288 Chapter 6

Ul =
4 C2fc,a = 13967, b= 8472, ¢ = 7.510 A, B = 90.54°. U 4f, 0,0.152,1/4

K1) 8f, 0.123,0.118,-0.086 ; 1(2) 8f, ~0.134,0.382,0.100

58 = 3 :
fi4 C2lec,a=11787, b = 11.801, ¢ = 12.905 A, §=116.3". All atoms 8f.

HF 0.4244,0.3610,0.3753 ; K1) 0.3270,0

: 0.3753 ; 3270,0.3830,0.1309
1(2) 0.4470,0.1351,0.3866 ; 1(3) 0.1898,0.3761,0.3632
I(4} 0.4369,0.6154,0,3808 "

Pl Fa3m, a = 12.360 A. All atoms 16 ¢, x.x,x etc.
Pr, x = 03006 : I(1), x = 01515 ; 2, x = 0.6257

Identify the anion packings {all are ep) and the way the cations occupy the interstices

) 414?.;;:\t tg;r;gonal tc‘trahedral layf.-r (§ 6.4.2) consists of two 4% nets of ¥ stacked AB, with
otchiomey i(;f };w;cel;he dertl!s;ty in between {so there are {Y}X4 tetrahedra]‘ The
s 2¥4. If n such layers are joined together the stoichi is X2,

i 1 ome X
(the case n = = corresponds to fluorite structure X7 Y). In compounds wittlll—ytliz KZCHEE;

structure there are double tetrahedral layers (n = 2) of {Cu}S4 tetrahedra interwoven with

Iayers of Kin {K}Sg cubes:

KCuys83 Pdfmmm,a =3.899,c=9
mmm, a = 3.899, ¢ = 262 A, cla=238.Kinléb:
Cuind it 20,12,z ; 11202, z = 0.1603 H0042

S{1yin 1 a: 0,00 ; S(2) in 2 A: #(1/2,1/2,2), z = 0.2944

{c:fglf); tthalt1 tl;e S packing consists of 44 nets stacked ABB... and that Cu atoms are in
{Col n;;e I;et E:’lace ra . Cqmpare the Cu...Cu distance in the layers with the Cu...Cu distance
u {ccp with a = 3.615 A Speculate on the oxidation states of the atoms.

13. i
carbide?lgdg(iigi ;;1: K;athe soh-cal.led H phases found for aluminum-transition metal
! 5. Many other isopuntal compound: k i i
with two non-metallic components (which are still fatled ;I Z;)rk‘leas:s())jwn neluding exanples

AlCrsC gﬁglmmc, a=2.860,c=12.82 A, cla = 4.48. Al in 2 &: £(1/3,2/3,3/4)
rind f (13,2732 1/3,2/3,1/2—2), 1 = 0.086 ; Cin 2 a: (0,0,0 "0 0,1/2)
TipSC P6simme,a =3.210, ¢
6: ,a=3210,c=1120A, ¢/fa =349.Sin2 d: H1/3,2/
Tiin4 £ £(1/3,2/3,2; 1/3,2/3,1/2—2), 2 = 0.099; Cin 2 ;( ) EJ :"3(';43 1/2)

Describe the two compounds above in terms of stacking of 36 nets (Lising ABC,afiy)

What (if any) sets of atoms a 1
(Gf. pproximate closest packing i ?
coerdination polyhedra around S and C? [Compare TPigSC v%itll?"l?ig;’cgiiazeé)?{hm e e

14. Here is a simple packing of unit diameter spheres:

mmm, a=1+42, ¢ =42, Centers in 8 /2 T = (x,0,0 ; 0,0), x = /(2 + ¥2)

Identify the net in the layers normal to ¢, and the coordination number of the paci&i’ng

CHAPTER 7

NETS AND INFINITE POLYHEDRA

7.1 Introducti_nn

In this chapter, in contrast to the last, we discuss some arrays of points with low
coordination number, particutarty 1. or 4-coordination. These are less usefully considered
as sphere packings, and are more commonly described as nets. In some cases it is useful to
consider the nets as the edges and vertices of packings of polyhedra. As in the previous
chapter, the emphasis is mainly on the simpler high-symmetry patterns that occur ina
variety of structural contexts. Now a systematic organization is more difficult as nets may
be derived and described in more than one way. To improve continuity we have included in
the main body of the text some raterial that might otherwise have been relegated to the
Notes. In particular section numbers in this chapter that are marked with an asterisk may be
of lesser interest to some readers and may be omitted in a first reading.

