CHAPTER 6
SPHERE AND CYLINDER PACKINGS

In this chapter and the next we discuss periodic three-dimensional structures. This
extends the discussion from finite polyhedra, circle packings, and two-dimensional nets, to
infinite polyhedra, sphere and cylinder packings, and three-dimensional nets. Now we are
approaching the real world of crystal structures and examples of them will be met more
frequently.

In many crystal siructures one or several kinds of atom are int positions corresponding to
the centers of spheres in a sphere packing, and other atoms are in positions corresponding
to interstices of that packing. It is common (espectially for mathematicians) to refer to such
interstices as “holes,” but that word has been appropriated to have a special meaning
(referring to an electronic defect) in solid state science, so we avoid it. We generally just
refer to “sites.” In the same vein, the word “vacancy™ has the meaning of a site that showld
be oceupied but at some particular point in a real crystal is not (i.e. a special kind of atomic
defect). We recommend using “vacancy” only in the context of defect thermodynarnics and
kinetics (and then with great care), and at other times using a term such as “unoccupied
site” instead. .

- It is essential at the outset o reécognize that we are here only concerned with the
geometry of certain patterns of points which are of common occurrence in crystai
structures. It is convenient to consider such patterns as arising from packings of spheres,
but as they can also arise in several other contexts, it is important not to get a mental image
of crystals as assembled from a packing of hard sphere “atoms™ as is sometimes seen
illustrated (we do this ourselves in § 6.1 and 6.2, but nowhere else). We shall see, for
example, that in several simple and familiar crystal structures of binary compounds AR the
arrays of both the A and the B atoms are the same as the centers of spheres in closest
packing. Unless the spheres representing A and those representing B interpenetrate
substantially there cannot be simultaneous A-A and B-B contacts.

One reason for discussing sphere packings is that it is hard to read the literature of
crystal chemistry without some knowledge of the subject and its associated terminology.
The most compelling reason is, however, that the topic introduces patterns that are
ubiquitous in crystal structures; indeed it is hard to invent a simple symmetrical sphere
packing that does not occur in nature. Our drganization is by coordination number, starting
with the densest packing of spheres; however, this is for convenience only; we could
equally have chosen one of a number of other schemes.

6.1 The densest packing of spheres

We consider first the classical problem of packing equal-sized spheres in space as
densely as possibie (closest packing). It should be apparent that this is the same problem as
that of arranging points of an infinite array with given density {number per unit volure) so
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that the shortest distance between them is a maximum,; stated this way, the problem is an
extension of Tammes’ problem (§ 5.1.9) which referred to arranging points (with fixed
number per unit area) on the surface of a sphere such that the minimum distance between
them was a maximum, Another problem with the same solution is to ask for ways of
arranging points in space so that every point has twelve equidistant nearest neighbor_s. Yf:t
another problem, again with the same solution, is to ask for the arrangement of vertices in
space-filling packings of regular octahedra and tetrahedra with equal edges.

Thus the same geometrical arrangement arises in very different contexts, only one of
which involves spheres in contact. When we want to emphasize such considerations we
use the term eufaxy to mean “an arrangement corresponding to the centers of spheres in
closest packing” and describe such arrays as eutactic. Generally though, we foliow

" established usage indicated by bold face abbreviations in the next paragraph.

1f we restrict ourselves to arrangements in which the points (or the centers of the
spheres) fall on a lattice, there is just one solution to the above problem. The arrangement .is
commonly referred to as cubic closest packing (cep), but we also use the term cubic
eutaxy.! I the restriction to points on a lattice is lifted, we find a second at_‘rangement of
equivalent (symmetry-related) points known as “hexagonal closest packing” (}!cp} or
hexagonal eutaxy. There is an infinity of other arrangements with the same density, but
with more than one kind (in the crystallographic sense) of point as we will see. We refer to
these generically as cp or as eutactic. We consider only periodic patterns and state resuits
mostly without proof.2 The construction of models with & dozen or so polystyrene balls
and toothpicks to hold them together will be found invaluable.

6.1.1 Stacking of close-packed layers

Fig. 6.1. Part of a layer of close-packed spheres. A marks the corners of a unit celi. -

1The term is used [as is “cubic closest packing” (ccp)] also for a.rrangéments that only approximate the

icdeal amangement, ) . .
2Some “obvious” results are remarkably difficult to prove in a way acceptable to mathematicians. For
comnents on the proof (by W. Hsiang) that “closest packing” is just that see N. Max, Nature 355, 115

(1992,
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Conceptually the simplest way to generate these patterns is to start with a layer of
spheres lying on a flat surface in a closest-packed way.! Their centers will be on the
vertices of a 3% net (a cp layer), Just as in the densest circle packing. Fig. 6.1 shows four
such spheres with centers at the corers of a hexagonal unit cell of 36. In the figure the
letters “A™ are at these corners,

Now we add a second close-packed layer on top of the first. To have maximum density
we want the spheres of the second layer to nestle in the depressions of the first, i.e. over
the points marked “B” or “C.” (It should be clear that B and C are too close for spheres of
the second layer to be simultaneously over both of these positions), Accordingly there are
two possibilities for the two-layer structure: AB or AC. These are of course identicai
arrangements (remember the layers are infinite in the plane). For the sake of subsequent
discussion let the arrangerent chosen be AB for the moment. '

Fig. 6.2, Part of two layers of close-packed spheres. The letters are in the same place as in Fig. 6.1.

A small fragment of the two-layer packing is shown in Fig. 6.2. It should be clear from
that figure that if we now add a third layer in a similar way, the centers of the spheres in the
third layer must tie over either A or C so we have two distinct three-layer sequences: ABA
and ABC. These differ in that in the first case the layers below and above the middle one
are in same (A) positions, and in the second case the layers below and above the middie
one are in different positions (4 and C).

For unit diameter spheres in contact, the perpendicular distance between layers will be
V(2/3) = 0.8165 (this is the height of a regular tetrahedron of unit edge, cf. p. 133).

IThis is why we pack spheres rather than, for example, polyhedra.
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Fig. 6.3 shows parts of the two different three-layer sequences. At the top the spheres
are packed ABC and at the bottorn the sequence is ABA. The two simplest infinite packings
would be obtained by repeating these sequences indefinitely: ABCABC... and ABAB. ...

Fig. 6.3. Spheres packed in the sequence ABC (top hakf) and ABA (bottom half).

The centers of the spheres in a slab of two layers divide the slab into regolar tetrahedra
and octahedra. Fig. 6.4 shows how a tetrahedron and an octahedron are so defined b}" four
and six sphere centers respectively. The eutactic arrangements of points thus also arise as
the positions of the vertices when segular tetrahedra and octahedra are packed to fill space,
and this is possibly the real reason for the common occurrence of entaxy as the arrangement
of cations and/or anions in 50 many compounds in which there is 4- andfor 6-fold
coordination {see Notes § 6.8.3). _

Figure 6.5 illustrates the arrangement of octahedra and tetrahedra in a two-layer s_lab.
Each octahedron shares edges with six other octahedra. The tetrahedra can be divided into
two groups {see Fig. 6.5): those “pointing down” and those “pointing up.” Tetrahedra of
each type share only vertices with each other, but each “up” tetrahedron shares three edges
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with “down” tetrahedra in the same layer and vice versa. Altogether space is divided into
equal numbers of octahedra, “up” tetrahedra and “down™ tetrahedra.

Fig. 6.4. A tetrahedron and an octahedron formed by spheres in contact,

Fig. 6.5. Middle: the centers of 24 spheres {represented by circles) in a double layer of close packing

showing {he. octahedr‘al interstices, Top: the same points, but now showing the “down” tetrahedra, Bottom:
the same points showing the “up” tetrahedra. ' l .

Fig. 6.6. A rhombohedr.on composed of an octahedron and two tetrahedra (compare Fig. 6.5).
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The reader is urged to assemble such a layer with polyhedra. When that is done it will
surcky be noticed that two tetrahedra may be combined with an octahedron to form a 60°
rhombohedron as shown in Fig. 6.6. Clearly this polyhedron fills space and contains one
each of an “up” tetrahedron, a “down” tetrahedron and an octahedron. We will see that it is
a unit cell of ecp. It should be clear that each two-layer slab can be divided into such
rhombohedra, so all ep arrays are made up of octahedra, “up” tetrahedra, and “down™
tetrahedra in equal amounts (one ¢ach per cp sphere).

6.1.2 Hexagonal eutaxy (hep)

We discuss the case AB... first. We couid equally label the sequence AC..., BC..., etc.
which would describe exactly the same packing but with a different choice of origin. In fact
if A is at the origin of a hexagonal cell, it is useful now to describe the two-layer repeat as
BC.... We can then get a convenient description in erystallographic terms of a hexagonal
unit cell with sphere centers at 1/3,2/3,1/4 and 2/3,1/3,3/4. If the sphetes are unit diameter,
a will be 1.0 (see Fig. 6.1) and ¢ will be 1(2/3) = V(8/3) = 1.6330. The z coordinates are
chosen as 1/4 and 3/4 (rather than e.g. O and 1/2) because we then have the origin of
coordinates at a center of symmetry. The space group is P63/mmec. The arrangement of
sphere center points is not a lattice, as a vector from the center of a sphere to the center of a
contiguous sphere in an adjacent layer is not a lattice vector. The spheres are related by
symmetry though; their centers are in the special positions 2 ¢ of P6a/mmec.

In hep, the planes normal to ¢ and containing the centers of the spheres are mirror
planes. Tt follows therefore, that the octahedra in successive layers share common faces and
form face-sharing columns {parallel to ). The centers of the octahedra are at 0,0,0 and
0,0,1/2 in the unit cell (2 a of P63/mmc). On the other hand the tetrahedra will form pairs
(one “up” and one “down”) with a common face. Recall that the “up” set of tetrahedra have
only common vertices (are corner-sharing) as do the “down” set. The centers of the
tetratiedra are in 4 £ £(1/3,2/3.2 ; 2/3,1/3,1/2+2) with z = ~1/8.

6.1.3 Cubic eutaxy {ccp)

The rhombohedron of Fig. 6.6 with points at the vertices can be considered as the unit
cell of a structure with the points coinciding with a lattice. The 60° rhombehedron is, in
fact, a primitive cell of the face-centered cubic lattice (see § 4.4). Fig. 6.7 shows 14
spheres with their centers at the lattice points of a face-centeréd cubic cell. As can be seen
from the figure the centers of the spheres lie in close-packed {111} planes.

The structure we are describing is cubic eutaxy or “cubic close packing” (cep).
Discussed in terms of a stacking of close-packed layers the sequence is ABC... The
simplest way to see this is to use the description of a rhombohedral lattice in terms of a
centered hexagonal ceil. Thus if the rhombohedral ceil (Fig 6.7) has a = 1, cr=6€" then the
hexagonalcellhasa=1,c= 3\1'(2/3) =6 = 2.449... and the lattice points are at 0,0,0 (A);
2/3,1/3,1/3 (B); and 1/3,2/3,2/3 ().

The face-centered cubic cell contains four lattice points (at 0,00 ; 1/2,1/2,0; 1/2,0,1/2
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and 0,1/2,1/2) and must therefore contain four octahedra. The octahedron centers are at
U2,12,142 5 1/2,0,0 ; 0,1/2,0 and 0,0,1/2 (i.c. at the body center and in the middie of each
edge). These octahedral sites also fall on the points of a face-centered cubic Iattice
(displaced from the first by 1/2,1/2,1/2).

Fig. 6.7. Left: a face-centered unit cell with spheres centered at [attice points arranged in cep. Center: the
arrangement of the centers on (111} planes. Right: the primitive cell is heavily outlined.

The cubic unit cell also contains eighi tetrahedral sites with centers ai t1/4.+1/4,+£1/4.1
Their centers are on a primitive cubic lattice with one-half the cell edge (see Fig. 6.11
below). The symmetry of cep is Fm3m and the sphere centers are in 4 a. The octahedral
sites are in 4 b and the tetrahedral sites are § c.

The centers of the spheres in the {100} planes (i.e. parallel to the faces of the cubic unit
cell) are on 44 nets so it can be seen that an alternative description of cep is'in terms of a
stacking of such nets (see § 6.4.2). In close packing there is only one position for a second
4% layer on top of 2 first one, so cep is the only close packing that admits this description.

In contrast to hep, the octahedra in ¢cp share only edges (i.e. not faces), and-as we
have seer, their centers are also in cep. The tetrahedra likewise share only edges. Viewed
along one of the <111> directions the tetrahedra can be considered to fall into “up” and

“down™ sets in each of which, as for hcep, they share only vertices. We shall see that the
centers of each of these sets are also cep.

6.1.4 Other eutactic (ep) arrangements

The hexagonal and cubic arrangements AB. .. and ABC, .. are obviously just the simplest
of an infinite number of possibilities of stacking close-packed layers. The next possibility is
ABAC...

In all ep arrays each sphere is coordinated by 12 nearest neighbors and there are just two
possibilities for the coordination figare. The first is the cuboctahedron, illustrated on the
left in Fig. 6.8: The central sphere is in one of the positions A, B or C and the spheres in
the layer above in one of the ather two remaining positions and the spheres below in the
third. To avoid the redundancy arising from the arbitrariness in the labels A, BorCitis
often more coavenient simply to label such a central layer ¢.

!Recall that —1/4 is the same as 3/4 in this context
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in hep have neighboring spheres at the vertices of a “tmfinn'ed
cubTo}::etalSlIe)g:;:’s’ (:1150 sc?metimes callged an anticuboctahedron), shown on the ng[;lt in Fig.
6.8. The spheres in the layers above and below the c':c.ntral sphere.are now in t ; same
positions. If the central sphere is in, for example, pos%non A, those in the layers above or
below are either both B or both €. Such a central layer is labeled A.

Fig. 6.8. The coordination of an atom (filled circle) by its neighbors in cep {left) and hep (right).

Any eutactic array can be described by a sequence of ¢’s and h’s' ;s \};e n;x
demonstrate, First write out the sequence in terms (?f A, B and C and then i entlhy ttih
layer as k or ¢. The layer will be & if the letters on §1ther side are the same as each of ier;
and will be ¢ if the fetters on the left and right are different fror’n eac1:h other. ’C%nvc{scu‘jil
sequence of ¢’s and &'s can be converted to a sequence of A’s, B’s énd C sh y s ?; thi
arbitrarily with (e.g.) AB. A number of examples is given below {with on the rig
conventional label).

hhhhn AhB
ABABAR
ABCABC aBC
abacanac aac
ABACBCABACECA ABACBC
ABABCHCACABABCDCA  ABBCRCAC

The symbolism in terms of / and ¢ is more concise, bu.t c]oe§ not mu;;edfteiiurtez;ai
how many layers are in the repeat unit. Thus the repeat unit is sm.laycr;;1 or c;ut * nine
layers for khc. Many of the metallic elements crystallize as either dc;;? < put more:
complicated sequences are found. Sm for exax_nple occurs as both ke and hic .
wili meet ¢p arrays many times and in several different contexts later.
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Another way .of specifying stacking sequences is preferred by some authors, In this
method_, due originally to Zhdanov, a chaﬁge fromA—>BorB— Cor C'—a Alis
symboh;ed “+" and the reverse, ie. B—AorC = BorA — Cis symbolized “~.” Thus
cep .(C) Is+++... (or ~——=_.) and hep (h) is +—+-... (or —+—+...). The pac-kin is
spef::ﬁed }Jy a sequence of numbers, each of which represents the number of re etiti0n§ of
a given sign. We have then that cep is o and hep is 11. he is ABAC... ic -E+-—
22. The reader should verify that kce is 33 and that khc is 21. Thf; s;.ec.!uencc h‘.;z.hc
corre_spm'lds to ++—+--+— Le. 211211. A commonly encountered modification of this
notation is to omit the second half of the symbol when it is a repetition of the first and to
enclose the symbol in angle brackets. Thus 22 becomes <2> and 211211 becomes <21 1>
(but_21 1 <21>). The mule is that if the symbol in brackets contains an odd number of
entries, the Zhdanov symbol is the bracketed symbol repeated twice.!

ey

A B CA

Fig. 6.9. (1 1'20) siices of he (left) and hhe {right). ¢ is vertical and a unit cell is shown with dashed lines.
In the top left is shown a (0001} projection with the trace of a (11Z0) plane as a heavy line.

A sqnple geometrical interpretation of the Zhdanov notation can be obtained from Fig
6.9 which shows slices (not 2 projection) of two cp arrays. The slice is a (1120) plane of a;
hexagonal cell (outlined) and heavy lines connect nearest neighbors in this plane, In Ac =
22 (left) the fine, as it ascends up in the ¢ direction, goes two places right then tw‘o places
left alternatety. In khc = 21, the line goes two places right then one left aliernately. Notice

L
It should be clear that a Zhdanov symbol (other than that for cep) always has an even number of terms.
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that k layers are at positions of change of direction. !

Fig. 6.9 also shows that a cp array can be described as a two-layer stacking of 44 nets
made up of two kinds of files—rectangles and twinned rectangles ("kites") with edges in
the ratio of 1:¥2. Tn ccp the tiles are all rectangles and in hep they are all kites.

Sometimes a symbol #X is used to specify a packing. n is the number of layers in the
repeat unit of the packing and X is H if the structure is hexagonal {sensu stricto), R if the
structure is thombohedral, and T if the structure is trigonal (but not thombohedral). Thus 2
is 2H, and hc is 4H and hhc is 9R. Other examples are given in Exercise 2. Unfortunately
as n gets large there is generally more than one packing with the same such symbot. For the
pse of Zhdanov symbols to determine the space group of the packing see the Notes
(§ 6.8.1).

6.1.53 Patterns of filling interstitial sites in cp arrays

Reference to Fig. 6.4 (p. 212) shows that the center of an octahedron between two
close-packed layers A and B is in the C position, and midway between the layers. It is a
comman practice to specify the positions of these interstitial sites by Greek letters: &, Band
wvinstead of A, B and C, so such an octahedral site position between A and B layers is
labeled y (Fig. 6.10). Fig. 6.4 also shows that the center of an “up” tetrahedron is
underneath the top sphere, so the center of an “up” tetrahedron formed by layers AB with B
on top is in a B position (Fig. 6.10); it is located 1/4 of the way up between the two layers.
Similarly the center of a “down” tetrahedron between the same layers A8 is in the o
position 3/4 of the way up.

Fig. 6.10. Location of octahedral and tetrahedral sites in a cp layer AB. In the middle is an “up”
tetrahedron; right is a “down” tetrahedron.

Suppose we fill only the “up” tetrahedral sites in hep. The arrangement can be
symbolized Af--Bex-Af-Be..2 The pattern of tetrahedral sites is BovfBa..., Le also
hep. Filling only the “down” tetrahedral sites will praduce A-oB--fA--aB--f... The
pattern of these tetrahedral sites is ct-+:f--c¢-B..., Le. again hep. The structure obtained by
filling either the “up™ set or the “down” set of tetrahedral sites of hep is that of the
wurltzite form of ZnS which may be described either as an hep array of Zn with S in

INote also that the unit cell is chosen at an unconventional origin for clarity. Normally the origia
would be taken on a ¢ atom which is at a center of symmetry (see Exercises 1 and 2).

e use dots “.” as space markers for clarity, but they are not absolutely necessary and they are
sometimes omitted later. Distinguish such dots from the ellipsis “...” at the end of a sequence indicating
that the sequence continues indefinitely,
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one-half of the tetrahedral sites (all “up” or afl “down”) or as an hep array of S with Zn in
one-half of the tetrahedral sites.

We repeat the exercise for cep. Fillin g the “up” tetrahedral sites produces the sequence:
AB-By-Ca--AB--By-Ca... and filling the “down” sites only produces the sequence
A--0B--BC-1A--aB--BC--y... The sequence of tetrahedral sites s Bopeafpea... and
O fe e By, respectively: in both cases cep. The structure obtained by filling
either the “up™ set or the “down™ set of tetrahedral sites of ccp is that of the sphalerite
form of Zn8 which may be described either as a ccp array of Zn with S in one-half of the
tetrahedral sites (either all “up” or all “down™) or as a ecp array of S with Zn in one-half of
the tetrahedral sites (again either all “up” or all “down”). (For the siructures of ZnS see
§ 4.6.4, especially Fig. 4.11, for data for wurtzite ZnO see Appendix 5.}

Notice that both Zn and § are in 4-coordination in these structures, and we could
consider the structure as a network of 4-connected atoms (a “4-connected net”). Such
structures are one of the topics of the next chapter where we see (§ 7.3.1) that if all the
atoms were the same (say C) then we would have the structures of the hexagonal
lonsdaleite and cubic diamond forms of carbon.

Filling all the tetrahedral sites of cep produces the fluorite structure of CaF (with ccp
Ca) which we can code as AB-oByBCo-yAB aBy-BC... Note that the sequence of
tetrahedral sites is f-o-y S pfoey... as in cep; but because the spacing between layers
is only one-half the distance between close-packed layers, the pattern is no longer ccp but
is in fact primitive cubic—see Fig. 6.11. Accordingly care must be taken to ensure that the
spacing between layers is appropriate before describing structures as ep, The Spacing
between each symbol (letter or *-™) is (at least approximately) 1/4 of the distance between
the cp layers, i.e. 1/¥24 of the distance between atoms in the close-packed layers.

Fig. 6.11. Left: a unit cell of cep (filled tircles) with tetrahedral sites shown as open circles. If the open
and filled circles are Ca and F réspectively, we have a representation of the structure of CaFa. Center: the

same structure shown as {F}Cay tetrahedra (shaded). Right: the same structure but now some {CalFg cubes
arg outlined.

Notice that because the F atoms are in 4-coordination, the Ca atoms must be in
8-coordination (there is only one Ca for two F atoms), and in light of the above discussion,
it is not surprising to find that the coordination is {Ca}Fg cubes.
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If the roles of “cation’™ and “anion™ are reversed in fluorite .(as in,' for example, LiyO
with cep O) we get the antistructure, called in this instance antifluorite. '

In the (idealized) structure of NiAs, Ni atoms occupy the octahedral.sﬂe:% of an hep
array of As. The sequence is A-yB-¥A-7-B... The pattcrft of i)ctahedralv sites is }ﬂ;;,'r--'y...
corresponding to -peints of a primitive hexagonal lattICf?. {1deall§( with c/a = ~(2/3)].
Interchanging Ni and As will produce the antistructure (as in PtB \.mth hep Pt). .

