}% = e"]?g('”+l')  Joetxh” =thT
The solution is y. ——l-—i = Iex (x+ l).;—:—ldv = Ie’ dx
= c A

x+1

Example 13. Solve a d{fferential equation ‘

(x3 - x)% - (3x2

Solution. We have (x° —x)% —Gx2-Ny=x 25 +x

—1)'y=x5—2x3 +X.

(Nagpur University, Surmmer 20l

dy -1 -2 +x 327 -1
o = ; = =x*- 1
= de X -x X -x P Y=
3x%-1
/ IF. = eI—de =é—log(x3—,x) :elog(x3-x)”l : 1
’ X -x
Its solution is X
y(l.F.):jQ(].F.)chC N y[ 31 )=_ Ix -1 de+C
X =X X —x .
2
y X
= dx+C
= \ oy Ix(x -1) = x —, I—dx-i—C
y : v
. _ g
= . logx + C = y=(x?—x)'logx+(x’—x)c A

Example 14. Solve sinx%+ 2y = tan? (_{ )

"ﬂﬂw
(Nagpur University, Summer?

Solution Given equation : si & x - tan’ 2
| . . lnx~+2y=tan3~ = Q.’- 2 _ 2
- . ) dx - . ) . X
This is linear form of %+ Py=Q - sm X sin
p=_2_ tan®Z
sm X and Q ~52_
: sin x .
de ﬁ_ . X
LF.= eI Slnx - ertx_)sec;dx. _ eZlogtanE _ tang%



. Solutionis  »(I.F)= [LF.(Qdx)+C

3 X
2X _ ,x W tan® =
ytan 2_ Itan E'Tl_x‘dx+czlj 2dx+C
Zsm5 -COS = 29 02X
1 I 4 X x )
= — tan* = sec’ =
=5 > 2d’C+C )

putting tan>=¢ so that lsec2 ﬁldx - ,
5 Ssec’ Sdv=dr on RHLS. (1), we get

2 X 1 5
y.tan —2-=§It4(2dt)+C = ytan2%=%+(7

Cx tan’ X .
ytan* = = —2.cC A
2 5 ANS.

EXERCISE 12.5
Solve the following differential equations:

' 1 V 5 2
1. ﬁd1+;y=x3_.3 _ Ans. xy=£5—3%+c
2. Q-3 dx+txdy=0 Ahs.yx2=x3+c
s 2
3. Qﬂ-ycotx:cosx Ans. ysinx=8m2x+C
s Liysecx=tanx : C Ams, yE——E 41
dx : , secx +tanx
5. cos’ x%+y=tanx ‘ ' Ans. y:tanx—l+Ce"a“"
6. (x+a)%—3y = (x+a)5 i Ans. 2y=(x + ay +2C (x + ay
7. xcosx%+y(xsinx+cosx)'=l ' Ans. x y =sinx + Ccos x
8. xlogx%-{—y_: 2logx Ans. y log x = (log x)* + C
’ 4 4
9.._x%+2y=x210gx Ans. yx2 =%logx~);—6+c
.4
. -sin” 6
10. dr+(2rcot®+sin28)d0=0 Ans. rsin’ 0= > +C
11. %+ yCosx = —;-sin 2x 4 _ Ans. y=sinx—1 +Ce ™
o2, (l—xz)%»rm:x(l—xz)"z' - Ans. y=1-x* +CA-x")
13, secx% =y+sinx (A.M.I.E.’TTE., Dec 2005) Ans. y=-sinx-—-1+ ce™
4. Y+ ytanx = cos x, y10) =0 (A MLETE. June 2006) Ans. ¥ €05 X
. . - ~ 3 -1
is' Solve (1 + %) dx = (tan”' y —x) dy (AMIETE, Dec. 2009) Ans. x =~ tan Ty-1+ce "
*16. Find the value of o so that ¢® is an integrating factor of differential equaticn
*1~))dx—dy=0.+ (AMLETE., Summer 2009) Ans. 0=




Exact Differential Equations

An exact differential equation is formed by directly differentiating its primitive
(solution) without any other process.

Mdx + Ndy = 0 is said to be an exact differential equation if it satisfies the following
condition

oM _ON
dy  Ox

Where Z—A; denotes the differential co-efficient of M with respect to y keeping x
constant and Z—N the differential coefficient of N w.r.t x keeping y constant.