The diamond structure is a familiar example of a A-coordinated (or d-connected) net and
many other 4-connected nets arise as structures of alumino-silicates (including the two most
commton crystalline materials in the earth’s crust: quartz and feldspar). In the latter case the
Si {(or Al) atoms are the nodes (or vertices) of the net and the -O- bonds are to be
considered the links (or edges). The frameworks of zeolites ¢mainty alumino-silicates and
alumino-phosphates) are currently of great interest as their catalytic and other properties are
largely determined by their stractures. Other important 4-connected nets oceur in covalent
solids and as the hydrogen-bonded networks in polymerphs of ice and in hydrates.

Nets can also have mixed coordination; thus the net describing the atoms in SigNg (=
ivgi4iiiNy), in which Si is connected to four N, and N is connected to three Si, is referred
to as (3,4)-connected. An important ¢lass of nets with mixed coordination is that corre-

sponding to frameworks of corner-connected octahedra and tetrahedra. Por example, in
Fex(S04)3, 1Fe}0s actahedra share corners with {810y tetrahedra and vice versa. The Fe
and S atoms are at vertices and the -O- links correspond to edgesof a {4,6)-connected net.

We psually describe nets in crystallographic terms. We generally give unit cell
‘parameters and coordinates of vertices that correspond to an idealized conformation in
which the edges are of equal length, and in which the volume, subject t0 this constraint, is
2 maximum. This conformation is also one of maximum symmetry. Some nets occur ina
variety of crystal structures and often then have lower symmetry.

These appears to be no simple method of giving a purely topological definition of nets,
but a partial topological characterization of 3- and 4-connected nets is nevertheless useful,
0 we discuss this topic first. A systematic description of nets is difficult and efforts to
enumerate possibilities have not succeeded in any rigorous manner (many hundreds of 4-
connected nets have been described in the literature).

The topology of nets is a source of some fascinating, and mostly unsolved, problems.
For comments on these aspects see Appendix 3.
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We caution the reader that it is often very difficult to appreciate the structure of a three-
dimensional net and virtually impossible to do such things as enumerate rings from a
drawing. On the other band models can be made simply and inexpensively (see Notes) and
it will be found that these are invaluable {and sometimes essential} aids to understanding.

7.1.1 Circuits, rings and Schlifli symbols

Three-dimensional nets can be considered as infinite periodic graphs; we then tend io
talk of vertices (atoms) and edges (bonds)}—a common practice in graph theory. A path is
a continuous sequence of edges, and a circuit is a closed path beginning and ending at the
same vertex. The term ring is used in a special sense, described below, that is consonant
with chemical usage. Any two edges with a common vertex define an angle at that vertex.

Recall that in Chapter 5 we often characterized finite polyhedra and two-dimensional nets
by Schlifli symbols; which gave in cyclic order the size of the polygons common to &
}fcnex. For 3- and 4-connected three-dimensional nets it is a common practice to extend the
idea of a Schii#fli symbol to include these cases also. Now, instead of polygons, either
shortest circuits or shortest rings are used and we must first make clear the definition of
these terms and be careful to distingvish between them.

For each angle at a vertex we can find a circuit which is a path that starts out at the vertex
in question (the home vertex), goes out along one edge, and returns home along the second
edge of the angle. The shortest such path (one that traverses the least number of edges) is
the shortest circuit associated with that angle and is signified by the number of edges it
contains, Some authors characterize three-dimensional nets by giving a “Schlifli symbol”
that indicates the size of the shortest circuit at each angle; we give an example of this
procedure below.

Fig. 7.1, Two fragments of nets discussed in the text,

The use of shortest circuits is not always consistent with our earlier treatment of
polyhedra and two-dimensional nets as we now explain. In Fig. 7.1 (left) let the circle
labeled “1” be the home vertex, and let @ and & be two edges defining the angle ab at vertex
“1.” The rest of the numbered vertices represent a fragment of a net, which may be finite
(i.e. the net of a polyhedron) or an infinite two- or three-dimensional net. There is a 6-
cirenit 1,2,3,4,5,6 containing this angle, but there is a “short cut™ back to vertex 1 from
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vertex 4. To be consistent with earlier usage, we should not consider circuits that have such
short cuts and count only those without them. Another circuit containing the angle ab is
1,6,7,8,9,10,2; this circuit does not contain short cuts as the path aleng the circuit between
any two vertices on the circuit is a shortest path between them. Such circuits are variously
called “fundamental circuits,” “primitive rings,” or just “rings;” here we will use the
simplest term “ring” and reject the 6-circuit 1,2,3,4,5,6 as not being a ring but accept the 7-
circuit 1,6,7,8,9,10,2 as a ring.

It is not hard to see that an infinite net will have only a finite number of rings for each
vertex, whereas there is an infinite number of circuits. Interesting unsolved problems are
how the number and sizes of rings affect properties such as density, and what constraints
there are on ring size.