In the NaCl structure, the octahedral sites of ecp are filled. The structure is
A pB-aC-fA-pB-o-C...The octahedral sites alone are y--o-fp-o0-f... ie. again
cep (as observed in § 6.1.2). Interchanging Na and CI produces the same structure (50 it
is its own antistructure). ‘ . . '

One often sees structures such as NaCl and NiAs projected do_wn an axis contained in
the cp layers (normal to [111] for NaCl and n.ormal to ¢ for .NlAs)~—scc for exarfr‘:pée
Fig. 4.9, parts of which are repeated for convenience he.re as Fig. 6.12. The nature of the
packing can be recognized quickly if it is realized that in ccp all the octahedral. sntes-arc?
related by primiiive lattice translation vectors so all the octahedra ha\f'e the same orientation;
but in hep, octahedra in alternate layers are related by reflection and two different

orientations occur.

Fig. 6.12. From left to right NaCl, NiAs and TiP as cation-centered octahedra. Light and darker shaded
polyhedra have elevations that differ by half the repeat distance in the direction out of the page.

i i i i hedra again occur in two
In TiP there is hc packing of P and the {Ti}Pg octa !
orientations. As now only every second layer is A, double layers of octahedra in one

arientation alternate with double layers in the other orientation (see Fig. 6.12 again).

NaCl is the only ore of these octahedral structures that is its own anFistructure. As
noted above, in NiAs the Ni are at the points of a primitive hex:.agonal lattice and the A.s
are in {As}Nig trigonal prisms. In TiP the P are half iln {P)Tig octahedra aqd hla.lf;]n
{P)Tig trigonal prisms as illustrated in Fig. 6.13. Nouc; that crystallographical yht 2
structare is ternary, TizP{1)P(2), and that there are antlstructurc.compognds such as
RbScO4 with {Rb}Og trigonal prisms and {Sc)Og octahedra. The anion packing (now not
¢p) in such structures is discussed in § 6.4,1. o _

There are many patterns of partly filling octahedral sites in ¢p structures and we mention
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here just one or two of the simpler.

Fig. 6.13. Clinographic projections of TP with ¢ (normal to the cp layers of P) vertical. Left: as
{Ti}Pg octahedra, Right: as {P}Tig octahedra and trigonal prisms.

Filling only alternate layers of octahedral sites in hep gives the sequence A-3B--A...
The structure is generally known as Cdl. There is a repeat every two cp layers and the
symmetry is trigonal, P3ml, with c/a ideally = \"(8/3) =1.633. Cdisin 1 a: (0,0,0) and |
isin 2 &8 +(1/3,2/3,2) with z ideally = 1/4.

Filling only alternate layers of octahedral sites in ccp produces the sequence

AypBeC-B-A-B- g C-A.... The structure is known as CdClz and it can be seen that now
the repeat is every sixth ¢p layer. The symmetry is rhombohedral, B3m, with ¢/a ideally =
3(8/3) = V24 = 4.90. Cd is in 3 a: R + (0,0,0) and Clis in 6 ¢: R 4 (0,0,2) with z ideally
= 1/4. A related structure type is that usually called a-NaFeQy in which O is ¢cp and
alternate layers of octahedra sites are filled with Na and Fe. The crystallographic
description is the same as for CdClz except there is also a cation in 3 ¢: R + (0,0,1/2).

There is a number of different structures known in which one half of the octahedral sites
are filled in every cp layer. An example with (approximately) hep anions is provided by
CaCl; and the closely-related rutile (TiO7) structure (see Exercise .

In considering possible patterns of filling interstitial sites in ¢p arrays, perhaps the most
important consideration is that in “jonic” crystals short distances between cations {or
anions) are generally unfavorable, This means that face sharing between coordination
polyhedra (especially tetrahedra) is avoided if possible. A good example of this principle at
work is provided by structures in which there are stabs in which all octahedral sites are

filled and slabs in which all tetrahedral sites are filled. To avoid face sharing between
polyhedra the cp layers between like slabs must be ¢, and between unlike slabs they must
be k.1 Thus in CaF; (all tetrahedral slabs) and NaCl (all octahedral slabs) every layer is c.
In Lax03 with ep La, slabs (La03) with O in all the tetrahedral sites alternate with slabs
(LaO} with O in all the octahedral sites and the La layers are all 4. In Th3Nyg with ep Th
(see Exercise 6) double siabs (2ThN) with N in ail octahedral sites have Th in a ¢ layer at
the center and these double slabs are separated by k layers of Th from slabs with N in

IThe reader witl find that such statements are very readily verified if 2 few polyhedra are at hand.
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tetrahedral sites (Tth). There are exceptions to these rules of course; in NiAs there %s
face sharing between octahedral slabs, and it is argued that, in some instances at least, this
is due to metal-metal bonding (between Ni atoms across the shared face).

6.1.6 Stacking incomplete cp layers (honeycomb and kagome)

The notation of 6.1.4 for stacking complete 36 layers of atoms is in wide-‘spread useégt
is useful to extend it to more complicated packings of hexagonal layers denved'frf()mt .
There is no generally accepted notation—we use one that seems to us useful and is kept as
. o 1
Smg)clvi;figf ?lirl: ihe honeycomb pattern 63, The unit.c'ell for thisis V3 x V3 =3 tune:i3 a;s
large as that for 36, as illustrated in Fig. 6.14. The position of a honeycombhlayer (sy{mt ;])e
G for graphite) is conveniently specified by the position of the center of a hexagon in

- pattern. In stacking honeycomb layets, we recognize three relative positions (1, 2 and 3)

indicated by small filled circles in the figure (upper Ieft). at O,Q,z 3 173,213,z and 2‘/3,1'/3’:, in
the 3x cell. This is particularly useful for describing partial ﬁllmg of octahedral sites in hep
structures as illustrated next (note that it is less readily adaptible to cep).

Fig. 6.14. Left: top a Y3 % 43 cell of 38 with below a 3¢ ne%t subdivided intg aG (:;') .lgyg,r. (tsh:;:e;
les) an . i ight: f 3© with below a 3° net subdivided into

i d a g layer (open circles}. Right: topa2x2cell o i ¢

((:;rgl;st)i}allzxyer fsha);ied circles) and an # kayer (open circles). The small filled circles mark the three choices of

origin (1, 2 and 3).

In the (idealized) corundum structure of A1203,.AI atoms are located in 2/3 c;)f tthh;;
octabedral sites of an hep array of O, each Al layer being a hongycomb. We <1:an coH ck i
structure as follows: A-Gq-B-Go-4-G4-B-G-A-Gy-B-Gs... By using dots as place mar et
we have antomatically imparted the information that the Al atoms on the G layers are in

1For another notation see particularly W, B. Pearson (Book List). Pearson describes over 100 structure
types using a related system.
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octahedral coordination. Note that the sequence requires six O layers to repeat. For ideal
hep of O atoms a distance & apart, the g axis would be V3d (see Fig. 6.14) and the ¢ axis
would be 6V(2/3)d 50 that c/a = V8 = 2.83 ; in the real structure o/ = 2.73.

Figure 6.15 shows the structure as {Al)Qg octahedra, Notice that pairs of octahedra
share faces; as also shown in the figure the Al atoms move away from the centers of the
octahedra to avoid short Al...Al distances. Alz03 with this structure is also known as
2-Al03. For crystallographic data see Appendix 5,

Fig. 6.15. The structure of &-Al703 as articulated {Al}Qg octahedra. ¢ runs up the page. On the right the
ALO bonds are shown {on a larger scale) in a pair of face-sharing octahedra.

The centers of the hexagons of 63 fall on a 36 net with V3 times the spacing of a ¢p layer
(see Fig. 6.14 again) and we label such nets £ (note that combining g and G in one layer
returns a ¢p layer). In the structure of PdFs3, the Pd atoms fill one-third of the octahedrai
sites of an hep F array. The structure is Aogl-B-gg-A-g;.;-B-gl-A-gz-B-g}.. {(see Fig. 6.28,
P- 236). Note that the hexagonal cell is the same as for corundum; for PdF, cfa = 2.82.

Often layers in structures are kagome (3.6.3.6) nets which are symbolized IV (for net).
The unit cell is now 2 x2 = 4 times as large as that for 36, as illustrated in Fig. 6.14, and
again three refative positions (!, 2 and 3) of the net specified by the centers of the hexagons
are recognized. These are now particularly useful for describing partial filling of octahedral
sites in eep structures. The centers of the hexagons fall on a 36 net of twice the spacing of
a cp layer and we label such 36 nets » (combining n with ¥ produces a cp layer).

The three positions of the & and n nets are shown in Fig. 6.16. Some intermetallic
compounds are variants of cp ordered in this way. In CuzAu the Cu atoms are on the
kagome nets (V) and Au centers the hexagons of each layer (n). If atoms on the same layer
are enclosed in parentheses, the code becomes: (N1~ {naNg) - (n3N3)... or {omitting
place markers) (n1N;) {(n2iV2) (n3N3), i.e. a superstructure of ABC. We meet the related
structure N1 NoNs below as an 8-coordinated sphere packing (fattice complex J, § 6.3.5).
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PTY P /e 787

@
Ni+n=A Ny+n,=B Ny+ny=C

Fig. 6.16. The three positions of kagome (¥) nets with respect to a 2 x 2 cell of 36, We have {arbitrarily)
labeled them so that N combined with #; produce a ep layer with symbol A etc.

In the spinel structare typified by MgAlnOg, O is on a cep array with Mg in 1/8 of the

. tetrabedral sites and Al on 1/2 of the octahedral sites. The structure is cubtc but for some

purposes (such as describing related structures) is conveniently considered a; stackitntgi (;)rfl'
layers normal to {1113: N, -BnlngngA-Ng-annlngB-NyA:unng... Anot erft:g al "
which has been used refers to the N layers as O (“octahedrall } layers, and layers of the typ
ninang (which contain one octahedral and two tetrahedral sites) as T5 layers.

Fig. 6.17. MgAlyOy as {Mg}Oy tetrahedra and {Al}Og octahedra. Filled Sircles are Mg :l}t(;:::a:, ;:s
COEI’lE:l"S o.f a cubic unit cefl. For clarity some of the octahedra at the “back™ of the unit ce \%

omitted.

We cannot begin to do justice to spinel here.! Fig. 6.16 illustraies just one aspect of

. . : -
111 Volume II of this series we devote more than a dozen pages to describing spinel and its clos
relatives. We find a notation based on that given here to be invaluable.
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the structure—as cation centered polyhedra. As an aid to deciphering the code, it is
expanded below. The first row of numbers is the height along the ¢ axis of the hexagonal
cell in multiples of ¢/24. Recall that Al atoms are in octahedral sites and that Mg atoms are
in tetrahedral sites. As we describe the packing in terms of a2 x 2 supercell of a cp layer

there are 4 O atoms per layer A, B or € and 3 Al atoms corresponding to the N layers. In

the table we show these numbers as subscripts.

0 I 2 3 4 5 6 7 8 9 10 11 12

Ny - B nm na m A - Ny - C n m
A - Oy Mg Al Mg O4 - Al - Q4 Mg Al
1213 14 15 16 17 18 19 20 21 27 23 24
n n3 B - N3 M A Ry ny m C . N]
Al Mg ©1 - A - 04 Mg Al Mg O4 - Al

The Al array Ni-nzNyen--Ny--ngp... also will be met again as a 6-coordinated
sphere packing (lattice complex 7, § 6.3.9).

Very many other compounds can be described in terms of partial filling of octahedral
and/or tetrahedral sites of ep (Exercises 6 and 13 give examples) and it is virtually

in?po.ssible to master systernatic crystal chemistry without some appreciation of the
principles involved.

6.1.7 The “size” of interstitial sites.

For a regular tetrahedron of unit edge tength the height (distance from a vertex to the
center of an oppesite face) is ¥(2/3). The distance from a vertex to the center of the
tetrahedron is 3/4 of the height (see Fig. 6.10) = ¥(3/8) = 0.612. Conversely, the edge
length of an {A}B4 coordination tetrahedron with unit length A-B bonds is V{8/3) = 1.633.
The radius of a sphere that exactly fits inside a tetrahedron of touching spheres of radius
1/2 (unit diameter) is ¥(3/8) — 1/2 = 0.1124. The ratio of the radius of the inner sphere to
the radius of the outer spheres is [V(3/8) - 1/2]/(1/2) = V(3/2) - 1 = 0.2247.

It should be obvious that the perpendicular distance between opposite faces of an
octahedron is the same as the height of a tetrahedron {see Fig. 6.10). For an octahedron of
unit edge (formed by the centers of six spheres of unit diameter in contact) the distance to
the center is 1/42. The ratio of the radius of the largest sphere that will fit inside an
octahedral site to the radius of the close-packed spheres is V2 — 1 = 0.4142.

1t is sometimes stated that these “radius ratios” determine the coordination numbers of
atoms in ionic crystals, The idea is that an atom (ion) that is too small for, say, an
octahedral site (cation radius / anion radius less than 0.414) will instead £0 into a smaller
(e.g. tetrahedral) site. Unfortunately to apply such considerations, radii must first be
assigned to ions. Even when this is done, it will be found that the facts are not generally in
accord with predictions even for the alkali halides (presumably the thost “ionic” of
crystals). Stated more bluntly the “rules” are generally not obeyed! The reader interested in
this topic is referred also to § 6.8.3.
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6.2 Body-centered cubic (bee)

There are two interesting problems whose solutions are the same, and which lead to the
body-centered cubic (bec) array. The first problem is that of covering space completely
with (partly overlapping) spheres of a given size such that their density is a minimum. The
second concerns the filling of space with congruent tetrahedra. We have seen (Exercise 3,
Chapter 5) that regular tetrahedra alone will not fill space, but a number of structures of
metallic compounds are found in which space is divided into irregular tetrahedra.! The
body-centered cubic array is the simplest such structure, and the only one in which all the
tetrahedra have congruent faces and equivalent vertices. We refer to these tetrahedra as
Sommerville tetrahedra.2

The Sommerville tetrahedron has faces that are isosceles triangles with one edge of
length a and two edges of V3a/2, where a is the cubic unit cell edge for bec. The angles of
the triangles are cos~1(1/3) = 70.53° and cos-l(IN3) = 54.74" (2x). The dihedral angles are
45° {4x) and 90" (2x). Fig. 6.18 shows how these tetrahedra are related to a body-centered
cubic lattice. The figure also shows that four tetrahedra combine o form a space-tilling
octahedron with equivalent vertices and congruent faces so that the body-centered cubic
array can be considered as arising from a packing of these (irregular) octahedra also. It is
sometimes found stated (erroneously) that the body-centered cubic array divides space into
tetrahedra and octahedra, but the octahedra are in fact clusters of four tetrahedra and the
centers of the octahedra are the midpoints of the long edges of the tetrahedra so the term
“octahedral site” is something of a misnomer (see below).3 Contrast eutactic (cp} arrays in
which space is divided into separate regions which are regular tetrahedra and regular
octahedra.

The figure also shows that six octahedra (= 24 tetrahedra) of the bec packing combine to
form a rhombic dodecahedron with lattice points at the vertices and at the center.

Some facts (that will be useful later) about the body-centered array are included here.
The symmetry is Im3m and the lattice points are in 2 a: I + (0,0,0). The centers of the
tetrahedra are in the faces of the cube at 12 d: I + (£1/4,0,1/2)x. The site symmetry at these
points is 42m (tetragonal). Note that there are six tetrahedra for every lattice point. The
tetrahedral sites in one unit cell are at the vertices of a truncated octahedron. We meet the
pattern of tetrahedral sites as the “sodalite net” in the next chapter (§ 7.3.10). The
tetrahedron around a tetrahedral site encloses all the space that is nearer to that tetrahedral
site than to any other (it is the Voronoi polyhedron of the pattern of tetrahedral sites).

IThese are sometimes referred to as “topologically close packed.” The W (A15) structure (§ 6.6.4) is a
well-known example.

2after D. M. Y. Sommerville who discussed this problem at length [Proc. Edin. Matk. Soc. 41, 49
{1923)]. Sommervilie also discusses three other space-filling tetrahedra derived by dissecting the basic
tetrahedron, but these are of little interest in the present connection.

3To a mathematician a kole in a lattice is a site where the distance to the nearest lattice point is a loca!
maximum. Points where the distance to the nearest lattice point is a globat maximum are known as deep
holes, other holes are shallow holes. In ccp the octahedral sites are deep holes and the tetrahedral sites are
shallow holes. In bee there is only one kind of hole {the tetrahedral sites). The positions of the “octahedral”
sites correspond, not to local maxima in distance from the nearest lattice point, but to saddle points.
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Flg 6.18. Various aspects of the body-centered cubic lattice. At the left a cubic (centered) cell outlined
with broken lines and a primitive rhombohedral cell (@ = 109.47%) in full lines. Second from Ieft: a
Sommerville tetrahedron defined by four lattice points. Second from right: an octahedron composed of fc;ur
Sommerville tetrahedra. Right: a rhombic dodecahedron composed of six cctahedra = 24 tetrahedra.

The centers of the “octahedral sites™ (better the midpoints of the long edges of the
tetrahedra) are at 6 &: [ + (0,1/2,1/2)x. These correspond to the centers of the faces and
edges of the unit cell. The site symmetry at 6 » is again tetragonal: 4/mmim. We meet the
pattern of the octahedral sites as the NbO net in the next chapter.

There is an apparent paradox that has lead to confusion. There are six tetrahedral sites
per bee atom and three octahedral sites per bee atom yet the octahedron is comprised of
four tetrahedra. The resolution is to be found in the observation that the centers of long
edges of a given octahedron are also octahedra] sites. Thus if we placed (correctly oriented)
octahedra with centers at every octahedral site we would cover space wice, In § 5.1.10
we called attention to & tetragonal tetrahedron with curved faces that filled space (Fig.'
3.17). The six vertices of that polyhedron are arranged in space as the six vertices of the
bec octahedron, but because the surfaces are curved inward the volume of the tetragonal
tetrahedron is only half as great as that of the bee octahedron. In the space filling by these
letragonal tetrahedra, their centers are at the hec octahedral sites,

The Voronoi pelyhedron around an octahedral site is actually a polyhedron with 12 faces
f)btained by truncating four edges of the bee octahedron. Three such polyhedra are shown
in Fig. 6.19 in different orientations to suggest how they pack to fill space. The
arrangement of the acute vertices in the packing is bee. ‘

Fig. 6.19. The Voronoi polyhedron around “octahedral” sites in bee show in three different orientations
to suggest how it fills space.
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A nice example of filling all the tetrahedral sites in bee is to be found in the structure of
MsCep (M is an alkali atom such as K); in these compounds the centers of the
approximately-spherical Cgg molecules are bee.

Structures based on bee and on ¢p occur with comparable frequency in intermetallic
compounds, On the other hand, although “ionic” crystal structures can be described in
terms of ep arrays with partial or complete filling of interstitial sites, tonic structures
similarly based on bec arrays are rather rare.! In the cp case the coordination polyhedra
around the interstitial sites are regular whereas in the bee case they are not.?

Note that we use bec to refer to a geometrical arrangement, not to a symmetry (which
would be written bee). In CupO (Exercise 8, Chapter 3) the Cu atoms are ¢ep and the O
atoms are bee but the structure is primitive cubic (space group Prdm).

6.3 Sphere packings and relationships between them

Crystallographers have iong been interested in the general problem of packings of
spheres. Stable sphere packings are those in which each sphere is in contact with at least
four others not all on the same hemisphere. Equivalent spheres are those related by
Symmetry operations (rotations, translations, etc.). We discuss here some interesting stable
packings of equivalent spheres, referred to in this section just as “sphere packings” for
brevity. Many packings with a given number of neighbors can be distorted smoothly to a
higher density approaching arbitrarily close to that of closest packing so the interest is in
finding low-density (rare) sphere packings which often correspond to a high-symmetry
structures.> Although the problem is interesting, it is one of mathematics rather than
chemistry. Our real interest is in describing structures (and their inter-relationships) that are
of importance in crystal chemistry.

The two arrangements (cep and hep) we have identified of densest packing of
equivalent spheres are the only such arrangements in which each sphere has twelve
neighbors and, as they both have the same density, they are both the densest and the rarest
packings of spheres with twelve neighbors.

Sphere packings are often characterized by the fraction of space occupied by the spheres
{or density p). This is determined as the ratio of the volume of spheres in a unit cell to the
volume of the unit cell. To illustrate: the ecp arrangement of spheres of unit diameter has a
unit cell containing four spheres and cell edge a = ¥2. The volume of the spheres is
4 5 4727343 = 23 and the cell volume is a3 = 232, The ratio is p = 718 = 0.740.... We
generally give coordinates for packings of unit diameter spheres, the density is then given

If one considers ordered bee arrays such as CuZa (§ 6.6.2) then one finds that perovskite ABX3
and many derived structures are based on a CuZn array of cations AB with anions approximately in the
center of some of the octahedra sites. What is rare is the case of ionic crystals in which just one kind of
atom is bee.

20ne can extend this remark by observing that less dense arrays, such as primitive cubic and primitive
hexagonal, that do provide regular coordination sites are indeed more common than beg (see § 6.4).

3As we remarked in Chapter 3, the problem is often stated (incorrectly) as that of finding the densest
sphere packing with a given number of neighbors, i.e. the opposite of what we have stated.
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by p=zm(6V), where z is the number of spheres per cell and V is the cell volume.

A topic of interest in connection with the description of structural relatidnships and
possible transformation mechanisms is the description of paths between packings. We will
focus on paths that preserve as much symmetry as possible (the space group of the
intermediate structure will either be the same as, or a subgroup of, those of the two end
structures) and which are completely specified by one free parameter. Often this parameter
will correspond to the angle of rotation of a group of points. We have met such
transformations already for finite objects such as that of a cuboctahedron to an icosahedron
{§ 2.5.7) and a trigonal bipyramid to a square prism (§ 5.6.1). For plane patterns,
important transformations are from 3.6.3.6 to 3% and from 32.4.3.4 to 44 (§ 5.3.3).