Method to Solve Exact Differential Equation
Step 1: Integrate M w.r.t x keeping y constant
Step 2: Integrate N w.r.t y only those terms of N which do not contain x.
Step 3: Result 1+Result 2 = Constant
Example 28: Solve
(5x* + 3x%y? — 2xy3)dx + (2x3y — 3x2y? —5y*)dy = 0
Solution: Here M = (5x* + 3x%y? — 2xy3), N=x3y — 3x%y? — 5y*
3

M _ 2., 2
ay—6xy 6xy~,

N _

24 2
ax—6xy 6xy

oM

. aN . .
Since oy = ox’ the given equation is exact.

Now [ Mdx + [(terms of N not containing x)dy = C



f (5x* +3x°y* — 2xy*)dx + f (—5y®dy = ¢
X+ X%yt —xtyt -yt =C

2
Example 31. Solve : xdx+ydy _a (xdy—ydx)

53 (U.P. Second Semester Summer 2005)
X“+y '
2
a —-—
Solution. We have, xdx+ydy = __(%@
x“+y
2 2
ay (a°x)

x+ dx + y- =0

= [ xz+y2} [ x2+y2}dy
2 2
ay a‘x
M=x+ R =y-
Here, x2 +y2 x2 +y2
2(,2_ .2
o _e (=) av_@(-r)
=— = 5
Now, dy (x2 P )2 ox (xz . yz)
| M o

Since, - o
Therefore equation is exact. Hence,

2
(x+ 2‘1 yz)d)ﬁ Iydy:C
Xty

2 2
' X 2 1 -1 * y
' —4a°y.—tan — +——..—_C
: 20y (y) 2

2 2
> X477, 2 an Hz c -
, 2 y) =



piterer

EXERCISE 12.7
golve the following differential equation (1 - 11),

O de Gy 2) dy < . 2
L@ty ) y=-2)dy=0 Ans.—2-+xy—10x—y7—2y=C

2 = 3
g, (F =¥) 2y =0 Ans, x?=xy2+C

/ / X
3, (1+3eJr y)dx+3ex ){1--;]@:0 (RGPYV. Bhopal, Winter 2010) Ans.x + 3y & =C

_ 2

(gx—y)dx—(x—)’)dy Ans. xy=x MR,
4 2

5, (yseczx+secxtanJC)dx+(tanx+ ) dy=0 Ans.ytanx +secx +y* = C

6. (a_x+hy+g)dx+(hX+by+f)aj)=0 Ans. a® +2hxy + by +2gx + 25 + C=0
. . 5
1. (x4—2xy2+y4) de — Py —4xy’ + siny) dy = 0 Ans. %—x2y2+xy4+cosy=c

-

8. (2xy+e”)dx+(x2+xey)dy=0> Ans. x’y +x¢ = C
0 (¢ +2pe”) dy + (2uy + 27" dr = 0 Ans. ¥y +92 & = C

10. [y(1+1)+cosy]dx+(x+logx x siny)dy=0 (MD.U, 2010)
Ans. y(x+logx)+xcosy C

I (-3 det O - 36y) dy=0,(0) =1 Ans. ¥ -6 +yt =
12. The differential equation M (x, y) dx + N (x, y) dy = 0 is an exact differential equation if

- OM ON oM ON oM _oN _
(a-)gy—Jr?Ox—:O (b)%;——a;—o (c)'gx—a'x"—l (d) None of the above

RIS oY AN A~ TLN



2nd order linear 2nd order linear Differential Equations

LinAR DiererenTiAL EQUATIONS OF SECOND Oy
' B

13.1 LINEAR DIFFERENTIAL EQUATIONS o . |
If the degree of the dependent variable and all derivatives is one, such differentig] equa,
are called linear differential equations e.g.

dz) dy f;__d"_3 f(;)
5Z 46y =x"+x+l (2) 2 x=
(1) —5 3 +by= "

13.2 NON LINEAR DIFFERENTIAL EQUATIONS

If the degree of the dependent variable and / or its derivatives are of greater than | g
differential equations are called one-linear differential equations.

.
2 2 2 )\
Iy &0 @y o DY 4 2y x| &

(N W-}‘E” =smx  (2) zxz—'i'z ?d; +y =e 3) Y + y +x={lj

The order of a differential equation is the highest order of the derivative involved. Al
above differential equations are of second order.