Referring to Fig. 7.1 (right) we can see that the circuit 1,2,3,4,3,6 is not counted as a
ring, but 2,3.4.5,6,7 is. The latter ring is however made up of smaller ones (1,2,3,4 and
1,4,5,6 and 1,2,6,7) in the sense that traversing all the edges of the smaller rings will result
in traversing all the edges of the larger one. Rings that cannot be decomposed in such a
manner have been called “strong rings.”

Tt is useful to recognize that the graphs of finite polyhedra usually contain rings that do
not enter into the Schlifli symbol. Figure 7.2 (left) is a conventional representation of a
cube: on the right is a Schlegel diagram. The circuit 1,4,8,7,6,2 (shown as heavier lines) is
a 6-ring. The presence of 6-rings is not reflected in the Schiafli symbol (43) for the cube.

The reader might like to verify that there are also 6-rings (hexagons) in the
cuboctahedron, 3.4.3.4 (see e.g. Fig. 6.3, p. 21.5).

Fig. 1.2, Left: a conventional representation of a cube. Right: a cortesponding Schiegel diagram. A 6-ring
is shown as heavier lines.

_ Three angles meet at each node of a three-connected net. Tn contrast to plane nets, in
three-dimensional nets more than one ring may be included in an angle (see also the next
section), so we modify the Schlafli symbol to read X YyZ; where X, Y, Z are numbers
that represent the ring size and x,y.z are numbers that indicate the numbers of rings meeting
at that angle; subscript *17 is omitted. Thus 8-8-82 indicates that at two of the angles there
is an 8-ring and at the third angle there are two 8-rings. Note that many authots omit the
subscripts, and the symbol for the vertex in this example is then writien 83.

Just as polyhedra often contain larger rings than those used to specify the Schlifli
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symbol, three-dimensional nets often contain larger rings in an analogous manner.
(Remember that we use only the shortest rings at a vertex to construct the vertex symbol.)

To make clear the distinction between the use of circuits and rings, we give another
example. Fig. 7.3 shows a fragment of a net. The 3-connected vertex shown as a filled
circle has a 4-ring, a 6-ring and a 10-ring at the three angles, so using rings the symbol is
4.6.10 (the fragment shown might represent part of the net of the truncated
icosidodecahedron). The 10-ring is at the angle ab. There is also an 8-circuit
(1,2,3,4,5,6,7,8) at the same angle, but we do not count it as a ring because there is a short
cut between vertices 1 and 4.

Fig. 7.3. Rings surrounding a 4.6.10 vertex (filled circle). The angle ab is contained in the 10-ring
(lightly shaded) and also in the 8-circuit (not a ring) 1,2,3,4,5,6,7,8.

7.1.2 Schlifli symbols for 4-connected nets

Let us arbitrarily label the four edges meeting at a vertex of a 4-connected net a, b, ¢ and
d. A pair of edges, such as ab define an angle at that vertex. There are six angles at each
vertex defined by pairs of edges: (ab, cd), (ac, bd), (ad, bc). Pairs of angles in parentheses
have no common edge and are referred to as opposite angles. Pairs of angles with a
common edges are referred to as adjacent.

. Fig. 7.4. [llustrating two 6-rings containing the sarme angle (heavy lines) at a vertex (filled circle) in the
diamond net. This figure is a fragment of Fig. 7.10 (left).

For a given angle there may well be several distinct shortest rings. For example, in the
diamond structure (§ 7.3.1) two 6-rings are contained in each angle as sketched for one
angle in Fig. 74.

In order to facilitate comparison with the (rather large) literature on 4-connected nets we
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sometimes use two kinds of “Schlifli” symbol. A “short” one that specifies just the shortest
circuit contained in each angle (most commonly found in the literature) and a “long™ one
that recognizes only rings and is described next by example.

In the structure of a feldspar (§ 7.3.9) such as CaAlpSinOg, the net of the Al and Si
atoms has two kinds of vertex.! If we use just the shortest circuits at each angle, the
symbols for both vertices are 42.63.8; however, using rings we can distinguish the two
vertices. The smallest rings and circuits associated with each angle are given below for each
vertex. Also listed are the numbers of such rings and circnits for each angle.

vertex 1 vertex 2
angle  ring nember <circuit number ring number circuit number
ab 4 1 4 1 4 1 4 1
ed 6 1 6 1 [ 6 2
ac 4 1 4 1 4 1 4 1
bd 6 I 6 1 8 1 8 3
ad 8 2 8 6 6 1 6 1
be 10 10 6 1 6 2 6 2

We now write a long Schiifli symbol for each vertex as follows. We write, in order, the
symbols of the rings with a subscript for the number of zings (omitting the subscript “17).
Note that we pair circuits by opposite angles and, subject to that constraint, write the
smallest numbers first. The symbols for the twa vertices are therefore:

vertex 1 4.6-4.6-85:101p
vertex 2 4-67-4-8-6-67

Not all nets have distinctive vertex symbols even using long symbols: the pair diamond
and lonsdaleite (see below) is a conspicuous example; for both nets the vertex symboal is
67-67-67-07:62:62.