6.3.1 11- coordination

11-coordinated sphere packings are rather rare. Here we describe a simple and well
known 11-coordinated structure that is important in crystal chemistry. A formal description
for spheres of unit diameter is:

Plyimam, a=1+1N2=1707, c =1, p = 0.7187
Centers in 4 £ Hxx,0; 1/24x,12-x,1/2), x = 1/(2 + V2)=0.292

The arrangement can be seen from Fig. 6.20 in which sphere centers are taken as
defining the vertices of régular octahedra, and which also illustrates the relationship of the
structure to hep. In fact the structure is a special (minimum density) arrangement of an
orthorhombic structure with space group Pram and centers of spheres in 4 g: +(x,y,0;
124x,1/2-y,1/2) with:

a=13 cosd, b= \’(8!3)(:05(@ + V(I!B)sinqb, e=1, p=2n3ak)
x={(¥2 ~ @18, y = (1 + V2andy(4 + V2tang)

Eleven spheres are in contact for 0 < ¢ < sin"1{1/3): the minimum density occurs at ¢ =
{1/2)sin"1(1/3) = 9.74° at which point the structure is the tetragonal one given above. When
¢ =0° or sin-i(1/3) = 19.47° the structure is that of hexagonal eutaxy (hep) with symmetry
P6afmmce (and 12-coordination). The tetragonal structure is close to the anion arrangement
in the ratile form of TiOz (see Exercise 7) so we call it the rutile packing. The density is
47(9 + ¥72) = 0.7187; no rarer 11-coordinated sphere packing seems to be known (for a
second 11-coordinated sphere packing of the same density see § 6.4.1),

The trapsformation from hep to the rutile packing and vice versa is accomplished by
concerted rotations (by ¢) of columns of octahedra of atoms as suggested by Fig. 6.20 in
which the rotation axis is normal to the plane of the figure. It is interesting that rotation of
the columns of octahedra by 19.47° has the same effect as rotatior of the whole pattern by
90°. (i.e. is a pseudorotation). It may be seen that in projection the transformation
corresponds (approximately—not all edges are equal) to a transformation between 36 and
32.4.3.4.

We will encounter other such transformations involving concerted rotations of
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polyhedral groups subsequently (in particular the rutile packing can be transformed to a
low-density 6-coordirated sphere packing by rotation of tetrahedral groups).

Fig. 6.20. Top: The transformation from hep (left) to the minimum dens%ty Fetra_gonal 11-coordinated
sphere packing (center) and then to hep rotated by 90° (right). The projection is along {0017 of the
orthorhombic cell. Bottomn: A clinographic projection of the tetragonal structure.

6.3.2 10-coordination (bet) and a relationship between cep and bee

A well-known 10-coordinated sphere packing is a lattice packing:

bhet . 4/mmm, a = 4(31‘2) =1.225, ¢ =1, p = 2m9 = 0.698, Centers in 2 a: [ + {0,0.0)

We refer to this structure as bet (short for body-centered tetragonal). Fig. 6.‘21
illustrates the 10-fold coordination. The primitive cell has a'=b'=¢'=1, ==
cos }-1/4) = 104.48°, ¥ = cos }-1/2) = 120", ]

The reader may wish to verify that the points on (110) planes form regular 3° nets as
illustrated on the right in Fig. 6.21. A description of this structure as a non-close-packed
stacking of 36 nets'is given in § 6.4.1 below. ' _ "

Other special cases of the body-centered tetragonal lattice are of interest. If & =c= 2
= 1.155, the structure is the body-centered cubic (bee) arrangement of umt-sphcres
(symmetry Im3im); and if a = Le= A2 = 1.414, it is the face-centered cubic (cep)
arrangement {with symmetry Fm3m) described in terms of a body-centered cell. It may be
seen then that bee and eep are simply related to each other by a tetragonal compression o
extension {Fig. 6.22). This relationship is known to ml?tallurgmts as the B:am rcl-atlonslup
{or correspondepce) and is of interest in connection with t['.lf.', transformation of iron f}'om
the v form (cep) to the o form (bee) on cooling. The high-temperature form of iron
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containing carbon is called austenite, on cooling it transforms rapidly with change of shape
to a body-centered tetragonal (nearly cubic) form called martensite. Transformations of this
type, which do not require diffusion of atoms, are called martensitic and have been
extensively studied by metallurgists. [A. Martens (1850-1914) was a German metallurgist.}

Fig. 6.21. Left: a fragment of the bet lattice showing 10-fold coordination of a central atom. Right:
atoms on 2 3% neton 3 {120y pane shown shaded and connected by full lines.

Fig. 6.22. (a) Face-centered cubic with the cubic cell outlined with broken lines and a body-centered
tefragonal cell outlined with fult lines. () a projected down the vertical axis. (¢} a projected with the long
axis of the tetragonal cell vertical on the paper. A cuboctahedron of atoms seent along a two-fold axis s
depicted. (d) A body-centered cubic cell. Nearest neighbors are the same distance apart as they are in a. (e) d
in projection. {#} The 10-coordinated tetragonal packing with its ¢ axis horizontal on the paper. Its
relationship to body-centered cubic can be seen by comparison with e and to face-centered cubic by
comparison with c.

It should be obvious that the bee structure can he tetragonally deformed until it is
arbitrarily close to ccp, all the time keeping each sphere in contact with eight neighbors.
The bee structure is thus one at a local minimum (in coordinate space) of density.! It is less
obvicus that the 10-coordinate structure {(bcet) can be deformed to the ccp structure keeping

Iwe don't preclude the possibility of some of these structures being at global density minima for a
given coordination number. The question has not been much discussed except for the case of four
coordination which gives the rarest (7) stable sphere packing (§ 7.3.2).
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each sphere in contact with ten neighbors and that it is at a local density minimum.
However, this is simply demonstrated analytically and is similar to the 11- to
12-coordination transformation discussed earlier (§ 6.3.1, p. 228) in that again we need a
lower symmetry cell for the general case. The symmetry is orthorhombie:

Immnt, a? + b2 = 3,1<ab <v¥2, ¢ = 1. Centers at 2a: | + (0,0,00

The specialcasea =1, b= VZ{ora=v2,b= 1) corresponds to eep. The case a= b =
¥(3/2) corresponds to the tetragonal minimum density (bet).

The body-centered tetragonal arrangement is not common in elemental stmctures-?—
examples are S-Hg (c/a =0.707)! and Pa (c/ar = 0.825)—but it is very often encountered in
the structures of intermetallic compounds [e.g. CuAu and MoSiz (§ 6.6.2)).

6.3.3 Another 10-coordination: C-centered orthorhombic (cco) and further
relationships between bee, cep and hep

Another 10-coordinated sphere packing with the same density as bet is derived by
periodic twinning of bet on (101} planes. Fig. 6.23 shows, on the left, one SI.lCh twin
plane in bet. On the right in the figure is the new structure with the positions of twin planes
indicated by arrows.

Fig. 6.23. Twinning of body-centered 1etragonai {(see text), on the right the broken lines indicate a unit
cell (b vertical and c horizontal).

The crystallographic description of the new structure, which we call ceo (for C-centered
orthorhombic) is:

cco Crmem, g = W32} = 1225, b = V{5/2) = 1581, ¢ = Y(12/5) = 1.549, p=0.698
Centers in 4 ¢: C £(0,y,1/4), » =3/10

The structure is a maximum volume form of a 10-coordinated sphere packing with the
same symmetry and atoms in the same positions and with parameters given by:

IFor mercury ofa is sufficiently small that Hg atoms have only two nearest neighbors so that strings of
Hg atoms run parallel to ¢ (compare Fig. 6.16 f).
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a=VIE3 - 8y¥(1 - 291, b = VEIHI - 2900, ¢ = ¥(By), 1/ < y< 13

When y = 1/4, the structure is cep, witha=b =c = 2; when ¥y = 1/3, the structure is
hep, witha=1,0=+3, ¢ = V(8/3). For intermediate values of y each sphere has 10
neighbors at a unit distance away. The position of maximum volume is for y = 3/10, when
the uait cell volume is 3 (compare V& = 2.828 for cp}. This is the same volume per sphere
as in the 10-coordinated body-centered tetragonal lattice packing (bet) deseribed in § 6.3.2.

Fig. 6.24 shows the structure again projected on (100), but now with b horizontal and ¢
vertical. In going from cep (on the left) to hep (on the right), a is decreased by V2, b is
increased by \1'(312) and ¢ is increased by \{(4/3).
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Fig. 6.24. Illustrating the relationship between ecp (left), y = 1/4; 10-coordinated packing {ceater) with y
=3/10; and hep (right), y = 1/3.

If a/b = a/c for cep were reduced from 1 to 142 = 0.707 the structzre would be bee
(the Bain relationship again), so the figure would also represent the transformation from
bee to hep. (So be careful in “reading” projections—check axial ratios.)

In general, periodic reflection twinning of body-centered vrthorhombic cells (with

parameters a,, b; and ¢,) on (011) in the manner indicated will produce the Cmcm structure
with:

a=ag, b= V(bo2 +¢,2), ¢ = 2bocolb, y = 1/2 - c 22

For bet, a, = b, = V(3/2), o = 1. Twinning this cell produces cco sphere packing.

For cep, the “orthorhombic” (now actually tetragonal) cell with two lattice points has
as=co=1,b, =V2. Twinning this cell produces hep (the {101} planes of the tetragonal
cell are {11!} planes of the conventional cubic cell),

For bee, a, = b, = ¢, = ¥(4/3). Twinning this cell produces bee 2gain which is not
surprising as {101) planes of bec are already mirror planes.

To summarize, here are the parameters for important sphere packings in terms of Cmem
with points in 4 ¢: C & (0,y,1/4): ’

stracture a b c ¥
ccp V2=1414 ¥2=1414 V2 =1.414 144
cco ¥3/2) = 1.225 N(3/2) = 1,581 V(12/5) = 1549 3/10
hep 1 V3 =132 VB3 =1633 13
bce 23 = 1.155 V(83 = 1.633 V@) =1633  1/4
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6.3.4 8-coordination: packing of trigonal prisms

By now the bee arrangement should be familiar as an example of an 8-coordinated
sphere packing. :

Anoiher simple arrangement is provided by the points of a primitive hexagonal lattice
with @ = 1, ¢ = 1. This arrangement occurs as one of the high-pressure polymorphs of
elemental 8i{@=2.53,¢c=237 Aat 20 GPa). It also occurs in several compound structure
types in which there is trigonal prismatic coordination of atoms. The vertices are those of a
space filling by trigonal prisms of which there are two per lattice point, (Two prisms
sharing a square face form a unit cell.) The density is p = 727 = 0.604.

The relationship between these two packings (cf and AP) is very simple, and interesting
in several contexts, although the general intermediate structare contains two kinds of sphere

" so it is not a packing of equivalent spheres. Fig, 6.25 compares a primitive hexagonal

lattice, described using a super-cell with three points per cell, with bee described using a
similar cell.

Fig. 6.25. The relationship between primitive hexagona! (= AP, left) and bee {described using a
hexagonal cell, right). The distance between neighboring lattice points is the same in each case. The
conventional cubic cell for bee is lightly shaded.

The intermediate structure is trigonal:

P3ml, a =731 -, c=1
One sphere at | a: 0,0,0; two spheres at 2 d: £(1/3,2/3,2)

When z = ( we have the primitive hexagonal structure (symmetry P6/mmm) and when z
= 1/3 we have the bee structure described with the hexagonal cell. Note that c/a changes by
only about 6% in the transformation. It should be noted also that in bee we have 36 layers
in A, B and C positions separated by ¢/3. The primitive hexagonal structure has these three
layers collapsed to one layer of three times the density.

Note that combining any two of A, B or C will give a honeycomb (63) layer. This
occurs if z = 1/2; at which point the structure is formally that of AlB; (§ 5.3.5) with
symmetry again P6/mmm (the honeycomb layers are B). The symmetry-breaking transition
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from z = 1/3 (bee) towards z = 1/2 is important in metallurgy and is known as the bec = @
transition.

There is a second way of filling space with trigonal prisms such that all vertices are
equivalent (Fig. 6.26). Make a slab of face-sharing prisms with prism 3-fold axes all
collinear. Now put such slabs together with the prism axes alternating. The prism vertices
correspond to the centers of an 8-coordinated sphere packing;

lpiamd, a = 1, ¢ = V12, p = 0.6046. Centers in 4 a: / £ (0,3/4,1/8)

This is the Th arrangement of ThSis (Si centers the trigonal prisms). It is also the
structure of a high-pressure polymorph of Cs.

Fig. 6.26. Space fillings by trigonal prisms that correspond to 8-coordinated sphere packings. Left:
primitive hexagonal. Right a tetragonal sphere packing.

6.3.5 Another 8-coordination: the J lattice complex

Another 8-coordinated sphere packing is of very frequent occurrence in crystal
structures, The arrangement is an example of an invariant lattice complex—an array of
symmetry-related points on fixed positions. The more-common of these are sometimes
described by symbols (see § 6.8.7) and the symbol for this one is J .1

J Pri3m, a =2, p= w32 = 0.5554. Centers in 3 ¢: {0,1/2,1/23k

It can be seen that this structure may be considered as derived from cubic eutaxy (cep)

IThe reason for this particular symbol is apparently ar association with the “jack” of the common game
of that name [W. Fischer et al., Space Groups and Lattice Complexes, National Bureau of Standards
Monograph 134 (1973)]. However the jacks familiar to us have six points and m3m symmetry whereas the
points in the J complex have 4/msun symmetry and eight neighbors. Nevertheless we like the name because
of the association with K. H. Jack who appears to have been the first to peint out the important
relationship of this array to hep [K. H. Jack & V. Guttmann, Acta Crystallogr. 4, 246 (1951}].
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by removal of 1/4 of the spheres (those at 0,0,0) and thus it has 3/4 of the density of
eutactic arrangements.

The J complex occurs notably as the anion array in the cubic perovsklte (ABX3)
structure (met earlier in § 5.3.4) which can be thought of as a three-dimensional array of
commer-connected octahedra of aniens X centered by cations B. The BX3 arrangement alone
is known as ReO3. The faces of the octahedra divide space into an equal number of regular
octahedra and cuboctahedra (centered by A in perovskite). The packing could therefore
also be considered as arising from a space-filling packing of regular octahedra and
cuboctahedra (Fig. 6.27). The A atoms center the cuboctahedra, and we note, in passing,
that the combination of A and X (AX3) is ccp (see § 6.6.1).

Fig. 6.27. Left: The J lattice complex shown as an array of corner-connected regular octahedra. Right:
The cuboctahedron “hole™ in the packing,

In the cubic structure, the bond angle 8 = £B-X-B = 180°. If the octahedra are
maintained rigid but tilted (Lhus “crumpling” the array and reducing the bond angle &) so
that cos1(-2/3) = 131.81..." < @< 180° each vertex will still have eight nearess neighbors.!

If all the octahedra (wh1ch remain undistorted) are rotaied by an angle +¢ about a set
parallel <111 axes the arrangement can be converted from the cubic J strueture (6= 0) to
hexagonal entaxy (hcp) (¢ = £30°, symmetry P6s/mmc). If the octahedra are filled the
final BX3 arrangement is PdF3 (§ 6.1.5). The intermediate and final structures have
symmetry R3c. Referred to a centered hexagonal cell and unit-diameter spheres:

a = V8cosg, ¢ = V48, Centers in 18 & R + (x,0,1/4; 0,x,1/4; T.5, /4, x = (V3 — tan ¢)A12

It is interesting that the J structure can be considered to be composed of intersecting
kagome layers parallel to all {111}, The points at any one elevation in the hexagonal
structure such as z = 14 (with x,y = x,0 ; 0,x and X,%) correspond to the points in a
hexagonat cell relating the kagome -+ 36 illustrated in Fig. 5.40 (see also Exercise 10 in
Chapter 5). Hexagonal eutaxy corresponds to a stacking of the 36 layers. In Fig. 6.28 try
to see how collapsing the kagome nets to 35 corresponds to rotations of the octahedra
alternately clockwise and anti-clockwise about [111].

For 0 < cos!(~2/3) inter-octahedrai X...X distances will be less than the intra“octahedral distances.
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Using the symbols of § 6.1.6, the stacking of kagome layers along [111] is N;NoNs.

Fig. 6.28. Left: the octzhedra of the J arangement shown with [111) vertical on the page. Part of a
kagome (3.6.3.6) net in a {111 plane is heavily outlined at the top, Right: the same set of octahedra after
rotation as described in the text so that the vertices are hep. The figure illustrates the transformation ReO3
— PdFj.

6.3.6 Another 8-coordination: the pyrochlore packing

Another interesting 8-coordinated arrangement can also be considered as arising from a
different array of corner-connected octahedra. We call it the pyrochlore packing as it is an
idealization of the octahedral framework in compounds with the pyrochlore structure!:

pyrochlors Fd3m, a = 16W18, p= 27V20/256 = D.468
centers in 48 f£ F (6, 1/8,1/8 5 1/4—x,1/8,1/8 ; T,3/8,3/8 ; 3/4+x,3/8,3/8)«, x = 7/16

- Fig 6.29a. A “pyrochlore unit” of four octahedra sharing vertices. The space at the center is an “empty”
octzhedron, . '

lerochlore is a mineral of variable composition: (Ca,Nay(Nh, Ta)20g(0,0H,F).

Sphere and Cylinder Packings 237

The structure may be thought of as composed of “pyrochlore units” of corner-sharing
octahedra such as illustrated in Fig. 6.29a. Further corner sharing between units produces
the structure shown in Fig. 6.295.

Fig. 6.29b. The pyrochlore packing as corner-connected octahedra. The drawing consists of a face-centered
cubic array of the “pyrochlore units” of Fig. 6.2%a.

The same arrangement occurs in intermetallic compounds: for example as the W
arrangement in Fe3W3C (with C in the octahedra).

6.3.7 Another 8-coordination: the S lattice complex

The final 8-coordinated sphere packing that we mention is another invariant cubic lattice
complex (symbol §). A formal description for unit diameter spheres is:

s A3d, a =814 = 2138, p = 27/a’ = 0.643
Sphere centers in 12 a: f + (3/8,0,1/4 ; 1/8,0,3/d)x

The points of this arrangement divide space up into irregular octahedra (actually
metaprisms) and irregular tetrahedra. The metaprisms form non-intersecting rods along
<111> by sharing triangular faces. In Fig. 6.30 these rods are shown in a projection down
[111]. The packing of rods in four different directions is the same as in the garnet cylinder
packing to be described in § 6.7.3. Each metaprism also shares a face with a metaprism in
each of three rods not parallel to it, so each metaprism shares a face with five adjacent
metaprisms. A high-pressure form of elemental Ga has this structure. It also corresponds
to the Th positions in the important ThaP4 structure type.
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Fig 6.30. Left: The $ structure projected dowa [111]. Dark shading indicates [111] rods of face-sharing
metaprisms. Right: parts of three rods parallel to the other three <1 | 1> directions are emphasized. i

There are four-thirds of an octahedron (metaprism) and one tetrahedron for each sphere
in the § packing. In ThyPy, P atoms center the metaprisms. The centroids (equidistant
from all six vertices) of the metaprisms are in 16 ¢: [ + (vox.x 3 1/44x, 1/d+x, 1/44x ©
V2-2.%,1/24x 5 1/4-x,3/4-x 3/44x)K, x = I/12. The real structure of ThsPy4 (for data see
Appendix 5) has x close to this “ideal” value. The centroids of the tetrahedra are in 12'b: [
+ (7/8,0,1/4 ; 5/8,0,3/4)x. Note that the tetrahedral sites (12 &) also form an § lattice
complex displaced from the 12 & positions by 1/2,0,0. Filling 12abyAand 12 b by B
would give a (hypothetical) 4-coordinated structure AR that is its own antistructure. The
tetrahedral sites are far from regular; in the AB structure just described the ABA angles are
99.6° (4x) and 131.8 * (2x). Taken together the A and B positions form a 4-connected net
known as §* which is described in § 7.3.12.

There is a sense in which the § structure is intermediate between the primtitive hexagonal
and ¢p arrays. Thus consider the division of space into tetrahedra and/or 6-coordinated
figures (prisms, metaprisms or antiprisms): (Here Ng and Ny are the numbers of six- and
4-coordinated sites per packing atom.)

structure Ng Ny
primitive hexagonal 2 0
S (Th3Py) 4/3 1
eutactic {ep) 1 2
bee 6

6.3.8 7-coordination and a relation between FeSi and NaCl

7-coordinated sphere packings can be obtained in a rather obvious way by prismatic
stacking of 5-coordinated layers. We describe such a stacking of 33.42 nets in § 6.4.2 and
a stacking of 32.4.3.4 nets in § 6.4.3.

Another, less obvious, 7-coordinated packing, again for spheres of unit diameter is:
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Pa3, a = 4(¥15 - 3} = 1.868, p = 0.6802
Sphere centers in § ¢t Hxxx ; (17240, 1/2-%,5)%), x = (V5 ~ 18 = 0,155

Note that for x = 1/4 we have a primitive cubic structure with a doubled cell edge (8
Tattice points). The transformation from the primitive cubic structure to the Pa3 structure
(and vice versa) involves displacements along all four <111> directions and is rather
difficult to illustrate; the neighbors of the points in one unit cell are shown in the top part of
Fig. 6.31.

Fig. 6.31. Top: the Pa3 7-coordinated structure (right) compared with the primitive cuI-Jic 'structure (left).
Bottom: alternately coloring the points in these structures produces NaCl (left) and FeSi (right).

We have seen that the anions in fluerite (CaFz) are in a primitive cubic array. In PdF;
recovered from high pressure (under which conditions it probably is fluorite) the F array
is the Pa3 structure. For crystallographic data for PdF; see Appendix ?.‘ _

If the eight points in § ¢ of Pa3 are altemately colored black' and white in such away that
{e.g.) those at x,p,z are black and those at 1-x,1-y,1-z are white, the symetw is lowered
to P213 and the two sets of points are at 4 a: x,x.x ; {1/2+x,1/2-x3)K. this corresp!onds to
the situation in idealized FeSi with xpe = 1-xg;. (In the real structure of: F.c_S1, Xpe =
0.136, xg; = 0.844-—seec Appendix 5). Similarly colering the po.ints o_f the primitive cubic
array produces NaCl. We have therefore derived a simple relationship between these last
two structures as also shown in Fig. 6.31.

i i lose to
IThe reported symmetry of this form of PdFj is actally P23, but the parameter(% are very ¢
what they would be for Pa3 symmetry (A, Tressaud & G. Demazeau, High Temp. High Press. 16, 303
{1984)] and these are given in-Appendix 5.
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6.3.9 6-coordination: the T lattice complex and cristobalite

.Structures with lower coordination numbers are better described as nets [systems of
points (_atoms) connected by edges (bonds)]. However we will consider here a few
-cpordmated sphere packings. The first is with spheres at the points of a stmple cubic
lattice. Note that a cube is a special case of a rhombohedron {(with a = 90"). It should be
cl@arlt!lat a cube of unit edge can be smoothly distorted to a thombohedron with g = 60" (a
primitive cell of fec) so we have a simple way of transforming from simple cubic to face-
centered cubic. The intermediate symmetry is R3m and as long as & > 60° there are only
SiX nearest neighbors. Therefore, this 6-coordinated sphere packing can approach
arbitrarily close in density to that of closest packing (12-coordinated).