Fourier and Laplace transforms are mathematical tools to solve the differential equations

13.3 LINEAR DIFFERENTIAL EQUATIONS OF SECOND ORDER WITH
CONSTANT COEFFICIENTS

The general form of the linear differential equation of second order is

d2
_‘2})+P%+'Q}):R

where P and Q are constants and R is a function of x or constant,

Differential operator. Symbol D stands for the operation of differential i.e.,

5 stands for the operation of integration,

1
"DT stands for the operation of integration twice.
d2

dx? +P‘+Q)’ R can be written in the operator form

2k
Dy+PDy+Qy=R - 0+ PD+0))




B

pifierential Equations of Second Order 327
Linear

34 D|MEN5|0N OF SPACE OF SOLUTION
13

s differential equation is said to have dimension k if the differential equation has &
finearly independent solutions, y,, y, ... v

For example; y"=5y"+6y =0 has two dimensional solution ¢, ¢**
y"-6y"+11y'+6y =0 has three dimensional independent solution ¢*, &%, €™,

135 NON-HOMOGENEOUS
Consider the differential equation

Y'+ P(x)y'+Q(x)y = F(x) 1)
(1) is said to be non-homogeneous if RH.S. of (1) i.e., F(x)#=0

13.6 HOMOGENECUS
When Fx)=0
Then (1) is said to be complementary homogeneous linear differential equation of (1).
13.7 SUPER POSITION OR LINEARITY PRINCIPLE
OR

FUNDAMENTAL THEOREM FOR HOMOGENEOUS DIFFERENTIAL EQUATION

Theorem. If y,(x) and ,(x) be two linearly independent solutions of the homogeneous
differential equation

y'+Py'+Qy=0 (1)
then the general solution of (1) is given by ’

General solution = y = 4 y, tBy,
Where 4 and B are arbitrary constants.

Proof. Here we have y = Ay, + By, -.(2)
Differentiating (2), we get y' = Ay + By, ..(3)
' = A+ Byy ..(4)

On putting the values of y, y', y" from (2), (3) and (4) in (1), we get
Ayl'+ Byy+ P(Ay{ + By3 ]+ Q[ Ay + By, | =0

= [4y'+ P4y] + QAy,1+[Bys + P.B.y, + Q.B.y,]=0
>

Aly\"+ Py| +Q » 1+ By + Py, + Oy,1=0 -5)
Since ¥, and y, are independent solution of (1), i.e.,
| , i+ Py + 0 =0 [Form (3)]
and Y+ Py, + 0y, =0 [From (4)]
\ Then (5) becomes A0)+B(0)=0

5Q) is the general solution of homogeneous differential equation (1).
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iné

DIMENSION OF SPACE OF SOLUTION

A differential equa?ion is said to have dimension  if the differential equation has &
finearly independent solutions, y,, y ... y,

134

For example; y"=5y"+6y =0 has two dimensional solution &%, ¢**
y"-6y"+11y"+6y =0 has three dimensional independent solution &, ¢, &*.

135 NON-HOMOGENEOUS
Consider the differential equation

Y'+ P(x)y' +Q(x)y = F(x) 1)
(1) is said to be non-homogeneous if RH.S. of (1) i.e., F(x)#0

13.6 HOMOGENEQUS
When F(x) =0
Then (1) is said to be complementary homogeneous linear differential equation of (1).
13.7 SUPER POSITION OR LINEARITY PRINCIPLE
OR

FUNDAMENTAL THEOREM FOR HOMOGENEOUS DIFFERENTIAL EQUATION

Theorem. If y (x) and »,(x) be two linearly independent solutions of the homogeneous
differential equation

y'+PY'+Qy=0 (1)
then the general solution of (1) is given by
General solution = y = 4 »tBy,
Where 4 and B are arbitrary constants.

Proof. Here we have y=Ay, +By, .(2)
Differentiating (2), we get y'=Ay| + By, «(3)
y" = Ay{"+ Byy .(4)

On putting the values of y, y, y" from (2), (3) and (4) in (1), we get
Ay{'+ Byy+ P(Ay{ + By, 1+ Q[4y; + By, 1=0

= 49" P4y + Qay, 1 +[Bys + P.B.y, + Q.B.y,]=0
=

. A[y"+ Py{ +Q y, 1+ Bl + Pyy + Q,]1=0 (5)
Since ¥, and y, are independent solution of (1), i.e.,
W+ Py +On =0 [Form (3)]
n i+ Pys+ 0y, =0 [From (4)]
Thep (5) becomes A(0) + B0)=0

U 2) is the general solution of homogeneous differential equation (1).
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13.8 LINEAR INDEPENDEN
Two solutions ' l(.\) and y,
Ay (x)+ By, () 0

CE AND DEPENDENCE
(x) are said to be linearly independent if

A and B are not equal to zero.