Note that in our usage short symbols {using shortest circuits) employ superscripts which
{including the imptied “1”s) add up to three for 3-connected nets and to six (for the six
angles) for 4-connected nets. Long symbols contain three entries for a 3-connected net and
six entries for a 4-connected net and these are separated by a *” and may (often do) employ
subscripts in some of the entries. Although the procedure may appear somewhat
complicated, it is in fact very readily implemented using a computer, and is of considerable
help in identifying nets of a given topology in structures.

7.1.3 Coordination sequences

We briefly mentioned coordination sequences for structures in § 6.8.2. Each different
kind of vertex in a net has associated with it a coordination sequence (CS) which is the

IBut not (as one might first expect} with Si on one kind of vertex and Al on the other. The edges of the
nets correspond 1o the -O- bonds to (5i,Al} atoms. Ca is accommodated in cavities in the net and is ignored
in the present context. :
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SEQUENCE Ay, 2, ... Mk - of numbers of kth topological neighbors. In the language
appropriate for discussion of nets we simply define a &th neighbor of a vertex to be one for
which the shortest path to that vertex consists of k edges.

Figure 7.5 illustrates the concepts of topological neighbors and CS for the two-
dimensional net 44, The reference vertex (filled circle} has four neighbors (dark shading}
connected to it by an edge, so 77 = 4. The second neighbors (light shaded) of the reference
vertex are first neighbors of the first neighbors (other than the reference vertex) and clearly
rtz = 8. Similarly the third neighbors (open circles) of the reference vertex are the first
neighbors of the second neighbors of the reference vertex that are not first neighbors of the

reference vertex {or, more simply, the third neighbors are those for which the shortest path

to the reference vertex consists of three edges). It should be clear that n3 = 12. In fact it
should be clear (drawing a few more shells may help) that ny, = 4k in this instance and that
the CSis 4, 8, 12, 16,....

Fig. 7.5. Iustrating the topological neighbors of a vertex in the two-dimensional net 4% (see text).

Recall that the CS is concerned only with the topology of the net. In Fig. 7.5 the 44 net is
illustrated in its most symmetrical form and it should be obvious that the eight second
topological neighbors are not all the same geometrical distance from the reference vertex.

We give examples of CS's for some nets-in the sections below. One of their main uses is
in computer recognition of nets, but it should be emphasized that occasionally two different
nets have the same CS so that strictly speaking it can only be proved that two structures
have different topologies.! The CS for the twe vertices of the feldspar net are 4, 10, 20, 38,
58,... and 4, 10, 22, 38, 56,... respectively. We know of no example of two different nets
in which the vertices have simultaneously the same CS and Schlitli symbol.

7.1.4 Further definitions

Other terms that have obtained some currency are now defined.

A iminodal net is one in which all vertices are congruent. In its maximum symmetry
form all vertices will be related by symmetry operations (be equivalent).

A uniform net is one in which the shortest rings at each angle are equal in size. A
familiar two-dimensional example is 6.

IThe reader can readily verify that the CS for the two-dimensional net 3.4.6.4 is the same as that for 4%,
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A quasi-regular net is one in which all vertices and all edges are equivalent.!
A regular net has all vertices, all edges and all angles equivalent. A regular net is
necessarily uniform. The net of the diamond structure is the only regular three-dimensional

4-connected net; the corresponding regular 3-connected net is described next.

*7.2. 3-connected nets

We have met some plane 3-connected nets before, notably the honeycomb (63). This is
very frequently found as a layer in a crystal structure (e.g. graphite). A number of three-
dimensional nets which can be realized with equal edges and angles of 120° between the
edges, are known, and some are of sufficient interest to describe here.

The first three-dimensional net is an invariant cubic lattice complex:

r* 14132, 2a=v8
105-105-105 in 8 a: [ + (1/8,1/8,1/8 ; 3/8,7/8,5/8)
or & b: § + (7/8,7/8,7/8 ; 5/8,1/8,3/8)K

These two sets of positions produce structures that are enantiomers of each other and
they are symbolized +Y* and -Y* respectively (for reasons which will be apparent later).