Fig. 6.32. The T structure shown as comner-connected tetrahedra.

A sec_ond Ei-coordinated packing we discuss here has centers of spheres at the points of
another invariant cubic lattice complex (symbeol 7). .

T Fdm, a =3, p = 0.370. Sphere centers in 16 c: F + (0,0,0; (0,1/4,1/4))

Tms is another pattern that occurs in a wide variety of crystal structures. It is the oxygen
positions of an idealized high-cristobalite {B-cristobalite) form of Si0s, so it is sometimes
(2 little misleadingly) called the cristobalite arrangement. Other notable occurrences are as
the sites of the octahedrally-coordinated atoms in the spinel structure and the pyrochlore
struc_ture, and the Cu atoms in the MgCuy structure (§ 6.6.3). The structure can be
considered as made up of corner-connected tetrahedra as shown in Fig. 6.32. Examination
of the figure will show that the points fall on kagome (3.6.3.6) nets parallel to [111} as
they do in the J structure. However now the kagome nets normal to any one <111>
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direction alternate with 3% nets with twice the spacing between points. The empty space
{(not in the tetrahedra) in the structure is made up of a packing of truncated tetrahedra,
accordingly the structure can be considered as arising from a packing of regular tetrahedra
and truncated tetrabedra.! _

Using the symbols of § 6.1.6, the stacking of atom layers normal to [111] in the T
structure is NynaNam Nyng...—the same as that of the Al atoms in the spinel structure.

The T structure can be collapsed by concerted rotations of the tetrahedra about 4 axes to
produce denser arrangements (in much the same way as the J structure is converted to hep
by rotations of octahedra) as illustrated in Fig. 6.33. Let B represent the centers of the
tetrahedra and X the vertices. Analytical descriptions of these transformations are, in terms
of u = ¢os¢, s = sing and ¢ = tand (¢ is a rotation angle discussed below):

(i) T — cubic eutaxy: .

fA2d,a=2u, c =8 .
Xin 8d: T+ (x,1/4,1/8 ; X,3/8,1/8 ; 3/4.x, 8 ; 1/4.%,718), x =114
Binda: I+ ©00,0; 1/2,0,3/4)

When ¢ = 0° the structure is the cubic T pattern described with a body-centered
tetragonal cell. When ¢ = 45° it is cep described with a doubled cell {¢ = 2a). Note that the
density increases by a factor of two in going from T to cep.

I atoms A are in positions 4 b: [ + (0,0,1/2 ; 1/2,0,1/4) we have stoichiometry ABX,. If
¢ =45, both A and B are tetrahedrally coordinated by X and we bave a superstructure of
sphalerite (ZnS); an example is chalcopyrite, CuFeS;. If A is larger than B, then ¢
{= tan-1(4x)] is smaller, allowing the {A}X4 tetrahedron to expand, thus for CdSiPz, x =
0.21 (¢ = 40°).

(il T — 11-coordinated.

P22, a=1+uc=V8u

Xin8b:(xyz:y.xd 57 V2+z,; 75,127 1/2-x12+y, 14—z ;
12— 1240, Lid—z ; 124, 12—y, 3047 ;. 12+y,1/2-x,3/4-7),

=2+ 20,y =52 +2u),z = (1 + 8)/8

Binda (xx0; x 3,102 Udex, 112+, 104 ; 12+x,1/2-x,3/4),

x= (1 +u+ 004+ du)

This P41212 structure is actually an idealization (regular tetrahedra) of the anion
positions in the low-cristobalite form of 85103, ¢ = (" corresponds to T and ¢ = 45°
corresponds to the li-coordinated packing described in § 6.3.1. Just as there are
compounds ABX; with /424 symmetry, there are also ternary compounds with 4122
symmetry. Examples include LiAlO7 and NaAlQ» with different vaiues of ¢. If A = B we
have the structure of f-BeQ, which we meet again in § 7.3.3. Cristobalite is intermediate,

IThis structure is just one of an infinite number of ways of packing these polyhedra (see the discussion
of the MgCuy and the MgZns structures in § 6.6.3).
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with ¢ = 20° at room temperature.! Note that, like the quartz form of SiOy, cristobalite
exists in enantiomorphic forms with symumetry either P432;2 or P432/2.

Fig. 6.33. Partial “collapse” of the ideal cristobalite (top left) to the /324 structure {top middle) and to the
P41212 structure (top right). The structures are projected down ¢ and the centers of the tetrahedra are at
heights differing by ¢/4. ¢ = 22.5° in the two derived structures. The lower part of the figure shows how a
tetrahedron appears in projection after rotation about a 4 axis.

Thete is a third way (with symmetry Pra2y) to collapse the T structure by concerted
rotations of tetrahedra, this time to give hep, but in the intermediate arrangement the
structure has two crystallographically-distinct spheres.2

6.3.10 Another 6-coordination: the Y lattice complex

Our fast sphere packing with 6-coordination is also cubic:

P23, a=V[1A8x2 - 2x+ YD, 0 < x < 1/4
Sphere centers in 4 a: (rxx ; (124x,1/2-6,5K)

Hx=0(or 14 or 112 or 3/4) the arrangement is face-centered cubic (cubic eutaxy) with
12-coordination. If x is changed from 0 then there are six nearest and six next-nearest
neighbors. Increasing Ll from 0 corresponds to displacing the centers of spheres afong all
four <111> directions (cf. the Pa3 7-coordinated packing described in § 6.3.8 above). The
density is a minimum for [x! = 1/8 at which point the unit cell parameter (for equal spheres)

INote that if we consider the [8i}04 tetrahedra in cristobalite to be rigid, compression along ¢ will
require ¢ to increase (to decrease ¢}, and hence a will decrease also. Materials that behave in this way
(contracting in a direction normal to an applied compressive stress) are rather rare, but cristobalite is one. In
terms of elasticity theory, it is said that it has a negative Poisson’s ratio.

2For a detailed account of these transformations, and their relevance to crystal chemistry, see
M. O'Keeffe & B. G. Hyde, Acta Crystallogr. B32, 29723 (1976). ’
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18 11(8/3) and the density is \f(3/2)7d8 = 0.48]. The symmetry is now P4332 and the sphere

centers are on the invariant cubic lattice complex +¥ with coordinates (1/8,1/8,1/8 ;
5/8,3/8,7/8)x. Fig. 6.34 (which might be compared with Fig. 6.31) shows unit cells of
ccp (using x = 1/4) and *Y for comparison. The six neighbors of *¥ are at the vertices of a
trigonal metaprism (synmumnetry 32) as indicated in the figure. .

The Fe {or Si) atoms in FeSi are close to the ¥ packing. As we saw in § 6.3.8
converting the Fe and Si arrays to two inter-penetrating eep arrays produced NaCl. But
two inter-penetrating ccp arrays aiso describes sphalerite (ZnS$, see § 6.1.2), the
difference is that in NaCl the two arrays are displaced by 1/2,1/2,1/2; in sphalerite they
are displaced by 1/4,1/4,1/4 (or 3/4,3/4,3/4}. Thus the transformation *Y - cep can also
be used to describe FeSi — sphalerite. A description of the three structures in terms of
a P23 cellis:

‘NaCl xNa= 025 xc1 =075
FeSi xpe = 015 xgi= 0.84
ZnS Xzn= 0.0 x5 =073

Fig. 6.34. Left: a unit cell of cep. Center: a unit cell (filled circles) of *Y; the neighbors of one p(?int are
shown as open circles and the two equilateral faces of the trigonal metaprism formed by those points are
lightly shaded. Right: the same coordination metaprism viewed down a 3-fold axis.

6.4 Sphere packings with cube and trigonal prism sites as stackings of two-
dimensional nets

Many of the sphere packings in crystal structures are simply described as a stacking of
planar nets; particularly 36 and 44. Tf we remove the restriction to closest packings of such
layers, structures can be generated with sites that are trigonal prisms or cubes, Here we
extend our notation for describing structures based on closest packing to include these other
packings also. We give many examples of real structures baseq on the id_ealized sphere
packings; crystaliographic data for these compounds are collected in Appendix 5.

6.4.1 Non-close-packed stackings of 3% nets

We have aiready discussed closest packings as a stacking of 3¢ nets in positions labeled
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A, B or C. We did not allow sequences involving two layers in the same position. In &
sequence AB the spacing between layers of unit-diameter spheres is assumed to be (at. least
close; t0) ¥(2/3) = 0.816. A sequenice AA requires layers to be (close to) unit distance apart
and indeed the symbol A (= AAA...} could be taken to stand for a primitive hexagonal

igttice sphere packing (c/a = 1). Allowing iike letters to repeat generates trigonal prismatic
sites between the layers. For AA these sites are at positions 3 and yat the same level and
together they form a 63 net within the layer as shown in Fig. 6.35. For AlB; (Greek letters
now for B, and parentheses cnclose sites at the same level) the sequence is
A(BPA(BYA... showing that B atoms fill all the trigonal prism sites of a primitive
hexagonal Al structure and form a 62 (honeycomb) net, as described in § 3.3.5.

Fig. 6.35, Left: The positior A of a ep layer and two trigonal prism sites o and B between two 4 layers.

Center; illustrating that the § and y sites together for a 67 net. Right; i i
C . Right; the patte
Just the § sites are occupied, ’ pestern of trigonal prisms when

) Fig. 6.35 also shows the pattern of trigonal prisms when one half of the trigonal prism
-Sites are occupted. A simple structure of this type is WC which may be written (with Greek
letters for C) ABABA.... As shown in Fig. 6.36, the {C} Wy trigonal prisms forn infinite
col}lnms by sharing their triangular faces.q It might be noted that the structure is its own
antistructure so there are also { W}Cg trigonal prisms.

Fig. 6.36. Left: WC as {C} Wy trigonal prisms. Right: NiAs as |

As)Nig trigonal prisms.

1 . -
Note that B and € are notations for layer positions, but B and C are symbols for chemical elements!
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NiAs was described earlier (§ 6.1.5) in terms of hcp As and can be coded (with Greek
letters for Ni) as BaCoB; the structure with symbols for cations and anions reversed is
APAvA.... The layers of trigonal prisms are the same as in WC, but now adjacent layers
are staggered so that trigonal prisms share only edges between the layers as illustrated in
Fig. 6.36.

We next consider some patterns in which stackings of the AA type containing trigonal
prism sites are mixed with those of the AB type that contain tetrahedral and octahedral
holes. Special interest attaches to slabs AA with half the trigonal prism holes filled, and to
slabs AB with either all the octahedral holes or all the tetrahedra holes filled. Fig. 6.37
shows these three kinds of slab. Notice that the faces of the polyhedra occupy one half of
the triangles in a ep layer (cf. Fig. 6.35, right); a consequence is that slabs of these sorts
can be joined without polyhedra sharing faces, as in the structures to be described next.
Notice that an isolated octahedral or trigonal prism slab of X between two cp ¥ layers has
stoichiometry X¥;; when the Y are shared between two slabs the contribution to the overall
stoichiometry is X¥2/2 = XY. An isolated tetrahedral layer has stoichiometry X2¥7 and a
slab sharing ¥ with adjacent slabs contributes Xy Y2/ = XY to the overall stoichiometry.
‘We have already discussed (§ 6.1.5) LaQ3 with hep La and alternating octahedral slabs
(OLa) and tetrahedral slabs (Q2La).

Fig. 6.37. From left to right: parts of layers of trigonal prisms, octahedra and ietrahedra.

Two 10-coordinated packings with the same density are: AABB... and AABBCC...

AABS PGaimme, a=1,c=2+(8/3) = 3.63, p = 218 + ¥27) = 0.6657
' Centers in 4 f2 #{1/3,2/3,2;, 1/3,213.1/2-2), z=1/{4 + 424) =0.112

We have in fact met this structure as the Ti packing in TiP (see § 6.1.5, especially Fig.
6.13, p. 220). With Greek letters for P the packing is AyBaByABA.... P(1) is in
octahedral holes () between A and B layers. P(2) is in trigonai prismatic holes: f between
A#A layers and -y between BB layers. The combined P packing yoyB... corresponds to he
close packing (but note that the packings cannot correspond simultaneously to ideal AABB
cation packing and ideal hc anion packing as the two packings have incompatible spacing
requirements). :

The same cation packing is found in Sc3028 which may be coded with Greek letters for
0,8 as ABaByBafAy.. This shows that the tetrahedral sites between AB layers are filled
(these are O atoms) and one-half the trigonal-prismatic sites between AA and BB layers are
filled (these are S atoms).!

1f one wants o be completely explicit, the elemental symbols could be used as subscripts.
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In the TiP and Scy028 structures the tilling of sites in the trigonal prism layers is
dictated by the requirement that the trigonal prisms do not share triangular faces with
occupied octahedra (in TiP) or oceupied tetrahedra (in Scy098) in adjacent layers. In the
hexagonal structures of MoSy and NbSs the anion packing is AABB but the interstices in
the AB slab are empty so there are isolated tri gonal prism layers and it does not matter very
ruich therefore which set of sites is {illed in these layers. In the 2H, structure of NbSes the
sequence is AYABYB... and in the 2H} structure of MoS; the sequence is ABABaB... .

in the structure of BaCu, Ba has the same (AABB) packing, with Cu in all the trigonal
prism sites: with Greek letters for Cu, the stacking sequence is A(BPAB(apB. Notice
that the Cu atoms are on 63 nets and the structure could be described as an intergrowth of
AlB2 slabs BaCuy with ep slabs Ba.

The second 10-coordinated sphere packing (AABBCC) is rhombohedral:

AABBCC R3m,a=1,¢=3 + 6. Centers in 6 ¢: R + (0,0.2), 2 = 146 +v24) = 0.092

The $ atoms in 3R MoS; have this arrangement; with Greek letters for Mo the sequence
is ABABYBCaC. The pattern of {illing of trigonal prisms destroys the center of symmetry
and there are two kinds of S atom in the structure (for data see Appendix 5).

There are other ways of stacking parallel 35 nets,1 Adjacent layers can be stacked so
there are only two contacts for each sphere with neighbors in an adjacent layer. Fig. 6.38
indicates the appropriate positions, labeled D, E and F. Notice that positions I, E and F
are only relevant for stacking over an A layer. For unit spheres in contact the spacing
between layers such as AD is ¥3/2 = (.866.

Fig. 6.39. het projected on {110) showing the AD stacking of 35 nets (filled and open circles
respectively). The cell outlined by dotted lines is a face centered tetragonat celi ¥2a x ¥2a x ¢ (a is the edge
of the body-centered tetragonal celf). ¢ is horizontal on the page.

ISee also A. F. Wells Structural Inorganic Chemistry [5th Bd. Oxford (1984}, Chapter 4].
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A sequence such as ADAD.., , illustrated in Fig. 6.39, cortesponds to‘a 1_0—coord':nated
sphere packing (6 neighbors in each layer and 2 above and 2 below) and is, in fact, our qld
friend bet (§ 6.3.2). The nets are (110) layers of the body-c.entelred cell (shown in Fig.
6.21, p. 230) or (100} layers of a face-centered cell (indicated in Flg.. 6.3.9).

The 10-coordinated sequence ADEF is closely related to bet (which is AD) and has the
same density. The structure is orthorhombic:

ADEF Fddd, e =1, b =3, c =V12_ Sphere centers in 8 a: F % (1/8,1/8,1/8)

7Pu has this structure (see Exercise 9). Fig 6.40 (which should be compared with
6.39) illustrates the strrcture projected on (001).

5/8

Fig. 6.40. The 4-layer sequence ADEF of stacked 3% layers with Fddd symmetry projected down c. (b is
horizontal on the page). Numbers are elevations in units of ¢.

b -@-0-0-0-9
i 08080

¢ —e-Of-e0Ole

x —O—@-O—8-O

» -eO-e-0-@
» -O—e-0—8-0 __i

C '—.—O—.—O.

Fig 6.41, Ap 11-coordinated sphere packing obtained by stacking 38 nets as describ'ed in .the text..Left:
projected on (001) (b vertical on the page). Depth of shading indicates increasing elevation. Right: px.'ajecte.d
on (100). Open and filled circles represent sphere centers with x =0 and 1/2. The orthorhembic unit cell is
cutlined {e vertical on the page).

There are many other possibilities, but they are not very common in crystal chemistry.
One of the simpler is the sequence of two close-packed layers, say BA follo_wed b)_i D
which, in turn, is followed by another close-packed layer. This fourth la).IEI-‘ is net in a
position to which we have yet applied a label; it is shown in Fig. 6.41 where it is labeled X,
This is an 11-coordinated sphere packing; for example, a sphere in an A layer has 6
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neighbors in the fayer, 3 in the B layer and 2 in the D layer. The crystallographic
description of this packing is:

Crea, a=1,b =3, c =(8/3) + V3, p = 4m/(9 + ¥72) = 0,719
Sphere centers in 8 £ C £ (0,2 ; 0y, 1/2-2), vy=1/6,z =32 -2

The density is the same as that of the tetragonal I1-coordinated sphere packing of
§ 6.3.1; it would be nice to know if a less dense 1 1-coordinated packing exists.

6.4.2 Non-close-packed stackings of 4% nets
Recall that cop can also be described as a stacking of 44 nets. A number of other sphere

packings (not closest sphere packings) can also be so described. Tt is convenient now to
recognize four positions for the layers: A, B, C and D as shown in Fig. 6.42.1 ‘

A . B c D

Fig. 6.42. The four relative positions for stacked 4 nets. The full lines outline a square cell.

A pair of layers packed AB (or, equivalently, CD) corresponds to a (100} slice of cep
and for unit spheres, the spacing between layers is (ideally) 1/4/2.2 Such a slab contains
tetrahedral sites, The octahedral sites of cep lie in the A and B layers, so the slab also
containg half octahedra (square pyramids). Thus to have octahedral sites a three-layer
sequence such as ABA is necessary, The tetrahedral sites Lie in the plane half way between
A and B in both the € and D positions (see Fig. 6.43). The slab with filled sites could
therefore be coded (using Greek letters for the tetrahedral sites) as A(y0)B with
parentheses again being used to enclose atoms at the same level, This unit is a very
common element of crystal structures and we refer to it as a tetragonal tetrahedral layer
(to distinguish it from the hexagonal slab of tetrahedral sites between two 35 layers). Itis a
{100} layer of fluorite. Notice that the tetrahedral sites are on a 44 net of twice the density
(dotted lines on the left in Fig. 6.43).

Such layers occur in the litharge form of PhO with O in the tetrahedral sites and the
mackinawite form of Fe$ (indeed they are sometimes catled mackinawite layers) with Fe in

There should be no tisk of confusion with the symbols for stacking 44 nets with those for stacking 38
nets as long as it is made clear to which one refers, Paralfel 3% and 4% nets of equal-sized spheres are
incommensurate so mixed stackings do not normally occur.

2Beware! If the spacing between the layers is 1/2 one has an element of bec.
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tetrahedral sites. The overall cation packing in PbO is approximately ccp as the sequence is
A(Y8)BA(Y®B... but in the real material the inter-layer spacings are not exactly the ideal

values.

Oe e O

Qe (Oe

Fig 6.43. Left: plan view of two 4% layers of spheres {open and filled large circles)' stacked AB; the
smaller circles indicate the location of tetrahedral sites between the layers. Center: some of the tetrahedra are
shown, Right: the same in elevation.

PbFCI (matlockite) is an important example of a structure type with tetragonal
tetrahedral layers, and as it is one of the most commonly-occurring of all temary structures
we digress a little to describe it here. The structure goes under several names and we 2.1150
use BaMgSi for anti-structure compounds in whlc_h Ba + Mg repl.acc Cl+F;in
Pearson’s Handbook {Book List) it is catled CuzSh. It is related to PbO in the sense that
there are (PbF) tetragonal tetrahedral layers with stoichiometry PhaF2 but they are now
interwoven with two layers of Cl on 44 nets. Now the tetrahedral layers are further apart,
and in isostructural compounds like LaOX (X = Cl, Br, I) with layers olf {O}Lag t_etrahedra
of almost constant size, the interlayer spacing is determined by the size of the interlayer

atoms X.

Fig. 6.44. The structure of PbFC. Left: showing the layers of edge-sharing {F.} Pby tetrahedra with Cl1
aloms in intervening layers. Right: showing the {Cl1}Pbs and {Pb}Cl5F4 coordination polyhe.c.lra around the
two atorns identified with labels on the left. F atoms (not shown on the left) are smait filled circles.
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Figure 6.44 illustrates the structure of PbFCL F is in a {F}Pby tetrahedron and Cl is in a
{C1}Pbs square pyramid. The Pb coordination is an irregular square antiprism with a small
F4 square face and a larger Cly square face; this larger face is capped by a fifth Cl to give
Pb a 9-coordination, [Pb}ClsFy.

We return now to a discussion of further packings of 44 layers. A sequence such as AC
with spacing V3/2 will generate an element of primitive hexagonal packing, in fact a4 (1010)
layer, and a continuing sequence AC... (or AD... or BC... or BD...} is primitive hexagonal

with the 6 axes of the tri gonal prisms perpendicular to the stacking direction as can be seen _

from Fig. 6,45,

Fig. 6.45. Illustrating that non-close-packed stacking of 44 layers can generate a primitive hexagonal
array, Left: a sequence of 4% layers. Right: the trigonal prismatic sites are shaded.

A sequence such as A4, with unit spacing between the layers, corresponds to a slice of
primitive cubic in what should be an obvious way.

We now describe some other stackings of 4% layers which correspond to packings of
equivalént spheres and which are encountered in crystal chemistry. As discussed above
they can contain trigonal prism and cube sites as well as tetrahedral sites between two
fayers that are in closest packing. We assnme the interlayer spacings to be those for spheres
in contact,

ACBD: This corresponds to a packing of trigonal prisms with their axes pointing in two
orthogonal directions (and normal to the stacking directions). The symmetry is 14 /amd
(with the 4-fold axis parallel to the stacking direction) so the prisms do not have 6-fold axes
in the structure, We have described this 8-coordinated packing in § 6.3.3 (see Fig. 6.26).