13.9 WRONSKIAN
We know that

N »nx)
@) ya(x)
(D If W (), yp x) =0, then y, (x).and y,(x) are linearly dependent.
Q) I W (r. 3, X) # 0, then y,(x), y,(x) are linearly independent.

13.10 EXISTENCE OF LINEARLY INDEPENDENCE
Consider the equation
y'+Px)y +P(x)y=0 o
By the fundamental theorem we can say that (1) has two solutions y, (x) and »,(x)

By Abel formula, these two solutions are independent.
The initial conditions are

= 3 Y5 ()= (x)y2(x)

W 0y 0y 0) =

Y, () =1, y(x)=0
¥, (k) =0, ¥5(xp) =1
W(}',,yz,x ,J’l(xo) Y2(xp)

~ 10
. V7 ey o 1| T
-Since W (yx’ ¥y X,) = 1, the above pair is independent.

Example l Check whether the following funcnons are linearly independent or not:

€ cos x, e sin x. : (Delhi University, 200
Solution. We have,

»n=ecosx,y,=esinx

= = i
Y| =€ cosx — ¢ sin x and Y, =¢€ sinx+ e cosx
WG, )= lyl Y| _ e* cosx ‘e*sinx
] ’ -
Vi YV, e” cosx — e* sin x €* sinx + e* cos¥
_ €osx ' sinx
CoSx —sinx sinx + cosx

= e (sin x 2 x— si )

- (sin x. cos x + ¢cog x—sin x . cos'x + sin® x)

=e¥ %0
Hence, €* cos x and &* sin x are linearly independent »

13.11 STRUCTURE THEOREM FOR.

Y+ P(x)y' + O(x)y =0
We have seen that differential equation (1) has tw

) . o solutj cond)y
solutions are linearly independent. ons y,(x) and y,(x), 5¢



330
Differentiating (3), we get . ) , '
A (1y3) _ (o) ()4 01003 (0= 2200 =02

d r ’
r _ 3y @)=y R) = —alx) G132 =31p2)

LUACTV Sy A
dx .

d =0
= _(ZX_ W(yl,yz, x) + a(x) W(y,,yz» %)

Equation (4) is a linear dif‘i‘_erential equation of first order
Ix a(x).dx
*o
Its LE. = €

Hence, the solution of (4) is _
d =
W,y X) e,[‘”‘ * = constant

W 0y 3) 08 = W [y, 3 %]
[W (yl’ yzv.xo) = 1]
: - ¥ a(x)de
W(y]a Yy x) = W(ypyz: xO) € o
Example 2. (a) Find Wronskian determinant
(b) Verify that the solutions satisfy the differential equation
(c) Show by Wronskian test the solutions are independent

y =€y, = e and y'-5y'+6y=0

Solution (a) y = ¥, y,= e* and n= 2¢** y W= 3¢**
! 2x 3x
NN _|e €
w ’ - ’ HE =3eSX_2 5x= Sx
O3y 3) ’yl %l |2e* 3e™ T
(b) Now - Y'=5y"+6y=0
Ify = e¥, then (2) becomes 4e¥_5 (2e2") +6e* =0
> (“4-10+6)e"=0= 0 =0
- If y, = ¢ then (2) becomes 9 ¢ _ 5 (B e¥)+6e™ =0
= ' O-15+6)e*=0= 0 =0

Thus, y, and Y, satisfy the differential €quation (2)
W),y x) = 20

Hence y, and ¥, are linearly independent.
Example 3. Ify, = ecos x. 1, = ox: dy 24y

1 Y, = €7sin x and F+E+2y='0, then
(a) Calculate Wronskian determinant
(b) Verify that y , and Y, satisfy the given
(c) Apply wronskian test to check, that y f
Solution. (@) Y, = €™ cos «,

differential equation,

» ¥, are linearly independent.
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"X -X -X -
yi=—¢"eosx—e tsinx,  yy=-€sinx-+e” cosx

Y0 \ e ¥ cosx e "sinx
W,y = oW |—eFcosx—esinx —¢ sinx+e cosx

= ¢ cosx (- ¢ sinx + ¢ cos x)— € sinx (- ¢ cos x - ¢ sinx)
= ¢ (- sin x cos x + cos’x) + ¢ (sin x cos x + sin’)
= ¢ (sin’x + cos’x) ~(1)
=¥

(b) y'(x)+ 2y (@) +2y=0 @

y, =€ cosx

Patting the values of ", y'and y in (2), we get

LHS. of (2)=¢™ (2 sinx)—2¢™ (cos x +sinx) + 2¢* cos x

=¢*(2sinx—-2cosx—2sinx+2cosx)=0

Thus y, =€ cosx satisfies (2).
Similarly = ¢ sin x satisfies (2).
@  Woypn=¢”

#0

Hence v. and v. are linearly independent. ) Ans.