Although there are only four vertices in the repeat unit (the primitive cell), the structare is
difficult to illustrate. Fig 7.6 shows two projections of +¥™. Note (on the left) that there are
four-fold helices along [001] of one hand (anticlockwise along +z, i.e. 41} in the structure,
and that (right) there are likewise three-fold helices along [111] that are all of the same hand
(32). The helices are of opposite hand in -Y*. The Schlifli symbol is 105-105-105 (five 10-
rings meet at each angle). This net occurs as the Si arrangement in SrSiz and isostructural -
compounds. Tt is the only regular three-dimensional 3-connected net. For a stereo picture of
this net see § 7.11.8,

The axes of the 4y helices are arranged as in the S-Mn cylinder packing and the axes of
the 3 helices are arranged as in the SrSi; cylinder packing {hence the name of the latter).

Tt is interesting that the same structure can be derived in several ways, Positions 8 ¢ of
P4132 are (x.%,% ; Ya-x,3/4—x,3d—x ; %,1/2+x,1/2-x ; /4-x,3/4+x,1/4+x)x and 8 ¢ of
the enantiomorphic group P4332 are (x.x.x, 5 Vd—x, Vd—x,1/4—x ; T, 1/2+x,1/2-x 5
3/4—x 1/4+x,3/4+x). We have the special cases:

P4432 Bcx=1/80r5/8 — 8 aof 14132
P4332 8crx=38or T8 -8 bof 4132

In the crystal structure of SrSiy (for data see Appendix 5), the Si atoms are at poéitions 8
¢ of P4332 with x = 0.423 so they constitute a slightly distorted version of -¥* (the Si-Si-Si
angles are 113°). We may write the compound as Sr2+(Si-); and then recognize that Si- is

tOne sometimes sees the term “regular” for what we lerm “quasi-regular® bui this conflicts with
established usage for plane nets and polyhedra. The polyhedra 3.4.3.4 and 3.5.3.5 are quasiregular.
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isoelectronic with P. The formation of three non-coplanar P-P bonds in elemental P is
ascribed to the presence of a non-bonding pair of valence electrons, and it is tempting to
suppose that similar considerations apply to the Si-Si bonding in SrSis.

Fig. 7.6. Left: The lattice éomplex +¥* projected on (001). The unit cell is shown by broken lines and |

numbers are heights in multiples of ¢/8. Right: The same structure projected on {111). Open, shaded and
filled circles are at 0, 1/3 and 2/3 of a primitive translation vector {(a+h+c)/2 along [1113].

The invariant positions of P4332 are 4 a: (1/8,1/8,1/8 ; 3/8,7/8,5/8)x and 4 b:
(5/8,5/8,5/8 ; 1/8,7/8,3/8)x and the invariant positions of P4132 are 4 a: (3/8,3/8,3/8 ;
1/8,5/8,7/8)x and 4 b: (7/8,7/8,7/8 ; 1/8,3/8,5/8)x. The symbols for these lattice
complexes are +¥ and -Y respectively (see § 6.3.10). We can combine these as follows:

P4;32 da+db-—=8bof 432 (Y - -TH
P4332 da+4b—8aof [432 (2*F —» +¥H)

This shows incidentally that 74132 has both 4; and 45 axes. If we had atoms A on
positions 4 a and X on 4 & (of P4132 or P4332) we would get a simple (unknown)
structure with A surrounded by an equilateral triangle of X (and vice versa). Note that it is
its own “antistructure” (interchanging 4 and X produces the same structure),

A second cubic 3-connected net, called 6.82 D, can be constructed with angles of 120%

682D Prdm, a=13
6-8:8 in 24 i H112,x% ; 0,172-x.7 ; O.x, 12+x ; 1/2,1/2-x,1/24x)%, x = 1/3

A fragment of the structure is shown in Fig. 7.7, A notable feature is the groups (joined
by edges) of 12 coplanar vertices paraliel to {111}, The Schifli symbol is 6-8-8. There are
two kinds of edge: those on 6-rings, and those not on six-rings, The 6-rings and 8-rings of
this structure can be considered as covering an infinite surface (named D in Appendix 4)
and hence form an infinite polyhedron as discussed later for some 4-coordinated structures.

A related net, called 6.82 P, with the same Schlafli symbol (6-8-8) is also shown in Fig.
7.7. Parameters for unit edge length and regular hexagons are:
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6.82P Im3m, a = 5.266
688 in 48 & [ + (Fxted2)i, x = 0.3275 and z = 0.0949

The angieé are 120° and 114.1° (2x). For slightly different parameters, the bond angles
can be made all equal to 118.5". Like the previous net this can be considered as an infinite
polyhedron 6-8-8.1

Fig. 7.7. Two cubic 3-connected nets, 6-8-8. Left: 6.82 D. Right: 6.82 P.