ABCD. This is a 10-coordinated sphere packing (it has the same density as the 10-
coordinated stackings of 36 nets described above) and might be considered an intergrowth
of ccp (the AB and CD parts) with primitive hexagonal (the BC and DA parts). The
symumnetry is now orthorhombic:

ABCD Cmem,a=c=1,b =2 + V3, Centers in ¢ c: € 4 {0y, 1/4), y = (3 — V6)d

This packing is found as the structure of one of the high-pressure polymorphs of Ga. If
the trigonal prism sites (between the BC and DA layers) are filled, the important CrB
structure type (B in the trigonal prisms) is obtained. In UBC, in addition to B in the
hexagonal prisms (of U), there are C atoms in the square pyramids. '

The structure is shown in three ways in Fig. 6.46, first as a stacking of 44 nets,

Sphere and Cylinder Packings 251

secondly with the trigonal prisms shaded in, and finally as a proje?tion down a. In the last
case the trigonal prism centers are indicated; notice that they form zig-zag rods parallel to e,

Fig. 6.46. Tllustrating an ABCI) stacking of 4% layers (CrB packing). In tl%e middle the Lrig(.malv prism
layers are shaded. On the right the structure is shown in projection on (100) ('hght and dack shading 1s.used
to differentiate prisms with centers at x = 0 and x = 1/2), The trigonal prism sites are shown as larger circles
connected by lines to their nearest neighbors.

We digress to describe a related 10-coordinated sphere pack.il_lg of the same densllry that
is not however usefully described as a stacking of layers. In this structure we again ha\ée
trigonal prisms, but now in columns (rather than slabs) ?md the sPhere pacl'ong correspor ;
to the Fe atom positions in (idealized) FeB (B 'is in the' trigonal prlsms)._ Fig. 6.?1
compares the two packings. In both structures the trigonal prism centers form zig-zag rods
which are normal to the plane of projection in Fig. 6.47.

FeB packing Pnma,a=19062, b=1,c=1.6506
sr ® Sphere enters in 4 c: +(x, /4,2 ; 1/24x,1/4,1/2-z), x = 01811, z = (.1583

Fig. 6.47. Left: the CrB sphere packing (of Cr) projected on {001) gcompare fig. .6.46). Open and filled
circ'!es are at z = 1/4 and 3/4 respectively. Right: the FeB sphere packing (of Fejprojected on (010). .Open
and filled circles are at y = 1/4 and 3/4 respectively. In both cases shaded rectangles are colurans of trigonal

prisms sharing square faces.

ACDABDCB: This is another 10-coordinated sphere packing of the same dens-ity.a:nd
can similarly be considered as an inter-growth of alternate layers of cep and primitive
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hexagonal. It is tetragonal:

ACDABDCE Hyamd,a=1,¢=v8 + V12 = 6,203
Sphere centers in 8 e: 1% (0,1/4,2 ; 0,3/4,1/442), z = V3/[B(¥2 + ¥3)] = 0.0688

This occurs as the Mo packing in a-MoB (with again B in the trigonal prismatic sites,
now between AC, DA, BD and CB). In contrast to the previous case (ABCD, CrB), the
-trigonal prisms “point” in two different directions as shown in Fig, 6.48 (which should be
compared with the middle of Fig. 6.46). S-MoB is CrB.

Fig. 6.48, Mustrating an ACDABDCE stacking of 44 layers (¢ is horizontal).

AABB: This is a 9-coordinated sphere packing and mighi be considered an intergrowth

of cep (the AB and BA parts) with primitive cubic (the A4 and BB parts). The symmetry
is tetragonal:

AARBE fmmm,a=1, c =2+ 2, p=2m(6 + V18) = 0.6134
Sphere centers in 4 e: { £ (0,0,2), z = 18 = 0.3536

Fig. 6.49. A projection of the AABR stacking of 44 layers of Te atoms in Th;TeN3 showing the layers
of tetrahedra (centered by N) and cube sites (centered by Te). The projection is down a with ¢ running across
the page. The cube centers are at x = 0 and x = {/2 (differentiated by light and darker shading).

In ThaTeNy N atoms are between the AB and BA slabs of Th, forming tetragonal
tetrahedral layers (cf. Fig, 6.43) with stoichiometry NaThy. The Te atoms are between the
AA and BB layers of Th. Using Greek letters for Te and N, the structure is
APA(Y®)BaB(¥8). An idealized version {with regular tetrahedra and cubes) is shown in
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Fig.-6.49. ThyTeNsg is a member of the largest of all groups of t'ernary structure types. It is
usually named for the antistructure compound ThCr;Siz (in wh1lch Th_ and Cr play the role
of Te and N in ThyTeNs) but in Pearson's Handbook (Book List) it is called Ba'Al4. The
structure type is similar to PBFCI in having tetragonal tetr.abedr?l laye:).,‘s .and a wide range
of ¢/a according to the size of the atom between the layers (in the “cube snes): N '

ACCA: This is a 7-coordinated sphere packing and is an intergrowth of primitive cubic
and primitive hexagonal. The symmetry is orthorhombic:

ACCA Cmmm,a=c=1,b=2+43=27321 :
Sphere centers in 4 j: C+ (0, 1/2), y = 1/{4 + Y12) = 0.134

ing i i be sites (between
The ACCA packing is that of Fe in the FeqAlBg structure. Al fills the cu
AA and CC Efayf:rs %)f Fe) and B fills the trigonal prism sites {between AC and CA lgyer§).
The structure may be also considered s a prismatic siacking of 3342 nets as shown in Fig.
6.50.

A

Fig. 6.50. ACCA stacking of 4% nets of Fe in FegAlB. Left: viewed rormal to the stacking direction
(vertical on the page). Right: as a clinographic projection. The trigonal prism sites (filled by B) are shaded,
-and the cubes (occupied by Al, not shown) are outlined.

6.4.3 Stacked 32.4.3.4 nets

Stacking of 32.4.3.4 layers produces 7-coordinated sphere. packings with a \_'ariety of
interstitial sites—cubes, square antiprisms (betier metaprisms), trigonal prisms .a?d
tetrabhedra—and many crystal structures are based on ﬁl[in_g some or all of th.e interstitial
sites in these packings. In this section we l;i'ieﬂy‘deAscnbe disogl)e of the simpler such

tallographic data for real materials are in Appendix 3).
sm‘;‘(;t?l:;gsrrfaﬁc s%aciing {i.e. one directly above the other) of 32.4.3.4 layers the formal
description for spheres of unit diameter is:
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Pdimbm, o = V(2 +V3) = 1.932, ¢ =1, p = 0.5612
Sphere centers in 4g: T, 1/242,0; 1/2-x.%,0), x = !N(IG + ‘\4’!92) ={.1830

- The interstices in the sphere packing are cubes and trigonal prisms. In LiY-8iy, Li is in
all the cube sites and Si in all the trigonal prism sites of the Y packing as shown in Fig,

6.51. Notice that the atoms in the trigonal prism sites come together in pairs (Si; in
LiY4Siz). The structure is usually called UsSis.

Fig. 6.51. Prismatic stacking of 32.4.3.4 nets projected on (001) showing the cube sites (darker shaded)
and trigonal prismatic sites that occar in pairs (joined by heavy lines).

Another stacking of 32.4.3.4 nets is of rather common occurrence im crystal structures.
Now the nets in each layer are displaced by 1/2,1/2,1/2 to make a two-tayer stacking as

shown in Fig. 6.52. The structure is tetragonal (a and x are the same as for the previous
structure):

Iimem, a = 1.932, ¢ = Y(243) = 1.861
Sphere centers in § k: 7+ (x,1/2+x,0 [/2—xx,0), x = 0.1830

F:g 6.52. A sphere packing generated by stacking alternating layers of 32,4.3.4. Left: showing the nets,
Right: emphasizing the square metaprisms and some of the tetrahedra (darker shaded). The projectien is on
(001) of the tetragonal cell. Empty and filled circies are at z=0and 1/2 respectively.
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A notable feature of the structure is the columns of face-sharing square metaprisms.
Note also the tetrahedra centered at 1/2,0,1/2 and 0,1/2,1/2. An example of the occurrence
of this packing is the Al arrangement in CuAls in which Cu atoms center the Alg
metaprisms so that linear -Cu-Cu- rods run parallel to ¢. In PtPbg only half the Pl?g
metaprisms are filled by Pt (those in alternate layers perpendic.uiar. to ¢), In contrast, in
TaTey, Ta fills only the Teg metaprisms centered at 0,0,z forming {solate'q rods of face-
sharing {Ta}Teg metaprisms with their axes parallel to ¢. In KInTey, in addm('m t(? {K}Teg
metaprisms, there are {In}Teq tetrahedra (the tetrahedral sites are also show_n in Fig. §.52).

A third stacking of 32.4.3.4 nets is also important in crystal chemistry. Pairs of
prismatically-stacked nets are displaced by 1/2,1/2,1/2 to produce a four-layer sequence,
and the structure tnay be thought of as an intergrowth of the previous two. The symmetry
is the same as in the previous sequence:

f4/mem, a = 19318, ¢ = 3.8612
Centers in 46 I T £{x,124x,2 ; 1/2-x.x,2 ; x,1/2-x,1/2-z2 ; 1124x,x,1/2-2), x = 0.1830, z = 0.1295

Layers of square metaprism and tetrahedral sites alternate with layers containing tn'.gonal
prism and cube sites. In CrsBs, Cr{2) atoms are in this sphere packing with Cr(1) in the
cubes, and B atoms fill the square metaprisms and the trigonal prisms. In PdGas Fhe same
packing of Ga(2) atoms occurs, now Ga(l) are in the cube sites, Pd in the metaprisms and
the trigonal pasms are emipty.

6.5 A summary of sphere packings

P42,2
mtle (D) " (T 6 Y (6) (FeSi_@
P4, /mnm - \Id3m P4,32 Pa3
Prnm 1; Pra2i " 1 4o z /(})213 Pa3

.

hep (12 Cmcm cep (12) R3m cP (6}
Pﬁg/:gzm)c ' T Emdm | (T \Pum

TEY)  Cmem bec (3] (et (10)
Pm3m 3m | papmnm  \Jmmm

i
I3 t PIml |
Waly; (9) kP (3)
_Im3 P6/mmm

Fig. 6.53. Some of the structural relationships discussed in this chapter (arrows). Numbers in parentheses
are coordination numbers. Notice the central positicns of cp and bee,




256 Chaprer 6

The diagram (Fig. 6.53) indicates some of the sphere packings and transformation
between them that we have discussed. In the diagram the lines indicate a transformati X
path of the symmetry indicated; a broken line indicates that in the intermediate structi](;g
there is more than one kind of sphere (i.e. they are not all equivalent to each other)
Attention is drawn to the central position occupied by ccp. Note that cco (s tr '
Crmem, see § 6.3.3) is not shown but is intermediate between hep and cep ey

6.6 Some packings of two kinds of spheres

Here we describe some structures of simple binary intermetallic compournds. They are of

Interest both as the structures of large groups of compounds and as components of more

cotnplex structures. As an example we cite the fact that MgCu; (§ 6.6.3) is the structure of

many intermetallic com : > .
MgALOy. pounds and also of the cation array (MgAls) in spinel,

6.6.1 CuiAu and NizSn

CuzAuis a simpie ordered derivative of ce igi .

Cug . af P. The original fec structure is replaced b
primutive cubic one (sy_metw Pm3m) with Au at 0,0,0 and Cu at (0,172 11]/2)& T}{]:
struc':tL_lre should be familiar: the Cua arrangement is the J structure described in §6.3.5and
Au{ is1 in the cuboctahedrat holes of this structure, (see Fig, 6.27) o

1) planes of Cu are kagome (3.6.3 6) nets and A centers
: 0.3, u centers the hexagons of the net
50 that t'he combined {111) nets are 36. Fig 6.54 shows how the nets are stagckcd' usin Htf;]:
symbolism of § 6.1.6, the stacking of kagome nets is N N2N5... A ¢

Fig. 6.54. Left: the cubic stacking of Cu3Au nets
shade_d and filled circles are at different levels:
stacking of nets at z = /4 and 3/4 (open and fil

projected down [111]. Larger circles are Au. Open,
0, I/} and 2_!3 respectively in units of la + b + ¢l. Right: the
led circles) in NizSn. Larger circles are Sn.

Ni3Sn is the analogous structure derived b i
: ! y ordering of hep. Ni atoms form kazome
§3.23.6) layers with Sn cente}'mg the hexagons. The layers are therefore like (111) iiyers
in CuzAu but now the stacking of kagome nets is hexagonal: N\¥5... as also shown in
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Fig. 6.54. For the ideal structure with atoms 4 apart:

‘NizSn Pls/mimc, a =2d, ¢ = \’(8/3):1‘, ela =(2/3) = 0316
Niin 6 i 2{(x,2x,1/4 ; x X, 1/4 ; 2X.%,1/4), x = -1/6
Snin 2 ¢: £(1/3,2/3,1/4)

Note that empty Nig octahedra (with centers at 0,0,0 and 0,0,1/2) share faces and form
isolated rods parallel to ¢. Contrast CuzAu in which the empty Cug octahedra share
vertices only (Fig. 6.27 again).

In the cubic high-temperature form of BaTiO3 the BaO3 arrangement is AuCus (Ti in
the Og octahedra). In BaNiO3 the BaOs arrangement is SnNi3z (Ni in the Og octahedra).
These oxide structures are often referred to as cubic and hexagonal perovskite respective-
ly. For crystallographic data see Appendix 5; cubic perovskite was described in § 5.3.4.

6.6.2 CuZn (B-brass), CuAu and MoSi

The simplest ordering of bee is CuZn in which Cu is at the origin (0,0,0) and Zn at

" the body center (1/2,1/2,1/2) of a cubic cell. Notice that the structure is primitive cubic

(symmetry Pm3m). The structure is also that of CsCl which is often used as the
eponymous compound, but as it is mach more cormmon for intermetallic compounds we
prefer the name CuZn or f-brass (CuZn is fS-brass). Notice that the structure is its own
antistructure and each atom is coordinated by eight of the other kind at the comers of a cube
(Fig. 6.55).

Fig. 6.55. Left a unit cell of CuZn (smaller, darker-shaded circles are Cu). Middle: a CugZng
octahedron. Right a CugZny4 cctahedron.

Tt may be recalled that in bec the octahedra around octahedral sites fill space twice over
(see § 6.2)—in CuZn there are two sets of octahedra: CuyZny [at (0,1/2,1/2)x] and
CuzZng [at (0,0,1/2)x] as shown in Fig. 6.55. Each set of octahedra exactly fills space.
In cubic perovskite BaTiOj3 the cation arrangement (BaTi) is CuZn and the anions are in
{O)BayTiy octahedra.

Alternate {100} layers of CuZn are 44 nets of Cu and Zn which are stacked AB (cf.
§ 6.4.2). For the structure 1o have cubic symmetry the layers must be /2 apart, where 4 is
the unit cell edge of the 44 layers. If the layers are instead V2a/2 (= 0.71a) apart the
structure is an ordering of cep and the structure is referred to as CuAu. The symmetry is
tetragonal {(Pd/mmm) and Cu is at 0,0,0 and Au at 1/2,1/2,1/2 so that CuZin is the special
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case of Cudu with c/a = 1.0; c/a=V2 = 1.414 corresponds to an ideal ordering of cep.
The general case is called CuAu; examples of actual compounds are (with c/g in
parentheses): FeNi (1.41), CuAu {1.31), PtZn (1.22), NiZn (1.08) and MnHg (1.01).

In MoSi; the atoms are again on 44 nets in the sequence MoSiSi along ¢. The stacking
alternates AB so the structure has the six-layer repeat AMoBsidsiBmoAsiBs;.

MoSiy ‘14immm
' Mein2a: !+ (0,00)
Siind el (0,0.2) withz = 1/3

a is the spacing of the 44 nets. If ¢/a = 3¥2 = 4,23 the structure is a superstructure of
cep and if ¢f/a = 3 it is a superstructure of bee. Many compounds have axial ratios between
these two values. A third possibility is a superstructure of bet for which c/a = 3V(2/3) =
V6 = 2.449. For MoSiz c/a = 2.43 so clearly in this case the structure should be considered
as a superstructure of the 10-coordinated bet packing, In Volume 11 of this series we
adduce several examples of ionic compounds with MoSiy cation packing; KoMgF, is a
good example (for data see Appendix 5).

6.6.3 MgCup

MgCug; is often cited as an example of a structure that is based on an efficient packing
of spheres of two sizes. The Cu arrangement is the T sphere packing of § 6.3.9 (see Fig.
6.32) which can be described as an array of vertex sharing Cuy tetrahedra. The space not
occupied by Cuy tetrahedra consists of truncated tetrahedra, and it is useful at the outset to
see how these two polyhedra can combine to fill space. Fig. 6.56 shows how two
truncated tetrahedra and two tetrahedra can be assembled into a large 60° rthombohedron.
This is in fact a primitive cell of the T structure. It is also a primitive cell of MgCus if Cu
is in the T positions and Mg centers the truncated tetrahedra (see also Fig. 6.53 below).
Mg is coordinated by the twelve Cu and also by four Mg capping the hexagonal faces of
the truncated tetrahedron. This 16-vertex coordination figure was identified as the Friauf
polyhedron in § 5.1.7 (see Fig. 5.12}. As shown below, Cu is 12-coordinated in a
[Cu)}CugMgg icosahedron (Fig. 6.37).

Fig, 6.56. Two tetrahedra and two truncated tetrabedra combining to make a 60° rhombohedron {ri ght).
The formal description of the structure is:

MgCuz . Fdim. Mgin8a Ft (1/8,1/8,1,8) (lattice complex D = diamond)
Cuin 16 d: F £ {1/2,1/2,1/2 ; /2,14, /4)k (lattice complex )
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Fig. 6.57 shows the structure prajected on (100). On the leit, just the atom positions are
shown, and most people will find that figure somewhat uninformative. However, in the
center a Cuqy truncated tetrahedron around one Mg is picked out and on the right a
CugMgg icosahedron around one Cu is similarly depicted.
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Fig. 6.57. Left: MgCuz projected on (100). Larger circles are Mg and numbers are elevations in
multiples of a/8. The intensity of shading is proportional to elevation. Center, an (Mg} Cunyy truncated
tetrahedron and right, a {Cu)CugMgg icosahedron picked out. Polyhedron edges obscured by front faces
are shown as broken lines.

Fig. 6.58. Left: a primitive cell of MgCuz (larger circles are Mg). Right: a primitive cell of
MgAkz0y4 shown as {Mg} 04 tetrahedra and Al atoms.

The structure can also be considered as a space-filling by tetrahedra (not all regular),
These are of three sorts: per MgCup unit there are 4 MgCus tetrahedra (these are made up
of an Mg and a triangular Cuz face of the surrounding truncated tetrahedron),. 12
Mg2Cu; tetrahedra and one regular Cuy tetrahedron. Structures which are space fillings
of tetrahedra are sometimes referred to as “topologically close packed.”

We mentioned earlier (§ 6.1.6) that in spinel (MgAl20y) the cation array is MgCujy
and indeed to get spinel from MgCuaj all that has to be done is to fill 21l the MgCuy
tetrahedra with anions so that in MgAlzQy4 there are {O}MgAlj tetrahedra. It is not
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immediately obvious that this results in {Mg} Oy tetrahedra, {Al}Og octahedra and
(approximately} cep O! For this aspect of the structure refer back to § 6.1.6, especially
Fig. 6.17 {p. 223). Fig. 6.58 compares primitive cells of MgzCiz and MgAL Oy,

Close packed structures may he described as built up of rhombohedral units consisting
of an octahedron and two tetrahedra (Fig. 6.4). Similarly, there is a family of structures
built up of different stackings of the rhombohedral unit consisting of two centered truncated
tetrahedra and two tetrahedra (Fig. 6.56). Fig. 6.59 illustrates the simpler possibilities. By
analogy with close packing, the stacking in MgCug can be described as ¢; the stacking in
MgZny is then h and in MgNiz it is Ac (see Fig. 6.59). The structures collectively are
known variously as as “Friauf-Laves phases” or just “Laves phases.”!

Fig, 6.59. The stacking of rhombohedral units in MgCuy, MgZn3 and MgNis.
6.6.4 Cr3Si (A15)

The structure known as A15 2 or Cr3Si has a number of features in common with
MgCus. The atoms are in fixed positions {on the sites of invariant lattice complexes) so
the structure is completely determined by the cubic cell constant. Space is again divided up
into irregular tetrahedra, so it is another example of a topologically close-packed structure.

Cr3Si Pmin. Siin2a: 0,00 ; 1/2,1/2.112 (bec)
Crin 6 ¢: £(1/4,0,1/2)k for 6 d: +(1/4,1/2,0)x] (lattice complex W)

The structure is illustrated in Fig. 6.60. Notice the non-intersecting rods of Cr atoms
along <100>; we describe a related cylinder packing with the same symmetry below
i§ 6.7.3 (a)]. The Cr atoms form icosahedra with symmetry m3 about the Si: this
icosahedron was described in § 2.5.7 (see Fig. 2.25, p. 54). Tt is a good exercise to
identify the icosahedron in projection as shown in Fig. 6.61.

Figure 6.61 also shows the coordination figure about Cr; it should be identified as the
4-vertex polyhedron obtained by capping the hexagonal faces of a hexagonal antiprism.
The coordination of Cr is {Cr}SigCryg; the closest neighbors of Cr are two other Cr at a

1 After the German crystallographer F. Laves, who contributed significantly to the understanding of
intermetaliic structures of this and related types. “Laves” is pronounced with two syllables: “La-ves.”

21n Structurbericht (the predecessor of Structure Reports) simple structures were assigned symbeols, An
represents elemental structures such as A1 = cep, A2 = bee, A3 = hep, ete. A form of W metal (or W30?
= “B-tungsten”) was early reported to be Cr38i and although this is no longer believed to be correct, the
designation A13 is still used for this structure type. The designations B1 = NaCl and B2 = CsCI (CuZn)
are also still used on occasion,
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distance of a/2.

Fig. 6.60. Cr3Si (Cr are open circles, Si are filled circles). Left: emphasizing the Cr rod packing,
Right: showing some of the {8i}Cryz icosahedra (note the two orientations of the icosahedra).

Fig. 6.61. Left: a unit cell of Cr3Si projected on (001), numbers are heights in multiples of ¢/100.
Larger circles represent 5i. The shading scheme now indicates elevations. Center: The icosahedron centered
at 142,142,172 is picked out. Right: The polyhedroa around a Cr at 7 = 1/4.