Series Solution of 2nd order Differential Equations

r

; NTRODUCATION
" e have already studied how 1o find the solution of a diff
a differential equ

;o.efﬁdems' dif )
There are many di ferential equations with

- der's equation, Hermite's equations, Lag
lp:combmation of elementary tunctions.
The solutions are infinite series. In this chapter we wi
. 4 : e will solve the differcenti i '
e Series method and Frobenius method (extended power series melhod)erumal cauarions B

POWER SERIES SOLUTIONS OF DIFFERENTIAL EQUATIONS

ation with constant

Vi - - . .
uerre].‘sngiii?le cocflicients like Bessel’s equation,
Hlerential equation whose solution are not

72

We know that the solution of the differential equation

a2

dx‘; —y= 0

2 3 2
X X X g - x xX X
are =t =l —4—+—4.. and y=e "t =1 —F -
? o122t 3! ree TR TR
These are power series solution of the given differential equation.
o . , Py
Another example of the differential equation —L:z—+y =0
a

ssatisfied by the power series
3 ox5 A

y=Sinx=“'—§—i+—§-‘._rﬂ+"' . .
This idea leads to the methods of obtaining the solution of a linear differential equation of

%tcond order in series form i

) ' . . ; cendin
. The solution of the differential equation _wl" bea Se“esegi: sor validity.
sties solution obtained will have its own reglon of converg

73 ANALYTIC FUNCTION

) A function f (x) which can b
¢ Series converges to f (x) for 2

2
"4 ORDINARY POINT
Consider the equation
2
d’y ¥ P.@%— @’ =0
Where P e’ “
» Q are polynomials in x- 735

g powers of x, the infinite

i i ining the point X .
Taylor's series on interval containing the p A

e expended in
: rval of convergence.

11 x in the inte



. Malh@ma. ‘
e equation if the denommators of p ang 0 Y'“ﬁl ;
d

. . the abov -.
an ordinary point of Oy,

W
T

736
x=ais
forx=a. ie (P# o, Q% ®) . x
For example : iy .
2),“_'2._)14.)'—5}’--)):0 = dx-_z @dx\\]
N o dx2 & 1+x2N

_ pand 0 | + x2 is not equal to zero at x = ¢, Theref(,re
Here, denominator of | equation. Xs

. . 0
i i is differentia ,‘
ordinary point for this di .
(i 2 d2{+(2xz_x)_%+y=0 = x T‘ggl
i =0(P= -
Here. the denominator of P and @ i.€. »2 is equal to zero forx =0 (P = o, 0 %) ¢
ere,

ie.,

X tf .
. . his e uation. . . . 't
ordinary point for this eq se differential equation whose ordinary Point

i ho
. In this section, we have to solve t "
275 SOLUTION OF THE DIFFERENTIAL EQUATION WHEN X < o 1 i

ORDINARY POINT /.e. WHEN P DOES NOT VANISH FOR Xzq

@
. k M
k - Ya
tax .= z £*" be the soluti(mo“hE
|

() Lety=ay + a +ap +as +

differential equation.
o dy dYy
(i) Find —, Zz— etc.

dx " .
& _ @+ 207+ 30+ o+ ka4 k= Y

dx k=1
2
%22 =20, +23 g+t g KE- D24 = o gy
k=2

2 .
(7)) Substitute the values of ¥, -ﬁ }x—g etc. in the given differential equation,

(v) Calculate a,, a,, a, .... coefficients of various ppwers of x by equating the coeffi

zero. |
(v) Substitute the values of 4y a, a, ... in the differential equation to get the require

solution,

27.6 WORKING RULE TO SOLVE A DIFFERENTIAL EQUAﬂdN IFX=01
ORDINARY POINT OF THE EQUATION

Step 1. Assume the solution y=2akx" ie.,

— 2 3 4
=aq +
y=aytax+a,x +q3x taxt 4.

& dy
Step 2. Find * and z—bcT of step (1).