Another 3-connected net occurs in silicides such as ThSia (for crystaflographic data for
the compound see Appendix 3). It can also be constructed with 120° bond angles:2

ThSi; net Hlamd, a=3,¢e=6
vertices (107-104-104)} in 8 2 { £ (0,1/4,2 ; 0,3/4,1/4+2), 2 = ~1/24

This net is sketched in Fig. 7.8. The Schlifli symbol is 107-104:104.

Three-connected nets can also occur in framework oxides with -O- links serving as
edges as described for the structure of B2O3 below. In P05 {P}Oy4 tetrahedra share three
corners with neighbors (so the stoichiometry is PO310 = 1/2 P0Os). In one polymorph,

" - isolated P401g molecules are formed in which the P atoms are at the vertices of a

tetrahedron (see Fig. 5.18, p. 150). In a second form the P-O-P links form a honeycomb

IThese 1wo 6.82 nets have been considered as possibie structures for three-coordinated carbor; see M,
O’Keeffe er al., Phys. Rev. Letts. 68, 2325 (1992); this reference explains the origin of the names. The
PrB3m structure is a particularly favarable candidate; it is known 1o organic chemists as the “Riley structure”
as it was apparently first suggested by H. L. Riley [see e.g. J. Gibson, et al.,, J. Chem. Soc. 456 (1946)].
The (hypothetical) carbon is called “polybenzene.”

2This js another net that has been considered as a possibie carbon structure; interestingly carbon with
this structure is predicted to be denser than graphite and metallic. [R. Hoffmann er al., J. Amer. Chem. Soc,
103, 4831 (198331 .
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(63) layer. Tn the third, and apparenﬂy most stable, form the P-O-P links have the topology
of the ThSi; net (see Exercise 11).

Fig. 7.8, Left: the 3-connected net of the Si atoms in ThSiz. Right: the 3-connected net of the B atoms
in ByO3. The ¢ axis is vertical and the shaded vertices fall on a 10-ring in each case.

Another 3-connected net (Fig 7.8) that can be constructed with 120° bond angles again
contains 10-rings. It is the net of the B atoms in By03 (for crystallographic data see
Appendix 5) and is trigonal:

B303 net P3|12,a=V3,c=92
vertices (10:102-102) in 6 ¢: (x,3.2 ; ¥.x-y,1/3+2 VY- X, 2034z L x0T
Yy W3- F 232 ), x= 13, y = 146, 2 = 19

7.3. 4-Connected nets

The number of 4-connected nets found in crystal structures is very large. Well over 100
different topologies are known for framework silicates, particularly natural and synthetic
zeolites. Some of these have a large number of topologically-distinct vertices and resist
simple classification. In this chapter we confine ourselves mainly to relatively simple
examples of nets with particular emphasis on those, such as that of the diamond structure,
which arise in a number of different contexts. Some of the structures we describe do not
appear to have been recognized yet in crystal structures. These have been assigned an
arbitrary number for identification,!

Recall that unless explicitly stated otherwise, crystallographic parameters refer to unit
edge (bond) length. For some nets (e.g. diamond) this is sufficient to completeiy

These index aumbers are known ta the cornpuier program EUTAX. {See also M, O'Keeffe & N. E.
Brese, Acta Crysiallogr. A48, 663 (1992).] With the recent flurry of activity in synthesis of new zeolites
and related materials we find that we are coatinually replacing index numbers with names of known
materials.
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determine the structure; for other structures we give parameters for maximum volume
subject to the constraint of equal edge length. Densities are expressed as r = number of
vertices per unit volume (for nets of unit edge). In the context of framework alumino-
silicates, there is considerable interest in the framework density (FD), usually expressed as
the number of tetrahedral atoms (ALSi) per 1000 A3. As the Si...Si distance is typically
3.06 A in framework silicates, FD = 10007/3.063 = 34.9r A3 '

7.3.1 Diamond, lonsdaleite and their polytypes

The diamond net is of course that of the diamond form of carbon and is also found as the
structure of the stable forms of Si, Ge and (at low temperatures) Sn. As it occurs in many
structure types it will prove profitable to become familiar with it. In the structure every
point is connected to four neighbors at the vertices of a regular tetrahedron as shown in
Fig. 7.9. A formal description is as follows: :

diamond Fd3m, a =43, r = 0.650
vertices in 8 a: F £ (1/8,1/8,1/8)

The positions of the vertices correspond to the lattice complex D.

G T
P30 70
] . 1
31 1
5@ 1® i
1 1
1 - 1
; 760 3@;
1 1
e  s® |
S 5

Fig 7.9. The diamond net. On the left in clinographic projection. The unit cell is outlined with dashed
lines and points within the cell are shaded. On the right is shown a projection down the direction shown as
an arrow (which corresponds to a unit cell edge) of the atoms shaded in the drawing on the left. Numbers are
atorn heights in multiples of 1/8. Small circles are centers of symmetry at the unit cell origin.