Supereonducting compounds with this structure are of considerable interest as many
have high critical temperatures. NbaGe (T, = 23.2 K) has the highest superconducting
transition teniperature of any known material other than the copper-oxide superconductors.

The cation array in garnet oxides such as Ca3Al28i3017 is an ordered derivative of
Cr38i with (Cas/28i3/2) in the Cr positions and Al in the Si positions. Indeed the
complicated garnet structure is completely generated by putting O atoms in all the CazAlSi
tetrzhedra of the catien array. In Volume II of this series we will show that many other
complex oxide structures are conveniently described as intermetallic structures “stuffed”
with O atoms. !

For an earlier account of this topic see M. O’Keeffe & B. G. Hyde, Structure and Bonding 61, 77
(1985).
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6.7 Cylinder (rod) packings!

Crystal structures are often conveniently described as sphere packings, with atoms
instead of spheres, but sometimes we want to consider the packing of larger units. Atoms
{or spheres) are point objects in the sense that they have zero-dimensional periodicity and
crystals are three dimensional in the sense that they have three-dimenstonal periodicity. We
have already described three-dimensional structures (sphere packings) as packings of
layers, which are objects with two-dimensional pericdicity, and we do so again in
following chapters. The symmetry of layers is described by the layer groups {Appendix 1).

Sometimes it is convenient to consider structures as a packing of rods, which are objects
with one-dimensional periodicity. These have the symemetries of the rod groups (Appendix
1).2 The highest symmetry rod is the infinite cylinder; here we describe some packings of
equivalent (symmetry-related) cylinders. In application to crystal chemistry, we replace the
cylinders with rods of atoms. Examples of rods are strings of atoms, atoms at the vertices
of rods of pelyhedra (e.g. octahedra sharing opposite faces), atoms forming helices (as
commonly found for rods of § atoms).

In the symmetrical packings we describe, symmetry axes coincide with the cylinder axes
and are therefore non-intersecting. A line (such as a cylinder axis) corresponds to the locus
of all points of a univariant lattice complex. For example 0,0,z or #(0,0,z) corresponds to a
line along ¢ if z is allowed to take all possible values. In the same way #(0,0,z)x
corresponds to lines along a, b and ¢ and intersecting at 0,0,0 (also at 1,0,0 ; etc.); this
cannot correspond to a cylinder packing as the lines intersect. In general the location of
axes is given as the line of intersection of two planes. The intersection of planes x = x; and
¥ = yo s written as xp,y,2 Where z can have any value. Likewise 1/3+u,2/34+u.1 indicates
the line of intersection of the planes x =z + 1/3 and y = 2 + 2/3. Unit cell parameters are
given for cylinders of unit diameter.

In descriptive crystal chemistry the cubic rod packings are of most importance and are
met repeatedly in that connection. i

6.7.1 Cylinders with parailel axes

If cylinders are packed with axes parailel to ¢, 2 cross-section z = constant will justbe a
circle packing. In particular the closest packing of equal cylinders will be a hexagonal
packing (i.e. based on a 36 net);

P6/mmm, a = 1. Cylinder axes along 2 ¢: £(0,0,2). Rod symmetry pb/mmm

The fraction of space occupied by the cylinders (the density) is the same as for closest

For more on this topic see M. (F'Keeffe & 5. Andersson, Acta Crystallogr. A33, 914 (1977) and M.
O Keelfe, Acta Crystallogr. A48, 879 (1992).

2The reader anxious to learn about rod symmetries will find some good examples in this section. The
less ambitious can skip the parts dealing with this topic. After all we got throngh § 6.4 {on the stacking of
fayers) without discussing layer groups (although the temptation to do so was strong}. The reason was in
part due to the fact that most of our “layers” were only one atom thick.
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circle packing p = m/12 = 0.9070. The rod symmetry p6/mmm is that of an infinite
column of hexagonal prisms stacked along the hexagonal axis. (p stands for the one-
dimensional lattice).

An example of this packing is provided by the helical rods of P in NaP {compounds
such as KP, NaAs and RbSb are isostructural) illustrated in Fig. 6.62, The rods have a
4-fold repeat so the axis is approximately a 41 axis and all the helices are of the same hand.
In this structure, the P-P bond length is 2.24 A, and the P-P-P angles are 112° and 115",
LiP, LiAs, NaSb and KSb have a related structure containing helices of P of both hands.

For crystallographic data see Appendix 5. Elemental Se has 31 belices in the same rod
packing,

Fig. 6.62. The helical rods of P in NaP viewed at an angle stightly tilted from a 2 axis,

Further cylinder packings can be derived from other regular and Archimedean tessella-
tions. The least dense packing, based on 3.122, has density p = V3/(7 + 4v3) = 0.3907.

6.7.2 Cylinders with axes in parallel planes

Here we describe packings of layers of cylinders in contact, They will all have the same
density, p = w4 = 0.7854. Cylinder axes lie along non-intersecting 2-fold rotation axes.

(a) Two-layer tetragonal. Here cylinder axes lie in layers perpendicular to ¢; for z = 0 the
axes run in the [100] direction, for z = 1/2; they lie in the [010] direction, Thus the rods
run afong a through 0,0,0 and along b through 0,0,1/2; see Figs. 6.63 and 6.64. Note that
we give unit cell parameters for a packing of cylinders of unit diameter: in a crystal
structure the rod symmetry is prmmm (which is the symmetry of, for example, an infinite
stack of bricks) and the axial ratio ¢/a will not, in general, be equal to 2. -

Padsimme,a =1, c=2
Cylinder axes along 4 & #(3,0,1/2 ; 0,x,0). Rod symmetry pmmm
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Fig. 6.63. Left: a two-layer tetragonal cylinder packing. Center: a four-layer tetragonal cylinder packing.
¢ is up the page in both cases. Right: a three-layer hexagonal cylinder packing viewed down c. (See also
Fig. 6.64 for the first two cases).

0.1 01 0,1 172 0,1
I

Fig. 6.64. Left: axes of a two-layer tetragonal ¢ylinder packing, Right: axes of a four-layer tetragonal
cylinder packing. The view is down ¢ and the numbers are the elevations of the axes in units of .

{b) Four-layer tetragonal. Rods run along a through 0,3/4,1/4 and 0,1/4,3/4 and along b
through 0,0,0 and 1/2,0,1/2 (this description assures that there is a center of symmetry at
0,0.0). The arrangement should be apparent from Figs. 6.63 and 6.64.

Mlamd,a=1,c=4

Axes along 0.x,0 ; x,1/4,3/4 ; 1/2,x,172 ; x,3/4,1/4 derived from

16 £ T+ (Ox,z 5 0,1/2-x,2 5 1Vd4x,1/4,3/4 47, 3d—x, 1/4,3/4+2), 2 =0
Red symmetry pmem

A digression on rod symmetry: The rods in the four-layer structure (b) run along 21 axes
parallel to a and b of I4)/amd. Consider the rod along a: it lies in the mirror plane normal
to b and is normal to the mirror plane normal to a. The rod alse lies in the ¢ glide plane
normal to ¢.! The symbel for the rod symmetry group is accordingly pmma. However in
the rod groups it is conventional to take the translation direction as (with subscript “#” for
the rod) ¢,. Making the substitution-a, = b, b, =¢, ¢, = a, the rod symmetry group with
these new axes becomes pmcm as given above. The full symbol is p 2/m 2/c 21/m. An
infinite crankshaft or zig-zag (see § 7.3.5) has this symmetry. End digression.

A beautiful example of this cylinder packing is found in the structures of Hga_MFg (M
= As,5b,Nb,Ta and x is typically about 0.12) The As compound is known as “alchemist’s
gold.” Iselated {M )Fg octahedra are surrounded by disordered rods of Hg atoms in
positions 16 h of 14/amd with ¢ = 0 as shown schematically in Fig. 6.65. Remarkably,

11t is a good exercise to get a copy of the International Tables and verify these statements.
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the stoichiometric compound HgaNbFg has a simple layer structure with 39 layers of Hg
alternating with layers of isolated {Nb}Fg octahedra.!

Fig. 6.65. The structure of Hgp ggShFg illustrated as [Sb)PFg octahedra and tods of Hg atoms, The Hg
atoms are disordered along the rods shown.

(¢) Three-layer hexagonal, Rods run along a through 0,0,0 along a + b through 0,0,1/3
and along b through 0,0,2/3. The arrangement of cylinders should be apparent from Fig,
6.63.

P6222,a=1,c=3
Axes along 6 g: (£2,0,0; x,x,1/3 ;3% 1/3 ; 0,44,2/3). Rod symmetry p222

6.7.3 Cubic cylinder packings

These are rather important as they sometimes form the basis for a description of cubic
crystal structures that are otherwise difficult to describe. They are named for structures in
which they are conspicuous features, We describe four packings and an intergrowth
structure. The cylinder axes ¢orrespond to non-intersecting symmetry axes in cubic space
groups (see § 3.3.6, p. 74) which are either (i) 2-fold or 4-fold axes parallel to <100> or
(i1} 3-fold axes parallel to <111>. In the second case, the fact that the cylinder axes are
inclined to each other makes structures based on this structural principle difficult to
illustrate satisfactorily in projection. The most important packings are those named g-W
and garnet [{(a) and (b) below]. Cubic space groups with non-intersecting 3-fold axes are
listed on p. 83.

ISee I D.. Brown et al., Inorg. Chem. 23, 405 (1984) and references therein.
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(a) B-W (Figs. 6.66 and 6.67)

Prin, a =2, p=3m16 = 0.5890
Axes along 12 g: £(x,0,1/2 ; 1/2+x,0,1/2)x. Rod symmetry pdo/mmc

In the B-W structure of A3B (also known as A15 or CraSi——see § 6.6.4), strings of A
atoms lie on the cylinder axes along <100> at (4,0,1/2). (The B atoms in A3B are at cell
corners and at the body center and are in icosahedral coordination by A). The cylinder axes
correspond to the 47 axes of Pm3n.

Fig. 6.66. Two cubic cylinder packings, Left: garnet. Right: 8-W. The heavy lines indicate the
locations of the cylinder axes. The open circles serve only to indicate high symmetry points on the rods,

(b) garnet (Fig. 6.66)

1d3d, a =8, p =38 = 0.6802

Axes along 32 e: I & (x.xx0 ; 1o, Vdex, 1d+x | 12-x, 124x,x , 3d—x,1/4+x,3/4+x
% V2-,1/2+4x § 3i44x,3/4~x, 1/d+x 5 E24x,0,1/2-x | Ud4x,3/d4x,3/4—x)

Rod symmetry p3cl

In this cubic cylinder packing, cylinders are parallel to body diagonals of a cubic cell.
Now they lie on non-intersecting 3 axes, i.e. along {1117, {311], [111] and {i11}.

In the garnet structure of Ca3AlSiz017 the cylinders are to be replaced by rods of
alternating { Al}Og octahedra and empty Og trigonal prisms sharmg opposite triangular
faces. It might be noted that the centers of the octahedra are at 3 sites so they are trigonal
antiprisms, but the absence of 6 axes means that the trigonal “prisms™ are not strictly
regular prisms (they are slightly twisted towards being metaprisms in the garnet structure}.
As discussed in Appendix 2, a rod of alternating regular octahedra and trigonal prisms has
symmetcy poafmmc; but the 63 axis is incompatible with cubic symmetry.

(c) B-Mn (Fig. 6.67):
14432, a = 4, p = 332 = 0.2945

Axes: 14,0,u ; 34,1724 ; u,1/4,0 ; 2,3/4,1/2 5 00,1/ 5 1/2,1,3/4.
Rod symmetry pd;22
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A third cylinder packing is derived from f~W by removal of one-half of the cylinders.
We call this the f-Mn cylinder packing as that otherwise enigmatic structure is simply
described in terms of rods of face-sharing Mny tetrahedra with this cylinder packing. Fig,
6.67 shows the B-W and the f§-Mn packmgs the former with a cell with doubled edge.
The symmetry of the f-Mn packing is /4132 and the axis equations are obtained by
substituting 1/4,0,u in the generai positions 48 {. The cylinder axes lie along the 4; axes of
this space group; the substitution 3/4,2,0 puts the cylinder axes on the 43 axes.
Combination of the two enantiomorphs of the §-Mn packing recovers the f-W packing.

\I e
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Fig. 6.67. The B-W (left) and B-Mn (right) cylinder packings. The true cell edge for B-W has half the
edge of that shown.

(d) SrSi; (Fig. 6.68):

432, a = 6V2, p =372 = 0.0756
Axes: Vv, 23+u,0 ;) 16+a,203 w0 5 20340,5/64u,~1t 5 5/6-1u,5/6+u.4.
Rod symmetry p3;2

A fourth cylinder packing is obtained by removing eight-ninths of the cylinders of the
garnet packing. We call it the SrSiz packing because the Si atoms in that structure form
31 (or 32) helices with axes corresponding to those of the cylinder packing (see § 7.2). The
positions of the cylinder axes (31) are obtained by substituting 1/3+4,2/3+w,u in the general
positions 48 { of /4132, The enantiomorphous structure with cylinders on 3; axes is
obtained by the substitution 2/3+u,1/3+u,u, A sketch of the packmg viewed down one of
the 31 axes is shown in Fig. 6.68,

(e} y-Si:

ta3d, a= 632

3y axes V3+u,203+u,u 5 1V6+0,2/3—u,u 3 205340, 5064 u,—1 | 5/6—u,5/6+u,u
32 axes 234+u, 13 +w0 57640, 1/3—w,0 3 134+u, 17/6+u,~1t 3 1/6-u, 1/0+1,1
Rod symmetry p312 and p322

The Sr8iz packing is very open, and the two enantiomorphs can intergrow without
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contact (so the intergrowth structure is not a stable cylinder packing). In the ¥-Si
polymorph of silicon (§ 7.3.12), the Si atoms fall on 3; and 3 helices with axes
corresponding to this intergrowth structure. The eylinder axes are now obtained by the
substitution of 1/3+u,2/3+u.5 in the general positions of fa3d.

Tlig. 6.68. The SrSiz cylinder packing viewed down [111]. Note that for clarity only a few cylinders not
parallel to the projection axis are shown,

6.8 Notes
6.8.1 Symmetries of arrays of closest packed spheres

The space groups for arrays corresponding to closest sphere packings are Fri3m (only
for cep), P6y/mme, Pé3mc, P6m2, R3m, R3m, P3ml and P3m1. A useful discussion
and table has been published [A. L. Patterson & J. 8. Kasper, International Tables, vol.
I1] that allows the symmetry of complex sequences to be determined. In many crystal
siructures one or more sets of atoms are only approximately in closest packing and the
symmetry may be lower.

The ideal symimetry is readily determined from the Zhdanov symbol (§ 6.1.3} of the
packing from the ruies given here, which should be applied in the order given until the
space group is determined. In using the rules be sure to note that a sequence such as 2211
refers to .. 221122112211... and could equaily be written 1221 or 2112.

(a) Determine if there is a center of symmetry: This is revealed by symmetry of certain

Sphere and Cylinder Packings 269

rumbers in the succession of numbers. Thus 2111 can be written:
LADTDI(D2)...

where the numbers in parentheses are located symmetrically. There will always be zero (no
center of symmetry) or two such numbers (centrosymmetrical) in the symbol. Note that if
the symbol contains just two numbers (as in 11 or 41) each number is symmetrically
surroumded, and that in e.g. 2112 no number is symmetrically surrounded,

(b) If the first half of the symbol is the same as the second half the symmetry is either
P§3/rumc (centrosymmetric) of P63me (non-centrosymmetric). Thus 11 (hep) and 121121
have symmetry P63/mmc and 123123 has symmetry P63mc.]

{c} If the symbol can be written so that the second half of the symbol is the reverse of the
first half, but there is no center of symmetry, the symmetry is P6m2. An example is 2112.

(d) The Zhdanov symbol always has an even number of terms: NiNaNiNg... Ny (n
even). If the symmetry has not yet been determined [in (b) or (c)], subtract the sum of the
even terms from the sum of the odd terms i.e.: Ny + N3y +..4+ Npo) — (N + Ny 4.4 Ny,

If the result is either zero or a multiple of 3 the symmetry is trigonal (but not
thombohedral): either P3m1 (centrosymmetric) or P3m1 (non-centrosymmetric). Thus 41
has symmetry P3m1 and 5211 has symmetry P3m1.

If the result is neither zero nor a multiple of three the symmetry is thombohedral: either
R3m (centrosymmetrical) or R3m (non-centrosymmetrical). Thus 21 (bhc) has symmetry
Rim and 3211 has symmetry R3m.

6.8.2 Neighbors, coordination sequences, and identifying packings

1t should be noted that closest sphere packings differ in numbers of nth geometrical
neighbors. For unit diameter spheres the number of neighbors at a given distance are listed
for the first few shells of cep and hep below. Generally such numbers cannot be used to
distinguish packings in crystal structures, as the arrangement often only approximates an
ideal sphere packing, and the numbers of geometrical neighbors rapidly lose any relation to
those in the ideal packing.

distance 1 ¥2ooNEmS 3 oy 2
cep 12 6 0 24 0 12
hep 12 6 2 18 12 6

In Chapter 7 we discuss coordination sequences which represent the numbers of
topological neighbors in shells. In the context of sphere packings, a second topological
neighbor of a sphere is one (other than the reference sphere) in contact with first neighbors;
third neighbors are those (other than first neighbors) that are im contact with second
neighbors; and so on. The number of kth neighbors in this sense is 7. It is interesting that
ny, for k> 1 is greater for hep than for cep. For hep the sequence is 12, 44, 96... for ccp

1 The symbols for these packings could be abbreviated <1>, <121> and <[23> respectively.
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itis 12, 42, 92.... Be sure to distinguish topological neighbors (discussed here) with
geometrical neighbors (discussed in the previous paragraph). .

For lattice sphere packings {cP, cI, cF, tI (bet) and AP (c/a = 1)] with N first
neighbors there is a simple expression for the numbers of topological neighbors:

R =(N~2)k2+2 6.1)

Some other equations are (brackets indicate rounding down to an integer):
hep ng = [21%%2 + 2] (6.2)
eco o= [1TRY2 + 2] (6.3)

Once the nearest neighbors of atoms in a structure have been identified (for example, on
the basis of interatomic distance) the coordination sequence for each atom is uniquely
defined and the packing can often be identified from the coordination sequences even when
the arrangement departs significantly from the ideal geometry. In particular each kind of
atom in a ep structure (%, ¢, ke, etc.) has a unique coordination sequence and this fact may
be exploited to determine the nature of the packing.!

6.8.3 Close packing or polyhedron packing? An unsolved problem

Many “lonic” crystal structures are based on approximately ep arrangements of cations
and/or anions (and just as importantly, many are not). The well known structures of spinel
(MgAl204) and olivine (MgpSiQ4) are examples in which the anion arrangement s
approximately ccp and hep respectively. A popular view (to which we do not subscribe) is
that the reason for such structures occurring is that “large” anions are close packed (why,
for heaven’s sake?} and the “small” cations fit more-or-less snugly in the tetrahedral and/or
actahedral interstices. One objection to this proposal is that many (e.g. oxide) structures are
not based on ¢p arrays, or if they are, they are often ep cation arrays; but nevertheless one
is lead to ask why 5o many structures based on ¢p (or better eutaxy) do occur,

A possible answer is as follows. The most common coordination figures found in
oxides and related materials are [M X4 tetrahedra and {M}X¢ octahedra [even in
compounds which are not based on ¢p such as enstatite (MgSiO3)]. In order to make a
crystal of the appropriate stoichiometry, the individual polyhedra must be condensed
together by sharing corners and/or edges and/or faces. To take a concrete example:
MgAl; 04 is constructed of { Mg} Oy tetrahedra and { A1} Og octahedra combined in the ratio
1:2 and sharing O atoms so that there are four O atorns per MgAly. With regular polyhedra
of equal edges it is conjectured that any periodic way of combining them subject to the
foregoing constraints will result in 4 ep array of O atoms.

The unsolved {we think) problem. which we offer the reader is this: What stoichiometries

"The program EUTAX does this for a number of simple structures, Users of this program might like to
find the ep amay of the [ atoms in Exercise 11, Note that the numbers in the coordination sequence are
largest for hep and smallest for cep (i.e. all other cp structures have intermediate values).
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and combinations of octahedra and tetrahedra will lead inexorably to the polyhedron
vertices being on a ep (i.e. eutactic) array?

In applications to crystal chemistry additional constraints might be added, such as not
allowing tetrahedra to share faces (which would allow their central atoms to come rather
close together), and to eliminate configurations that result in very asymmetric coordinations
around the polyhedron vertices [see E. W, Gorter, J. Solid State Chem. 1, 279 (1970).]

The term “close packing” is sometimes used rather loosely. For example in a discussion
of the stability of the feldspar structure (specifically sanidine = KAlSi30g) in a well known
text it is stated that the oxygen atoms “approximate rather crudely to cubic close
packing...perhaps this relative compactness contributes to the stability.” The feldspar
structure is based on a framework of corner-sharing Oy tetrahedra and it would therefore be
expected (see § 6.8.5) that each O atom will have six near neighbors and indeed this is the
case. The six nearest neighbors of O atoms in sanidine are in the distance range 2.60-2.74
A (corresponding to tetrahedron edges) and the next six neighbors are in a distance range of
3.30-4.48 A,

6.8.4 More on the relationship between bee and hep: AuCd

In § 6.3.3 we described a relationship between bee and hep. Some metallic elements
such as Ti and Zr have both structures (the high temperature or § form is bee) and the
transition occurs very nearly at constant volume. The orthorhombic cells given in § 6.3.3
become in units of V13 for bee: a, b, ¢ = 0.794, 1.122, 1.122 and for hep: a, b, ¢ =
0.707, 1.225, 1.154, so that the transformation from bee on cooling requires about a 10%
decrease in a and a 10% increase in b, In CuZn compounds alternate { 100} layers of bee
are Cu and Zn; some of these transform at low temperatures to a superstructure of hep by
the mechanism described. Fig 6.69 shows the resulting structure which is catled AuCd, as
the martensitic transformation has been well studied in that compound. In the binary
compound the symmetry is Pmma and the unit cell is derived from the one described here
by (001/100/010). Data for two forms of AuCd are given in Appendix 5. The low
temperature form is close to ideal hep; the 12 shortest distances are 2.89-3.16 A,

Fig 6.69. Left: the CuZn structure projected on (001). Right: the AuCd structure plotted on (010) of the
Pmima cell with ¢ horizontal on the paper. Heavy lines mark the position of (110} planes of CuZn that
become ¢p planes in AuCd. If all the atoms were the same this figure would also illusirate the relationship
of bee (Ieft) to hep (right). Compare Fig, 6.24 (p. 232).
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0.8.5 More sphere packings

1 A cokrﬁp!ete enumerat-ion of sphere packings would be a big task and has not been done
;rg?-;”g ;;:s.'h;c;gse. g;bx(cl ;gl;;:re Eackings have been enumerated by W. Fischer [Zeirs
2 , ; 140, 50 (1974)] who found no examples wi :
! 8r- ] 1974)) s with 10-
1; ;:oo_rdmatlon. An art{cle on sphere packings is in the International Tagles C. The stu;;
) amce. sphere packings in N-dimensional space is an active area of research i
mathematics—see Appendix 2. o

Here we describe some additional
structures confined (so far!) to few
types than most of the structures described above. ) e eyl smetiee

Another 10-coordinated sphere packing, and the TisTey structure

Cubes with four faces capped b ids (
s Wi y square pyramids (half octahedra) can be packed
tshgwn H;:[ Fig. 6.70. The cube.s share their uncapped faces to form rods parallellg to : ofaasl
etragonal cell, and the pyramids, which cap the other four faces of the cubes, share edges.