‘ 2
Step 3. Substitute the values of ¥,—= and %’_ in the given differential equation.

€ . i
Step 4. Equate to zero the coefficients of various power of x to find out a,, dy - inter

Step 5. Equate to zero the coefficient of xk get a recurrence relation of a's.

¢ H = :
tep 6. Substitute & = ¢, 23, ... i the. recurrence relations to get the vatues of 8

L A

Step 7. Substitute the values of ¢, ¢ ‘ on (!
4 Y 3 Seens, i i i n
When x = 0 is the ordinary poinzt. #¢ (obtained in *ep ©) in the ol



-y TgESS
] ' -
s of Second Order Ditferenti 1
I colutio™® al I:qUaﬁons
e ole 1 Solve in scries the CQuation il 2 i
- ) Ty =g
fy d“y @ -
) we have, —S +x“y=g
olutio™ dx*
" jenominator of P a?d Qs not zero g, X=0j -
Mgyt aX T ax’ +axd + g 7Y Ol the grging
a ¥ dQ# o forx= 4 X7+ q 36 4, g Y Point.
L p# o0, AN x 0~30,x20is h6 I Fa 2
Here the ordinary 1o SRR
| TY Point of the ¢ uation (1
i{l=al+202x+3a3x2+4ax3+5 . qt ()
] 4 a. x% + -3
e s 6001“F7a7x6+8a8x7+4--
-y 71+2-303x+3'4a4x2+4'50x3+5
L=l 5 Oagxt+ ¢ T a,x ¥
' ’ Ta;x +7 Bagxs+ ..

i il

stiuting the values of ?{ andyin (1), we get

Ja,+23ax 34 a,xr+45 agx3+ 56 X+ 6.7 a, x5+ 78 g 10+

) +x2 (g, + @X+ayxt A +a v a xS g o4 g 54 ~)=0
202+6'03x +(a;+ 12 a) x* + (a, + 20a) 3 + (@, +30 a)) x* -f k

tla, ,t+2)(m+1a 1x"+..=0
' - s .
g 10 ZEro the coefficients of the various pov\?ers of x, we obtain i

Fgpatn a,=0, a,=0
ay*12a,=0 ie a,= —1—12‘-00
— ; — 1
a,+20a;,=0 ie a,= ~5g%
a,+30a,=0 ie a6=—%a2=0 (a, = 0)
and so on. In general s J
o+t @m+a,,,=0 = | @) |
n-2
. _ a-,=" -
Putting 1 = S, 6x7
a, __ %
Putting 7 = 6, 98~ " 7x8 12x7x8
_-—-fl-s—_:-___a_l___g,
Putting n = 7, 9977 gx9 20x8X 0
. a o (ag
Putting 17 = 8, . @0~ " 9x10 ’ (@, 0)
=____‘EZ__.:0,
?utting n= 9’ a; llx 10 a
08— 11x12
= — & gxTx1lx
leingn= 10, a2 = 2x1] 12 . o
. . t 5
1 4 & Sp—— g 20x8%9 9
Y=y +ax ——agx ~30 12x 7% ' ¥ X - Ans.
12 . x12 PR E By 20x8_><9

1

LA T L 12><8><7"“X12

127 T12x7x8 -
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.

. ; '\A““Ihl.
) ; Alerentiof couatfon i serfey Ty,
Example 2, Solve the following diflere ! Ry

\

2 '
W ) !, A v *‘-(‘" pedye 0. ey Seye
) ‘l"" o e iy,
Solutton, We have, , K
Py gpp e DRt
(- ‘-')f,_f‘?,.\*‘}\‘ { ‘U" LI d\! i A“,‘ & . \4 yey
[y ’ ’

Here, P # oo and () # oo forx?

-0, So, v O is an ordinary poing of the i

..W(‘“
. 6
Assume the solution i

l‘“l:_{

. A
yoer X N
. ‘ W] 3 Fax!t
ot .‘- o (I" 8] ql'\‘ A4 u," | (l.\,\ R )/

¥ X, (k!
k-2
ye Yy (k)(k - ()3
Putting these values in the given cquation, we get

(1~ x")Ea, (k)K - Dat? - xXa, (kx*aLa xt =0

Y, (k) (k= 1) 5 = Xa (k) (k=D " = Xa, (k) 5 4420 41 g
= La, (k) (k=1) X2 = Za Xk (k=) + k- 4} = 0
= Lak (k=1)x*2 - La x* (k2 -4) =0