The long Schlifli symbol for this structure is 62-62-62:62-62-67. As we will see, some
other nets have the same symbol. .

1t should be obvious from the formal description above, that the diamond array consists
of two eep arrays (origins at 1/8,1/8,1/8 and —1/8,~1/8,-1/8), each array occupying half of
the tetrahedral sites of the other. If the two arrays are occupied by different kinds of atom,
we have the sphalerite structure of Zn$. Recall that in § 6.1.5 we described sphalerite
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as a “close packing” of S with Zn in tetrahedral sites (or vice versa). Now we see that the
structure is equally well (perhaps better) described as a bond network.

A related 4-connected net occurs as the structure of lonsdaleite, a rare allotrope of
carbon.! A formal description is:

lonsdaleite Phalmmce, a = V(8/3), c = 8/3, r = 0.650
vertices in 4 f £(1/3,2/3,7 ; 3,113, 1/2+7), 2 = 1116

The parameters are for the idealized structure with unit edge length and angles equal to
the “tetrahedral” angle cos-1(-1/3) = 109.47°. .

It should be cbvious from the above description [notice that ¢/a = @(8/3)] that, as in
diamond, the vertices fall on two cp arrays (but now hep) separated by /8. The vertices
of one array are in one half the tetrabedral sites of the second one, and vice versa. If the
two arrays consist of different kinds of atom we have the wurtzite form of ZnS. .

Fig. 7.10 shows the diamond and lonsdaleite structures side by side for comparison. In
the figure the direction up the page is {111] for the diamond structure and [001]. for
lonsdaleite. To facilitate the comparison, note that the diamend structure can be described
using a hexagonal cell with vertices in R & (0,0,1/8), a = \)'(8/3), ¢ =4, It should also be
noted that the nets could also be described as a stacking of puckered 63 nets (3-connected)
with additional bonds between the layers. In terms of the symbols introduced in the
previous chapter (§ 6.1.6) the stacking of (puckered) 63 nets (G) in lonsdaleite is Gl(_}l...
and in diamond it is G1G2Gas.... Later we will describe some other 4-connected nets derived
from 63 in related ways.

In the diamond structure all the 6-circuits are skew hexagons in “chair” conformation. In
tonsdaleite the hexagons not normal to [001] are in “boat” conformation (see Fig. 7.10).

Fig 7.1¢. Left: the diamond structure in clinographic projection with [111] vertical on the page. Right:
the lonsdaleite structure with [0013 vertical on the page.

INamed for Kathleen Lonsdale who made many contributions to carbon chemistry, notably the first
demonstration (by X-ray diffraction} of the planarity of the benzene ring. She was the first woman to be
elected to fellowship in the Royal Society of London.
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The Schlifli symbol of the lonsdaleite net is the same as that of diamond, viz.
6262-62-6-62-69. Accordingly to distinguish between these nets topologically we need to
consider numbers of kth neighbors. These are:

k 1 23 4 5 6 7 8 9 10

diamond 4 1224 42 64 92 124 i62 204 252

lonsdaleite 4 1225 4  67. 9% 130 170 214 264
difference 1]

0 1 2 3 4 6 8 12

It may be seen that lonsdaleite has more topological neighbors (i.e. is topologically
denserl} than diamond for third and subsequent neighbors. In these cases simple
expressions, in which brackets indicate rounding down to an integer, obtain for ng, the

~ number of kth neighbors:
diamond: ng = [5k2/2] + 2 (7.1
lonsdaleite: - 2 =[214%/8] + 2 (7.2)

Diamond and lonsdaleite structures may be derived from, respectively, cubic and
hexagonal eutaxy by filling ene-half of the tetrabedea! sites (either all those pointing down,
or all those pointing up). Related polytypes can be obtained in a similar way from more
complicated closest packings. The simplest of these, derived from he (4H) packing (i.e.
two hic cp arrays with points of one array in tetrahedral interstices of the other), is:

carbon 4H P63/mme, a = V(8/3), c =16/3, r = 0.650
¢ vertices in 4 e: £(0,0,z ; 0,0,1/2+2), z = 3/32
h vertices in 4 £ 2(1/3,213 .2 ; 1/3,2/3,1/2~2), 7 = 3132

A commonly encountered projection of these, and related structures, is shown in Fig.
7.11. For diamond, this is a projection on (110) of the cubic cell; for the hexagonal cell of
the other two nets it is on (1120), Single lines represent bonds in the plane of the
projection; double lines represent bonds out of the plane but superimposed in projection.
Readers interested in topics such as stacking faults in Si and similar defects will find it well
worth the effort it takes to learn to interpret such diagrams. In particular notice that the
double lines represent a zig-zag chain of vertices seen in projection; we encounter such a
motif repeatedly in the next few sections, :