The structure is fess dense th - i i
hopten nse than the other 10-coordinated sphere packings described in this

Laim, a = N[17/(14 - N128)] = 2.5156, ¢ = 1
= 1=2.5156, = 1, p = (56 - IN2)w5 1 = 0.6619
Centers in 8 /: 7 £ (2.0 ;75,0), x = (6 ~ V2)/17 = 0.2697, y = (7 - V32)/17 = 0.0790

_];[‘he Te arrangcmn?nt in TisTeq is quite close to this packing. The Ti atoms center all the
cAl;;. e faces, so the Ti arrangement consists of rods of octahedra sharing opposite vertices.,
out & dozen compounds {e.g. V584, TasSby) have the same strocture. .

Fig. 6.70. A 10-coordinated sphere packi; j i i
S S0 A 1o Dl packing projected down the ¢ axis. Open circles are at z = 0 and filled

If the cubes with capped faces are deformed into cuboctahedra the result is a
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9-coordinated packing corresponding to cep with 1/5 of the atoms removed (compare with
another 9-coordinated packing described below). The parameters would now be a =5, ¢
=2, ale = 1.58 x = 3/10, y = 1/10 and the sites at 441+ (0,1/2,1/4 ; 1/2,0,1/4) are in
regular tetrahedsa. In 3-BaFeaS4, afc = 1.45, S atoms are in8 A withx=030Lvy=
0,120, Ba centers the cuboctahedra of § and Fe is in the S4 tetrahedra (for data see
Appendix 5}, GagTes = Te(1)GayTe(2)4 is iso-structural [with Te(1) playing the role of Ba
and Te(2) playing the role of 3.

Some 9-coordinated sphere packings

One symmetrical arrangement is:

F3m, g =8, Centers in 24 g0 [ + {(xt,2 1 347 25T 1 XLAK, 1=3/8,2 = /8

This arrangement represents a way of removing 1/4 of the spheres of cubic entaxy so
that each sphere has nine neighbors (compare the 8-coordinated J arrangement, which can
also be described as cubic eutaxy with. 1/4 of the spheres removed). The density is
accordingly p= N2 = 0.5554. This packing is a special case of the anion packing in the
mineral sodalite discussed under 6-coordinated sphere packings below (p. 274).

A second 9-coordinated sphere packing that occurs in a variety of contexts (for example
as the Al arrangement in WAL} is also discussed below (p. 278) as an example of a
sphere packing with icosahedral interstices. Fischer’s compilation, referred to above,
includes two other examples of 9-coordination with cubic symmmety. '

Another 8-coordinated sphere packing: the NaZny structure

About 50 compounds, mostly MZn13 and MBe 3 (here M is a “big” atom from the first
three columns of the periodic table) have the NaZn3 structure (for crystallographic data
see Appendix 5). We describe it here, as it is an elegant example of how an apparently
complex structure is built up from very simple principles.

We start by assembling an infinite structure by joining together snub cubes (34.4)
sharing square faces in every possible direction; every polyhedron of one hand (recall the
symmetry of & snub cube is 432) is joined in this way to six polyhedra of the other hand.
Each vertex of this assembly will have eight nearest neighbors, so it may be considered an
8-coordinated sphere packing. A formal description is:

Fm3c, a =4.5704, p = 0.5265

Sphere centers in 96 i F £ (0.%y.2; 12,4296, y = 0.1761, z = 0.1141
Saub cube centers in 8 @ F £ (1/4,1/4,1/4)

Icosahedron centers in 8 &: F + (0,0.0; 1/2,1/2,1/2}

As well as the large holes at the centers of the snub cubes (filled by Na in NaZnj3) with
symmetry 432, there are holes surrounded by 12 eguidistant spheres forming almost
regular icosahedra with symmetry m3. In NaZnj3, Zn atoms center these icosahedra
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forming Zn3 groups. {The unit cell therefore contains 96 + 8 = 104 Zn atoms and 8 Na
atoms, i.e. eight NaZnj3 units.) In the real structure the free parameters for Zn are quite
close to the ideal ones given above.

Figure 6.71 shows a beginning of the packing of snub cubes. The place where an
icosahedron can nestle between the snub cubes should be identified. The figure also shows
a snub cube sharing triangular faces with eight icosahedra (note that the latter occur in two
different orientations). The triangular faces of the snub cube and the darker-shaded faces of
the icosahedra are equilateral triangles. The icosahedron edges parallel to the cubic axes are
about 4% longer than the others.

Fig. 6.71. Left: snub cubes (two of each hand} sharing square faces. Right: a snub cube (darker shaded and
mostly obscured) sharing triangular faces with icosahedra as in the NaZn 3 siructure.

A remarkable example of this structure is in a rare form of opal from Brazil. Two
different-sized spheres of silica pack as Na and Zn. {(Common opals have onc size of
sphere in ¢p). The spheres are now much bigger than atoms: about 0.5 pm {see 1. V.
Sanders & M. I. Murray, Narure 275, 201 (1975) and Phil. Mag. 42, 721 (1980)].

More 6-coordinated sphere packings

Frameworks of corner-connected (regular) tetrahedra such as the T structure are

6-coordinated sphere packings. The O atoms in quartz (§ 3.6) form another such

* framework. The O atoms in the sodalite structure are also an example. For reference we
give coordinates for regular tetrabiedra of unit edge length. The centers of tetrahedra (here
labeled Si for convenience) are on a W* net: '

In3m, a =2 +V¥2 = 34142, p= 03157
Sphere centers () in 24 A [ + {02635, x = 18 = 0.3536
Telrahedron centers (Si) in 12 4: £ (1/4,0,1/2)x

This is a special high-symmetry, low-density case of a more general 6-coordinated
packing with symmetry f43m, in which the tetrahedron centers remain in the same
positions {also labeled 12 ) but the vertices are in positions 24 g: I + (x,4,2 ; %.6,7 ; X,%,2
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x, %, 7). For a 6-coordinated sphere packing (regular tetrahedra sharing vertices), x=
\{(22 + 1/8) with 0 € z < 1/8. When z = 0 we regain the /m3m structure with an Si-Q-Si
angle of 160.57°. In real sodalites (alumino-silicates) the bond angle is typically 140°
corresponding to z = 0.06. When z = 1/8 the structure is the 9-coordinated structure
referred to above, and the Si-0-5i angle would then be 109.4%8°,

Figure 6.72 shows a fragment of the structure in its minimum and maximum density
forms. For unit tetrahedron edge length, the unit cell parameter is a = 3.142 in the
minimum density form and & = 2.818 in the maximum density form and the density has
increased by about 39%.!

Fig. 6.72. Left: a truncated octabedron. Middle: A corner-connected array of tetrahedra (centered at the
vertices of the truncated octahedron) as in the low-density, high-symetry version of the sodalite anion
structure. Right: the collapsed, high-density version of the same structure.

Yet another framework of regular tetrahedra has tetrahedron centers, T, on lattice
complex §* (3/8,0,1/4 ; etc. of Ja3d). The vertices, X {sphere centers) are given by:

Ia3d, a = 2N(23) = 38637, p = 0.4357
Xin 48 g (L/Bx, 1/4—x ; etc), x = 1/2 - VI/8 = (12835 ; T-X-T = 150°

An important elemental structure type is that of 8-Sn (white tin). Here we give
pararneters for a slight idealization with six-equal distances:

HMylamd, a =152, c = 1, p = 0.5585. Sphers centers in 4 a: I £ (0,3/4,1/8)

Except for the unit cell parameters this structure has the same description as the
#-coordinated structure described in § 6.3.4 (p. 234). The two structures are very different
though; in §-Sn c/e = 0.516, in the 8-coordinated structure c¢/a = 3.46. This again
emphasizes the fact that in non-cubic structures axial ratios should be carefully considered
before concluding that two structures are the same (or related). In fact the same positions of
IAy/amd with c/a = 1.414 corresponds to the diamond structure.,

We could have devoted a section of this chapter to space-filling packings of polyhedra.

IThe refevance of this structure and its transformations to crystal chemistry has been the subject of
much discussion. Three papers on the topic appeared in Acta Crystaiiogr. A37, 1-17 (1981).
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We have seen, for example, how space-filling packings of tetrahedra and octahedra give
rise to entactic arrangements; and the 7 structure may be considered a packing of tetrahedra
aqd truncated tetrahedra. In the next chapter we will meet 4- and S-connected structures that
arise from other packings of regular andfor Archimedean polyhedra. Here are two
6-coordinated examples involving rhombicuboctahedra (3.43, Fi g. 5.5) which we call reo’s
for short.

An rco has two kinds of square faces: There are six having edges it common only with
Ot'her squares; these are parallel to the faces of a cube. Joining reo’s through these faces
will result in a structure in which the centers of the reo’s are on a primitive cubic lattice and

the remaining space is a labyrinth of face-sharing cubes and cuboctahedra, Crystallographic
data are:

(a} Cubes, cuboctahedra (3.4.3.4) and rco’s (33.4);

Pr3m, a =1 +v2 =2.4142, p = 0.4465
Sphere centers in 12 i; (0,4x,40)ic, x = /(2 +V2) = 0.2929

W_e illustrate the structure in three ways in Fig. 6,73. Note particularly that if we
consider just the packing of cubes and cuboctahedra (so that the “empty” space consists of
r_co’s) we have a continuous three-dimensional surface tiled with polygons. We will
discuss such infinite polyhedra in the next chapter (see also Appendix 3). In this example
all the vertices are equivalent and are 3.42.3.42,

Fig’. 6.73, Space filling b}f cubes, cuboctahedra and rco’s. Left: the combination of cuboctahedra and
rca’s. Center: the combination of cubes and reo’s. Right: the combination of cubes and cuboctahedra.

{b) Tetrahedra, cubes and reo’s:

Fmlm, a=2+2=34142, p = 0.4210
Sphere centers in 32 £ £+ (x 100K, x = U(4 + V8) = 0.1464

An reo has also twelve square faces with two edges in common with triangles. Joining
them by these faces produces a structure in which the centers of the rco’s are on a face-
centere.d cubic lattice. The remaining space consists of cubes and tetrahedra (1 and 2
respectively per rco) sharing vertices. Fig. 6.74 should provide sufficient information for
model builders to proceed.
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Fig. 6.74. Part of a space filling by cubes, tetrahedra and rco’s.

This is the O arrangement in compounds Ag70gX (X is a monovalent anion such as F~

or NO3~ which is in the center of the rco). Ag atoms are of two kinds: those centering the
cubes (8-coordinated by O) and those centering the square faces (4-coordinated) of the rco
that are not shared with cubes.

Another 6-coordinated structure is obtained by joining together rco’s and octahedra.
Each triangular face of each rco is shared with an octahedron, and each octahedron shares a
pair of opposite faces with rco’s (this makes a rather elegant model). We discuss this
structure as an example of an infinite polyhedron 33.43 in Appendix 3. Data are:

Imm, @ = 3.8857, p = 0.4284
Sphere centers in 48 k: [ + (tx,tx,22)K, x = 0.3713, 2 = 0.1893

Finally, we consider a fascinating 6-coordinated structure with only two parameters:

P4332, a = BIT3(7 —¥33)] = 2.3800, p = 0.4661
Sphere centers in 12 d: {1/8,x,1/4+x 1 etc.), x = (9 —V33)/16 = 0.2035

In this structure three equilateral triangles twisted as in a three-bladed propeller meet at a
point. There are two next-nearest neighbors at a distance 1.23 times the shortest distance. If
all eight neighbors are counted, the structure may be described as a three-dimensional
framework of corner-connected metaprisms. Three fifths of the Mn atoms in -Mn have
this arrangement; the remaining two fifths cap the equilateral triangular faces of the
metaprisms, forming almost regular tetrahedra.

6.8.6 Sphere packings with icosahedra: WAl12 and AuZn;

Strictly regular icosahedra are incompatible with crystallographic symmetry {(which
precludes the presence of 5-fold axes); but nature is very clever at designing pericdic
structures that feature almost regular icosahedra. Here we discuss two structures that may
be considered as derived from the J structure (§ 6.3.6, Fig. 6.27) and which arise in a
variety of contexis.

The J structure, considered as a packing of octahedra (sharing vertices with each other)
and cuboctahedra (sharing faces), contains one of each polyhedron and a total of three
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vertices per unit cell. If the cubic cell edge is donbled there will be 8 (=2x2x2)ofeach
polyhedron in the larger cell. We can take the octahedron centers to be at & (1/4,1/4,1/4 ;

1/4,3/4,3/4) in this cell and the cuboctahedron centers to be at 0,0,0 ; 1/2,1/2,1/2 and

(1/2,0,0 ; 1/2,1/2,00x. The first two cuboctahedra (centered at the cell origin and body

center ¢ach with 12 vertices) are isolated from each other and account for the 8 x3 =24
vertices in the doubled cell of the J structure. Let’s now convert these two cuboctahedra to

icosahedra as indicated in Fig. 2.25 (p. 54), and arrange them so that the shortest distance

between vertices of neighboring icosahedra are the same as their edge lengths. It is

remarkable that the transformation can be much more elegantly, and informatively, describ-

ed in terms of concerted rotations of the corner-connected octahedra of the structure (which

remain regular) as illustrated in Fig. 6.75. The resulting structure has symmetry fm3.

Fig. 6.75. The Al array in WAly2. Left: as vertéx-sharing octabedra. Right: as a body-centered array of
icosahedra. ‘

The octahedra are rotated about axes paralle] to <111>. Let the angle of rotation (the
same for every octahedron) be ¢. The structure is described as follows:!

Im3, a = (8cosd + )18, Vertices in 24 g: 7 Oy £,
¥ = (3cosp - V3sing)/(8cosg + 4), 2 = (3cosg + V3sing)(Beosd + 4)

For regular icosahedra the rotation angle is given by tang = Y3(7~ Di(t+ 1) = 22.2°
and y = 3/[4(1 + 7+ V'2)] = 0.1860, z = 7y = 0.3010. [Here, as usual, 7= (V5 + 142}

Centering the octahedra with atoms B produces stoichiometry BX3. It is interesting that
at ordinary pressure ReO3 has the simple cubic structure with @ =0, but under pressure it
suddenly crumples to produce the body-centered structure with $>02 ‘

Centering the icosahedra of X with atoms A produces stoichiometry AX |3 and we have

IReaders who are anxious to derive this and related resubts for themselves should apply the rotation
matrix of Eq. 2.3 (§ 2.5.1) to a point originatly at 0,1/4,1/4 (¢ = 0).

2As the mechanism of compression changes from bond compression (initially), to buckling (angle
bending), the bulk modulus (inverse of compressibility} of ReO3 decreases with pressure [sec B. Batlogg
et al., Phys. Rev. B 29, 3762 (1984)). For materials with just one mode of compression, the bulk modulus
invariably increases with pressure.
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the structure of WALl 2 which has coordinates very close to the ideal ones given here (see
Appendix 3 for data). . _ ' , ]

What happened to the other six cuboctahedra originally (¢ = 0) in ic unit cc’:ll ? Four 0

their vertices have moved close to the center to produce rectangles with edges in the ratio
1:1.07 (i.e. almost square). A large family of oxides, typified by CaCu3TigOy2, is known
in which Ca centers the icosahedra of the collapsed structure, Cu centers the rectangles and
Ti centers the octahedra. Centering just the icosahedra and octahedra produces
stoichiometry AB4X|2; many compounds of this type are known, examples are LaFe4Pj2
and LaFe4Sbyo. : ) . .

Considered as a sphere packing, the ideal X arrangement, with regulgr 1cosa.hedra, is
9-coordinated, although as mentioned above, each point has a tenth neighbor just ‘l 07
times as far away. Also to be noted is that although regular icos.ahedra are possible,
icosahedral symmetry is not; in fact the symmetry at the center of the icosahedra is m3. )

The structure we have described represents just the most symmetrical way qf collapsing
the J structure by rotations (or tilts) of the octahedra. In Volume I.I of this series we show
how other important structures are derived by different patterns of tilits. . )

If the icosahedron at the body center of the cell in the above structure is rotated 90" about
an axis parallel to a cube edge the symmetry is changed to Pm3n and,' as before, ther.e are
24 vertices in the unit cell A new sphere packing with only seven neighbors results if the
shortest distance between vertices of neighboring icosahiedra is the same as the edge length.
This is iflustrated in Fig. 6.76. Crystallographic data are:

Pm3n, a = 1H2y) = 2.8859, p = 0.5232
vertices in 24 k: £(0,4y,z ; 1/2,1/24z, 1/2+4y)x,
y= 12 -N(2 + 62)/(4 + 47) = 0.1733, z = 7y = 0.2803

Fig. 6.76. The Pm3n arrangement of icosabedra, Left: as an array of corer-connected prisms, Right: the
array of icosahedra. Compare with Fig. 6.75.

The array of cormer-sharing octahedra in the WAl struc.ture has now bECO!.IlC an array
of corner-sharing (somewhat distorted) trigonal prisms. This structure h'fas a nice surpnsej
in store. The unit cell also contains six {again distorted) cuboctah&'adra with centers at 6 ¢:
+(1/4,0,1/2)x. If atoms A (at 0,0,0 and 1/2,1/2,1/2) center the X7 Icosahedra and B center
the cuboctahedra, the stoichiometry is AB3X 7. This is in fact the structure of AuZnj [=
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Au(1)Au(2)3Zn14] in which the Zn parameters are quite close to the “ideal”
above (see Appendix 5 for crystallographic data).

The AB3 arrangement in AB3X12is the very common structure type CraSi or f-W
(§ 6.6._4). One form of UH3, which we write as U(DU(2)3Hy has the AuZng structure.
We might think of this as Cr38i U(DU(2)3 with H in tetrahedral interstices.

There are also some germanides and stannides, ¢.g. PraRh4Sny3, in which there are
Ge13 or Sny3 groups obtained by ceniering the icosahedra. Pr atoms are in the cub-
octahedra of $n, and Rh atoms are in the trigonal prisms of Sn (for data see Appendix 5).

The symmetry of the AuZnjs structure should lead us to expect (see § 6.8.10) to find a
rod packing based on the S-W cubic cylinder packing. Fig. 6.77 illust

! rates the arrangement
of cuboctahedra which consists of rods of face-sharing cuboctahedra packed in this way.

ones given

Fig. 6.77. The packing of rods of face-

sharing cuboctahedra in the AuZn3 structure. The rods run parallel
to the three cube axes,

Fig. 6.78. A low density packing of icosahedra and octahedra; an infinite polyhedron 37. CF. Fig. 6.75.

Finz?lly, we observe that half of the icusahedra of the WAl structure (Fig. 6.75) could
be omitted, leaving each icosahedron with just four neighboring icosahedra and with the
centers of the icosahedra arranged as in the diamond net (§ 7.3.1). The resulting structure
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is iltustrated in Fig. 6.78. Note that (excluding the shared face) seven equilateral triangles
meet at each vertex so we have an infinite polyhedron 37 as discussed in Appendix 3. The
structure is a low-density 7-coordinated sphere packing, indeed the least dense that we
know of. Crystallographic data for unit edge length are:

Fd3, a = 5376, p = 0.3235
Sphere centers in 96 g: (x,y.z, etc.), x = 0.0320, v = 148, 7 = 0.2735

6.8.7 Cubic invariant lattice complexes

The symbols for some of these complexes (as given in the International Tables A) have
been given aiready in this chapter but are summarized here for convenient reference,
together with their highest symmietry occurrences. A prefixed “+” or “-" is used for
enantiomorphous pairs and an affixed “*” indicates that the lattice complex is derived by
combining two lattice complexes {one displaced from the other) with the same symbol but
without the affix. In the table below N is the coordination number. The atoms in bold in
chemical formulas lie on the lattice complex; the symmetry may be lower in the actual
compound (cf. NbO}. ¥* and ¥** (a combination of two ¥*) correspond to two intergrown
(but not inter-connected) nets.

complex space group position N remarks

F Fr3m 4q 12 face-centered cubic

T Im3m 2a 83 body-centered cubic

J Pri3m 3¢ 8 Fig. 6.27

s Aa3d 12aord : Th3P,, Fig. 6.30
P Pri3m la 6 primitive cubic

T Fd3m 16cord 6 Fig. 6.32

+y P4332 da 6 FeSi, Fig. 6.34

¥ P4132 4a 6 enantiomorph of above
D Fd3m 8aorb 4 diamond, Fig. 7.9
s 14932 2¢ 4 Fig. 7.36

v 14132 124 4 enantiomorph of above
5 Infim 64 4 NbO, Fig. 7.31

* hi3m 124 4 sadalite, Fig. 7.30

5. 1234 244 4 Fig. 7.35

v Ia3d 24 ¢ 4 two V nets
+y* 32 8a 3 Sr8iz, Fig. 7.6
r* 432 8b 3 enantiomorph of above
b Ia3d 165 3 two ¥* nets, Fig.7.34
W Pri3n Geord 2 Cr3si, Fig. 6.60
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An invariant lattice complex may occur in more than one space group. Thus J also
occurs as positions ¢ and d of P43m and {with doubled cell) as pousitions ¢ and o of Fri3c.
Other lattice complexes with symbols include *+Q for the Si atom positions in S-quartz

(§ 3.6) with symmetry P6522 and -Q for the enantiomorph (P6422), G for a 63 layer and .