Now, equating the coeflicient of x* equal to zero. By pulting & + 2 for 4 in first gy

and & = & in second summation, we have
Wy k+2)(k+1)-a (KR-4)=0
Gy k+2)(k+ 1)=q, K - 4)
k* -4 k-2 2
g = = -
e (k+2)(k+l)a’f ka1 = U42 TR
Ifk =0, , a, = - 2a,
- 1
k=1, “.1="'£"|
L 0
It k=2, a, ::-j-azx()
Ifk=3, PRI O A
h] 401 4 2 (I = - 8
= 2
lfk 4, (16 =-S-a4 :zxo::o
and so on, 3

Substituting these values is (2), we get

'=q 4 a x4+ (=24 )y y -a
=y tax+(-2a)x +(";2-a')x“+0x“+[-§'»]x5+0.x"+ ------

. gt Ly a
(30+(IIJ 200-1 ‘:‘5“"““‘8""“‘5 'i';'nnv

- .3 q
=a(l ~2".2)+ax l»i..,f__
I 2 8 +'ll‘l‘



s of Second Order Ditfereny;
5o|U“°n tia| Equatmns
he power se
te 3. Find 1 series soly 739
E*" Utiop of (1 xz) ¥ 5 '
. Here, we have YU+ 2y =0 abourx = 0.
golutio™ ’ AMILETE, Winter 2000)
2 J ,
| —x7) —5 —2x = 2
( dx? dx+2y=0:>Q_ 2x dy
e R 0
Herep;cooandQ¢oof0rx=0_80x~0]sa V- x? ax 127
_ + 2 R N ordina
Lct)’”a0+a'x a, x4 033‘34_ g Ty point.
< -+ be the required solution.
v= Za‘ o
k=0
— ak . k .\.’\'—l 2 ©w
Then N i z k(k-1x
k=
d?y

.dy
ubstituting the values of y.—- and

: sz in the given equation, we get

(l—xz)zak k-(k'—])xk—Z ~2x3q, ke xk! +2%a, <=0
= Tag k- (k=1x" ~Zak(k—Dx* =2 Ta, . kx* +2Ta,x" =0
= Eal\'k'(k—l)xk_z—Z[k(k_l)_*_z,(_zlﬂkxl\ =0

. Ta, k-(k—D)x*? -2k +k-2)ax* =0

shere the first summation extends over all values of k from 2 to « and the second from
¥

f=0t0 <. )
Now equating the coefficient of x* equal to zero, we have

(k+2) (k+1D)ay,, —(k* +k-2)a, =0

=
| k=2 (DD,
- - k2 = (k+2)(k+1) (k+2)(k+1)
__k—la
= ) gz ~ k+l Kk ,
a Y 4. ==ay;=0
—_ =—= s Y5 -
Fork=0 a =00, 33 =094 773 3 4
4
3 3(_5‘-)—"‘&,07:305:0’ etc.
=—Qa,; =
Fork=4 a, 5 45 3 3 4 5+a x6+a7x7+.--
= +a
y=4ag T4 @, 4,0-%x 6.,0+..
= ag + @ X ~ 90% +0—’3- >
6
5 _Ji,_f__«y...}'alx .
= y=4a 1-x 3 5 (x..-I)yso

2 ..’

Example 4, Solve the differentia! eqliatzwn ’ x-1=D

n series about the ordinary PO nt X for

Solution, pyt x=tt] ('('ﬂ’z )
dy _ 2 &

Ans.
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. The given equation becomes,

51——})— +1 y -4ty =0
dr’ .
Now, 7 = 0 is an ordinary point.

tion to be
Assume the solu _a+at+at+at+ +at+

y

then y =

and
Substituting these values is equatlon (1), we get

[2a,+32. af+43. a412 +,
2

~4t[a, +ar1+a12+az N ol ][

Coeffieient of £ = 0
= 2a2 =0 =
Coefficient of t =0

= 3.2. a3 - 4(1O =0 =
Coefficient of £ =0

= 4.3. a4+at_4al =0
/

Coefficient of £ = 0

1
= 5.4.as+2a2—4a2=0: 05=Eaz =

Coefficient of £ = 0
= 6.5. aé+3a3—.4a3=0

4= 4 _ 2a0 _
6 65 653 =
Now,  coefficient of /' =
=>(n+2)(n+1)an+2+(n—l)an1—4a =0
- n-1