N for a 3.6.3.6 (kagome) layer. We used these last two symbols in § 6.1.6.

6.8.8 Common cubic unit cells for arrays

In § 5.6.12 we discussed common unit cells for plane patterns. There is an analogous
problem in three dimensions involving cubic patterns. The smallest cubic supercell of a
primitive cell has edges 2a, i.e. § times the volume. The next wiil have 27 times the
volume. The number of symmetry-related points in a cubic cell is a divisor of 192 so in
practice, to investigate relationships between cubic structures of symmetry-related points in
which a cubic cell is maintained, it is only necessafy to consider relationships of this kind
between structures with either the same number of points or differing by a factor of eight.
There are then six sets of compatible numbers which are:

@ 1, 8, 64
i 2,16
(iiiy 3,24, 192
vy 4,32

(v} 6, 48

(vi) 12, 96

We now give some examples of the use of these numbers. The fact that the amions in the
spinel structure (§ 3.4) are in 32 ¢ of Fd3m: F + (x0x 5 (x,1/4—x,1/4—x)x) (with x
typically = 0.26) suggests a possible relationship to cep with four points per cubic cell
[case (iv) above]. The reader is invited to confirm that if x = 1/4 the structure is indeed a
face-centered cubic Jattice described with a 2 x 2 x 2 cell.!

Another example is provided by the structure of ThyPy4 which has symmetry [43d with P
atoms in 16 c¢: I + (x,x,x ; Vd+x,1/d+x,1/4+x  (124x,112—x% ; 34x,1/4-2,3/4-x)K)
with x = 0.08. In this case the reader may confirn that for x = 0, the arrangement is body-
centered cubic [2 atoms per cell; case (ii) above] described with a 2 » 2 x 2 cell.

Note also the relationship of the cubic 7-coordinated sphere packing of § 6.3.8 (p. 238)
with symmetry Pa3 and eight points per cell to the primitive cubic structure with one per
cell [case (i)]. ) .

A formal description of the garnet structure of Ca3AlzS8i3012 was given in § 3.4. The
cubic cell contains 96 O atoms. A well known reference worlk states that this structure has
“oxygen ions in cubic close packing.” Reference to case (vi) above shows that this

i is amusing that a rare sphere packing (described in the next chapter) also has the same formal
description (points in 32 ¢ of Fd3m) but with x = 148 + V'96) =0,056... so one must be a little cautlous.
Structures with the same formal description, but differing in the values of one or more parameters, may be
very different.
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arrangement with 96 atoms per cubic cell can only be compatible with other cubic structures
with 12 atoms per unit cell. In particular it is incompatible with cep (four per cell). Actually

- in Ca3Alz8i3017 the first twelve O neighbors of an O atom range in distance from 2.57 -

3.85 A and the thirteenth neighbor is at 3.89 A so we can, in any case, discount the claim
on those grounds. We can also use the coordination sequence {as described in § 6.8.2)
based on the first twelve neighbors to show that the arrangement does not correspond
topologically to any ¢p arrangement. = _

The Al positions in gamet are in 16 a of Ja34 and correspond to bee {2 per cell)
described by a 2 x 2 x 2 cell [case(ii)] and the combination of the Ca and Si positions (24
c and 24 d respectively) corresponds to lattice complex W (6 points per cell) described by a-
2x2x 2 cell [case (v)].

Cubic supercells of cubic cells with axes not parallel to the original one may occur, but

- they are probably not of much interest because of the size- of the new cell. A simple

example is that obtained by the transformation (3 4 0/—4 3 0/ 0 0 5) with edge length of
Sa. A cubic supercell with edge an irrational multiple of « (in the same way as a square cell
has supercells ¥2a x V2a or V5a x ¥5a) cannot occur however.

6.8.9 Packing of two sizes of sphere: “kissing” numbers

In this chapter, the emphasis has been on sphere packings with one kind of sphere,
because these commonly occur in simple crystal structures. However, some structures of
intermetallic compounds can be considered as efficient (dense) packings of two or more
kinds of sphere of different sizes. The structure of MgCuz (§ 6.6.3) is an often cited
example of an efficient packing of two kinds of sphere and that of NaZn;s (§ 6.8.5) is
another. Very little systematic research has been done on the problem of classifying
packings of spheres of two sizes, but it has an obvious relevance to crystal chemistry and
some results would be expected to lead to useful insights into intermetallic structures. For
packings of two sizes of circles see L. Fejes T6th, Regular Figures {Pergamon Press,
Oxford (1964)]. For the packing of two sizes of sphere see M. J. Murray & J. V. Sanders,
Phil, Mag. A42, 721 (1980). These last authors were interested also in the structures of
opals which are packings of (typically micron-sized) silica spheres. In contrast to crystals,
opals reaily are packings of hard spheres.!

The maximum number of equal spheres that can touch & similar central one is known as
the kissing number. It scems astonishing that the answer in three dimensions was once
controversial and involved Newton {(who correctly said twelve) and Gregory (who thought
the answer might be thirteen). However, such questions are difficult to settle to the
satisfaction of mathernaticians, who are uncommonly hard to please in such matters.

In intermetallic structures, higher kissing nombers are commonly found; for example, in

- NaZnj3, Na has 24 equidistant Zn neighbors. In general, in such structures, nature

contrives to desigh an arrangement in which every atom is highly coordinated. At the same
time she is tolerant of small variations in interatomic distance—it is this aspect of the topic

IThe “fite” in opal comes from Bragg diffraction of light from the planes in the periodic packing of
spheres, in a similar way as crystals diffract X-rays.




284 Chapter 6

which makes it virtually intractable from the point of view of formal geometry.

A related question which is of some importance to crystal chemistry concerns kissing
numbers in binary (ternary ete.) compounds (extended structures) in which spheres (atoms)
of one kind kiss only spheres of another kind. We call these numbers heterosphere kissing
numbers. Typically in “ionic” crystals the “cations” have only “anions™ as nearest
neighbors and vice versa, and the question of heterosphere kissing numbers is particularly
relevant for this class of compounds. :

To take a specific example: in a binary compound A4,,B, {in the strict sense in which all
A are equivalent as are all B) with d{A-B) < d(A-A) and d(B-B), what is the maximum
possible coordination of 4 by B?

We pause first to remark that if the coordination of A by 8is p and the coordination of B
by A is g, ther pm = gn. This almost trivial observation turns out to be of some
consequence in detenmining possible coordination numbers in “jonic” crystals,

Our guess, based on observed crystal structures, for the answer to the above question
for compounds AR, is that the maximum coordination number (heterosphere kissing
number) is 8, and for compounds 4, B, that the average coordination number {i.e.
averaged over all the atoms) can never exceed 8 as long as d{A-B) < d(A-A) and da(B-B).

6.8.10 The occurrence of cubic cylinder packings

s.g2. garnet y-Si B-W (x2)
/TR .%+u,z+u,u O,i,u i,{),u
la3d e, p3ct i 312, p332 [ pac2 h, p4122, pd322
134 ¢, p3cl e, p3, pd2 d, pd e, p222]
Ia3_ c, pi e, p31, p3z d, pec? e, p2221
Pa3 c, p3 d,p3, pin d, plel 4,pli2;
s.g. garnet SrSi; B-W (x2) B-Mn
12 2 1 1 '
[N . T LU 0’3’“ i,o.u %,O,u
14132 e, p3 i, p312 i, p322 fop222 i, p4i22 i, p4322
P4332 ¢, p3 e, p322 e, p3i2 e, pitl e, pdy e, p212;
P4132 ¢, p3 e, p322 e, p312 e, p2l1 e, p222 e, pd3
23 ap3 | ocp3y P32 | Bplld | ¢ p2221 | e p222y
P23 a,p3 | bp3s b, p3| (b, pl) b, pl12 b, pll12;
5.8, B-w (0,%,;; or %,0,:«)
Pmiin g or h, pdaimme
P33 horg, pd2e
Pa232 forj, p4;22
Pm3 for g, pmmm
P23 gorh, p222
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Cubic cylinder packings are of particular interest in the description of complex crystal
structures that otherwise resist description. Here (on the previous page) we list the cubic
space groups with non-intersecting symmetry axes and the axis locations. The entries in the

. table are the WyckofT positions and compatible rod symmelry (Appendix 1). For example

we see that the substitution u,u,u in Ja3d corresponds to positions e and represents the
axes of the garuet packing. Rods along these axes have symmetry p3cl.

Non-intersecting 4-fold or 2-fold axes also occur in the space groups with non-
intersecting 3-fold axes. They fall into two sets, each corresponding to the axes of §-W
described by a doubled cell. We label this §-W (x2). Thus, again for Ja3d, the substitution
0,1/4,u will produce! the set (0,1/4,u 5 0,3/4,u ; 1/2,3/4,u ; 1/2,1/4,u)x corresponding to
positions 48 f and rod symmetries will be pdc2. This set is illustrated as a cylinder packing
in Fig. 6.67 with the unit cell (a down the page, b horizontal and ¢ up out of the page)
origin appropriately located. The other set of non-intersecting 4-fold axes-are 4| and 45
axes along the lines generated by the substitution 1/4,0,u. Please note that the table is
appropriate only for the choices of origin made in the International Tables.

The B-W structure without a doubled cell occurs in a separate set of space groups as
shown. In these space groups the 3-fold axes intersect.

6.9 Exercises

1. Americtum is hexagonal:

Am P6aimme, a =3.474, ¢ = 1125 A
Am(l} in 2a (0,0,0 ; 0,0,1/2) ; Am(2) in 2d: +(1/3,2/3,3/4)

Describe the structure in terms of stacking 36 nets (4, B and ) and in terms of & and ¢.

2. Gther cp arrays with just two kinds of sphere are:

hee (6H) P63imme, cla = 6V(2/3)
hoin2 b 2(0,0,1/4) ; cin4 £ £1/3,2/3,z ; 1/3,2/3,112-7), z = /12

hhc (OR) F3m, cia= 9‘}(2/3)
cin3a: R+ 000 ;kin6e:RE(0,02),z=29

hhee (12R) R3m, cla = 124(2/3)
’ cin6c:RE{00,2),2+524 ;hin6c: R +(0,0,2), 7 =38

3. Mercury has a rhombohedral structure (space group R3m) with one atom in the unit
cell. @ = 2.993 A, @ = 70.74". What are the distances to the 12 nearest neighbors of 2 Hg
atom? Transform to a face-centered rhombohedral cell (four atoms per celi) for a
comparison with face centered cubic. What is & for this cell? [Hint see § 4.4.]

'The reader whe wishes to verify this statement should note, for example, that the line 0,1/4.# is the
same {ine as (,1/4,1/4-u; it is a line parallel to ¢ passing through 0,1/4,0.
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4. What is the arrangement obtained from two interpenetrating fee lattices, one at 0,0,0
and one at 1/2,1/2,/12. (i.e. a combina_x}ion of positions 4 @ and 4 b of Fri3m)? What is the
arrangement of points in 8 ¢ of Fm3m [F (1/4,1/4,1/4)] 7 If we combine all these

positions (4 @, 4 b and 8 ¢) we will have combined four fec fattices (16 points). What is the
arrangement now?

3. Positions 16a of fa3d are [ + (0,00 ; 1/4,1/4,1/4 ; 0,112,172 ; 1/4,1/4,3/4)x. What
simple arrangement is this?

6. Here are two examples of structures based on ¢p- Note that although they are quite
different, they differ only in the numericat values (Le. they have the same space group and
atoms in the same sets of positions—they are isopuntal).

@ ThyNy R3m,a=3875A,¢c=2739 A, cla = 7.07
Th(1)in 3 a: R + (0,0,0) : Th(2) in 6 c: R + (0,0.2), z = 0222
N()in6ec,z=0.132: N@2)ir 6 ¢, z = 0.377

Th is approximately cp: what is the stacking sequence? N atoms fill tetrahedral and/or
octahedral interstices. Answer (with A,B.C for cations and .8,y for anions):

khe Th; sequence = AyBoPA-¥B-a-CPyB-0- C-BAyaC-...

{b)  Fe3S4(smythite) R3m, a = 347 &, ¢ = 345 A, ofa = 9.94
Fe(l)in3 a: R + (0,0,0) ; Fe(2) in 6 ¢z R £ (0,0,2), z = 0.9171
S(1)in6c,z=07898 ;52 in 6 c. 2 = 0.6270

3 is approximately cp; what is the stacking sequence? Fe atoms fill octahedral
interstices. Answer (with 4,8, for anions and o8,y for cations):

hhece S, sequence = ApByA-YB-C-LABCPA-BCaBoC..
7. The structures of the rutile form of TiO7 and of CaCly are closely related:
Ti0 Pdy/mnm, a=4.594 &, ¢ = 2.958 A
Tiin2a: (0.0,0; 172,172, 1/
Oin 4 f £0rx.0 5 1/2+4x,1/2-x,1/2), x = 0.305
CaClp Panm,a=6241 A, b =6432 A, c =4.340 A
' Cain2a (00,0 ; 1/2,1/2,1/2)
Clin 4 g: +(x,y,0 xE12,1/2-,1/2), x = 0.275, y-=0.325

Plot both structures in projection down the short axis and compare with Fig. 6.20 (p.
229). What (approximately) is the anion packing?
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8. The structure of MozBC is:

MozBC Cmem, a=3086, b= 1735, ¢ =3.047 &
Mo(1) in 4 ¢: C £ (0,,1/4), y = 0.3139 ; Mo{2) in 4 ¢, y = 0.0721
Bindc,y=04731:Cind e,y =0.1920

Describe the Mo structure as a stacking of 44 pets along b using the notation A, B, C, D
and describe the type of site {octahedron, trigonal prism etc.) occupied by B and C.
Compare the B-B and C-C distances in the structure.

9. Pa and ¥Pu are both 10-coordinated:
Pa Hiimmm, a=3.932,c=3238 A, Pain 2 a: I + (0,0,0)
¥Pu Fddd, a =3.159, b = 5768, c = 10.162 A. Pu in 8 a: F + (1/8,1/8,1/8)

Plot the Pa structare projected on (110). How do the interatomic distances compare with
those in the 10-coordinated bet? The Pu structure is based on a stacking of 36 nets along
¢ in the sequence ADEF (see Fig. 6.40, p. 247). Calculate the ten shortest interatomic
distances in Pu. What is the next shortest distance?

10. Ta3B4 is orthorhombic:

TazBy4 Immm,a=329,b=140,c=3.13 A
Ta(l) in 2 c: /4 (0,0,1/2); Ta(2) in 4 g: I + (0,y,0), ¥ = 0.180
B(1)ind g,y =0375 B in4 k: 1 = (0, 1/2), y = 0444

Describe the Ta arrangement as a stacking of 44 nets along b (as in Exercise 8). What is
the coordination of the B atoms? Check your answers by drawing the structure in
projection down a. '

V3B4 is isostructural with TazB4 and VB is isostructural with CrB (p. 250). There is
also reported a composition V5Bg (= 2VB + V3B4). Can you guess a possible strcture for
this last composition? [See Hyde & Andersson (Book List) p. 227.]

11. Many halides have structures with ¢p anions. Some are rather simple (e.g. CdCl};,
and Cdly, § 6.1.5), but others have rather complicated low-symmetry structures. Data in
abbreviated form for some iodides are given below.

Znly . HMylacd, a = 12284, ¢ = 23.583 A. Zn 32g, 0.3749,0.3625,0.0627

I(1) 16d, 0,1/4,0.6047 ; K2) 16¢, 0.262.0,1/4 ; I(3) 32g, 0.0113,0.9993,0.1267
Hglo Pdyiume, a =4370, ¢ = 12.443 A, Hg 2a, 1/4,3/4,1/4 ; 1 4d, 1/4,1/4,0.3891
Bily R3, 0 =7498, c = 20.68 A. Bi 6c, 0,0,0.167 ; I 18f, 0.342,0.340,0.0803
Snly Pd3, a=12.273 A. Sa 8¢, 0.125,0.125.0.125

I(1) 8¢, ©.252,0.252,0.252 ; 1(2) 24d, -0.002,-0.002,0.253
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Ul Cle, a = 13967, b = 8472

\ 967, b =8472, ¢ =7.510A, $=90.54". U 4

K1) 8, 0.123,0.118,~0.086 ; 1(2) 8f, —0.134,0.382,0.100 001531
Hfly Cle,a = 11787, b = 11.80
\ 787, 6= 11801, ¢ = 12905 A, B = 116.3°. A

HE 0.4244,0.3610,0.3753 ; (1) 0.3270,0.3830,0.1309 Havoms 8.

K2) 0.4470,0.1351,0.3866 ; 1(3) 0.1898,0.3761,0.3632

14y 0.4369,0,6154,0.3808 o
Prly F43m, a = 12.360 A. All atoms 16 ¢, x.x.x etc.

Pr, x=0.3606 ; I{1), x = 0.1115 ; K{2(, x = (.6257
Identi . . .
dentify the anion packings (ail are cp) and the way the cations occupy the interstices

. 4142.114; te;r;gonal tqtrahedral lay'er (5_5 6.4.2) consists of two 4% nets of ¥ stacked AB, with
L nfe oy ic;f ;w;ceﬁt‘he dEIl:l‘S;ty in between [so there are {¥)X, tetrahedra}' The
7 2¥3. 1t n such layers are joined together the stoichiometry i .

(the case 7 = o corresponds to fluerite structure X2¥). In compounds wittl?(tiiz }1%{:;;

structure there are double tetrahedral 1 = § i
tayors o K i {15 e ayers (n = 2) of {Cu}S4 tetrahedra interwoven with

KCuyS3 Pdimmm, a = 3.899
mmu, a =3.899, ¢ = 9262 &, ¢/a = 2.38. Kin 1 b:
Cuind i 012z 12082201608 oo

S(1)in 1a: 0,005 $(2)in 2 k: £(1/2,1/2,2), 7 = 0.2944

Verify that the S packin i
g consists of 44 nets stacked ABB... and th i
! at Cu ato
i{nC;irSifetitrlagedra . Co.mpare the Cu...Cu distance in the layers with the Cu. Cun:isisi;cl:z
ntal Cu (cep with @ = 3.615 A). Speculate on the oxidation states of tﬁ;a atoms,

carﬁ&?ﬁﬁiiiﬁi ;;e ;é‘a?e sc;l—callled H phases found for aluminum-transition metal
: S, y other isopuntal compounds are k i i
with two nor-metallic components (which are still (?alled H phas&?s(;:wn ineluding examples

Al
CrpC PGafmme, @ = 2.860, ¢ = 12.82 A, cfa = 4.48. Al in 2 & +(1/3,2/3,3/4)

Crindf 2(U/3.2/3,2; 113,213,142z}, 1 = 0.086 5 C in 2 a: (0,0,0 ; 0,0,1/2)
TizSC P63/mmc, a = 3.210, ¢
,a=3210,c=11.20A, cfa =3.49. Sin 2 d: #(1
63/mn \ 49, s (113,243,
Tiin4 £ £(1/3,203,2 5 1/3,2/3,1/2-2), z = 0.099 : C in 2 a:{ (0.0,0 -3(;43 1/2)

Describe the two compounds above in i
: terms of stacking of 36 nets (using AB
ZVha(;‘ (1‘f .any) sets of atoms approximate closest packing in each cafse‘7 Vg\fhatca,ra‘[:?.
oordination polyhedra around § and C? {Compare Ti2SC with TiP (§ 4.6 f;) 1 oo
14. Here is a simple packing of unit diameter spheres:

Fimmm, a=1+42, ¢ =2, Ceaters in 8 & /£ (10,0 ; 00}, £ = EA2 + ¥2)

Identify the net in the layers normal to ¢, and the coordination number of the packjng

CHAPTER 7

NETS AND INFINITE POLYHEDPRA

7.1 Introdueti_on

In this chapter, in contrast to the last, we discuss some arrays of points with low
coordination number, particularly 3- or 4-coordination. These are less usefully considered
as sphere packings, and are more commonly described as nets. In some cases it is useful to
consider the nets as the edges and vertices of packings of polyhedra. As in the previous
chapter, the emphasis is mainly on the simpler high-symmetry paticrns that occur in a
variety of structural contexts, Now a systematic organization is more difficalt as nets may
be derived and described in mote than one way. To improve continuity we have included in
the main body of the text some material that might otherwise have been relegated to the
Notes. In particular section numbers in this chapter that are marked with an asterisk may be
of lesser interest to some readers and may be omitted in a first reading.

The diamond structure is a familiar example of a 4-coordinated (or 4-connected) net and
many other 4-connected nets arise as structures of alumino-siticates (including the two most
commen crystalline materials in the earth’s crust: quartz and feldspar). In the latter case the
Si (or Al) atoms are the nodes (or vertices) of the net and the -0O- bonds are to be
considered the links {or edges). The frameworks of zeolites {mainly alumino-silicates and
alumino-phosphates) are currently of great interest as their catabytic and other properties are
largely determined by their structures. Other important 4-connected nets occur in covalent
solids and as the hydrogen-bonded networks in polymorphs of ice and in hydrates.

Nets can also have mixed coordination; thus the net describing the atoms in SizN4 (=
iv§i4iiN4), in which Si is connected to four N, and N is connected to three Si, is referred
to as (3,4)-connected. An important class of nets with mixed coordination is that corre-
¢ponding to frameworks of corner-connected octahedra and tetrahedra. For example, in
Fe2(S04)3, {Fe]Og octahedra share corners with {$)Os tetrahiedra and vice versa. The Fe
and § atoms are at vertices and the -O- links correspond to edges of a (4,6)-connected net.

We usually describe nets in crystallographic terms. We generally give unit cell
parameters and coordinates of vertices that correspond to an idealized conformation in
which the edges are of equal lengl, and in which the volume, subject to this constraint, is
a maximum. This conformation is also one of maximum symmetry. Some nets occur in a
variety of erystal structures and often then have lower symmetry.

There appears to beé no simple method of giving a purely topological definition of nets,
but a partial topological characterization of 3- and 4-connected nets is nevertheless useful,
so we discuss this topic first. A systematic description of nets is difficult and efforts to
enumerate possibilities have not succeeded in any rigorous manner (many hundreds of 4-
connected nets have been described in the Hterature).

The topology of nets is a source of some fascinating, and mostly unsolved, problems.
For cornments on these aspects see Appendix 3.