_ a_ =-—(=9%
| " (42 (e O
Putting n=5,6,1,S8, -y WE get
a7 =(

2
a+2a21+3at+ +nan1 + .
1
"o— L+ -
y 2a + 3.2 at+ n(n l)ant

+n(n—l)at + .]
+t2[a]+2at+3a t +4az F—

-1
n-2

az =0
2a
53
a
a, --4—1
as=0
4y
Qy =—
67 45

+ LTy




45" T
= %LH%(S | : 62" *-

4 “\9
2 31 5 leOt +M)+al [Hﬁ'?.,']
_ dy [HE (x=1) 4?5‘(‘ 1y g

1

\
- 1625 = 1)° ,
o @ and 8, rC constans, "0 R (FREE)) }
her® %o , .
\\hc example 4 1 solved aboy

0 ' . i : Ans.

NO°. it the regular SIngular poing y < o el pojpy , - L Now e i ns

,,blﬁms - JIs0 find the solution about 4 € will solve the
e can &

:End out the series solution of poye,
!

!
.

the regular

POINt othey (1

Nx=
Sof(x_‘c) O’Sa

Y about x = ¢ In thi '
and . S00ULx = ¢ In this case we
the serieg i valid (convergent) around
BN 10 the pojne

ethod already

‘3\*’ = (.
' x .
: pomfmis method first we shit the oy

o obtained i solved by the m "6 0) putting x = 4 ¢, e differential

=C
on$ discussed

Singular Point

"SGUL4R pOINTS ABOUT X = 2
Wi, Cosidr the equaion (1)

.. '+ P()y+ 0y =0 |
’ﬂ:s el fyygions  and 0 are 10 AN (
Vbt by singular point of (.1)' 0 il
l Bite yg types of singular pouns 6
" War Singylar Point:
(x"a)Pand (X-a)2 g are not In

=0 Oerlw)




742 Matpg
mﬂh%

~» . ) P t.
2. Irregular Singular Point: o o .
F(x - ) Pand (v ) Qare infinite at x =~ «a, then x = ¢ g an irre

27.8 SINGULAR POINT ABOUT x = 0.
Consider the ditterential equation

dy + [).‘_(E+Q_1": 0
dey e i 0, tl
. At infinite at x = 0, then x = @ j
If (x — 0) P and (x - 0)* Q are not infinite at x ¥ 7 0is a regyy, sin

Otherwise it is an irregular singular point. . . _ U,
Note: In this section we will solve those differential equation where XolSarey,
Qg .

point. . : e .
Example 5. Find regular singular points of the differential equation,

2x >

Iye dy +3x —‘i +(x2 -4)v=0
dv” dx

2., 3 dv ..2__4
.d_}+__2+‘ 5 }):0

Solution. We have. del 2x dx | 2x2
3 d xi-4
= — an = 2
2x Q 2x°

£ and Q are not analytic (iﬁﬁnity) atx = 0. So, x = 0 is not ordinary point by .
as (x — 0) 2 and (x — 0)° Q are analytic (not infinite) sox = 0 is a regular singular -

‘..p—x(-:;_)—_% —
: Bl 2¢ooat1—0._

2

x*—4 1 9
—_—=—(x“ -4 v =
22 2( ) #coatx =0

Example 6. Iind regular singular points of the differential equation.

sz =x2.

x(zx'—2)2y"+2(x—2)y‘+(x+3)_v =0
20x -2 2 x+3
- X ) _ and Q

‘ . P _ __x+3

Solution. Here, we have x (x-2) x (x-2) x(x—2)2
P and’ Q are not analytic (P = o, O = o)atx =0 and x = 2.
Hence both these points are singular points of (1).
(HAtx=0

P = x 2 #* at 0

= . = e o] =
* x(x-2) .x=-2 o
x20 = x*. x+3 5 =x(x+3)¢oo atx=0
x(x=-2)" (x-2)? Y-
Hence, x P and x? Q are analytic (xP » o, x2P % o) at x = 0. So x = 0 is a1
point.
(iNAtx =2
2 2
(x=2)P=(x-2)- == =
) x(r2) x *Patx 2
(x=2)°Q = (x-2)? (x+3) _x+3 #owatx =2 ¥
x(x-2)> x ats
. ) 2 2Q # O)

Since both (x —2) P and (x - 2)’Q are analytic (x-2)P#oo, (x-2)
x = 2 is a regular singular point. obtai™® i

. . . . N 14
The solution of a differential equation about a regular singular point can b
The cases of irregular singular points are beyond the scope of this boo%: ‘