“Diamond” (used as an abrasive) made by shock compression of graphite is usually a
rather disordered mixture of polytypes. SiC also occurs as many polytypes; a cubic
sphalerite form (known as B-SiC), a wurtzite form, and other hexagonal and
rhombohedral forms. The term @-SiC is sometimes used for the non-cubic forms. Under
the trade name “carborundum’ it is used on a large scale as an abrasive. The polytypes have
been studied very extensively as SiC is also potentially a valuable material for

1n the topological sense. In geometric terms the two nets in their most regular forms with equal edges
have the same density (vertices per unit volume),
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microelectronic applications. Unfortunately the electronic properties are very sensitive to
structure and it is still far from certain what factors determine which polytype will form,
and most preparations consist of intergrowths of different polytypes. The structure and
isotopic composition of meteoritic SiC (moissanite) is also currently of considerable
interest.

In the Notes (§ 7.11.4) we describe some of these polytypes in more detail and give
coordinates for idealized versions of some of the simpler structures.

Forms of silica (5i02) with vertex-sharing {Si}Oq tetrahedra and with the Si-(O)-Si nets
having the diamond and lensdaleite topology are known as cristobalite and tridymite
respectively,

Fig. 7.11. Left: the diamond structure projected on (110}, Middle: the lonsdaleite steucture projected on
(1120). Right: the Ac diamond polytype similarly projected. Double lines represent bonds up and down oat
of the plane of the paper.

*7.3.2 Two more uniform nets, 65 ‘ |

Fig. 7.12 shows a net that is a first cousin to the diamond-lonsdaleite family (compare
Fig. 7.11). It is also uniform (69) but now the extended symbol is 6-6-6-62-69-65. There
are also ten 10-rings meeting at each vertex in addition to the nine 6-rings. We have not
found a good name for this net so it is arbitrarily named net #9. A crystallographic
description is (mote that it is denser than diamond): :

net #9 Fddd, a =4.644, b =3.061, ¢ = 1.532, r = 0.735
6-6:6-62-62-67 in 16 &: F £ (x,1/8,1/8 ; 1/4—x, 1/8,1/8), x = 0.3057

Another simple uniform net (which we call net #5) is also shown in Fig. 7.12. Like the
previous net (and lonsdaleite) there are only four vertices in the primitive cell. The
extended symbol is 6-6-6-62-63-63. There are also eight 8-rings and ten 10-rings meeting
at each vertex in addition to the nine 6-tings. A crystallographic description is:

net #5 P4122, a = 2.030, ¢ = 1,414, r = 0.686
6-6-62:62:61-63 in 4 & (0,60 ; 05,172 3 x,0.3/4 ; 7.0,1/4), x = 0.3258

Despite their simplicity. model builders will find constructing these last two nets a

T
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challenge, and counting rings by hand quite difficult.

It appears that all uniform 4-connected nets are 6% (some more examples are given
below).! It contrast uniform 3-connected nets ranging from 73 to 123 are known (see
Notes). ‘

Fig 7.12. Left: net #% projected on (001) with a horizontal on the page. Open circles are at z = 1/8,
lightly shaded circles ar z = 3/8, darker shaded at z = 5/8 and filled circles at z = /8. Right: net #5
projected on (001). Open circles are at z = 0, lightly shaded circles at z = /4, darker shaded at z = 1/2 and
filled circles ai z = 3/4. In both figures broken lines represent bonds to atoms with either z < 0 or z> 1

7.3.3 Nets derived Jfrom 63: CrBy

As mentioned above, it is possible to derive 4-connected nets in a formal way by linking
stacked planar 3-connected nets. Lonsdaleite is a simple example of a 4-connected net
derived by linking 63 nets (Fig. 7.13, left). Two more ways of deriving 4-connected nets
from 63 are also shown in Fig. 7.13. In the figure, open and filled circles are to be
interpreted as links up and down from a given layer and in opposite directions in adjacent
layers so that each vertex is 4-connected. This description is sufficient to specify the
topology (connectivity) of the net. Note that edges connecting pairs of open or filled circles
correspond to 4-rings seen in projection. Except for lonsdaleite, all nets derived in this
way contain 4-rings.

Each of the two new nets derived in the figure is uninodal and the long Schlafli symbol
is also the same in both cases: 4-6-6-6-6-6 (short symbol 4.63).

The first new net, in the middle in Fig. 7.13, is the net of the B atoms in CrBy4 (which
has the orthorhombic structure described for MnBy4 in § 4.6.5—see also Appendix 5) so
we call it the CrB4 net. The other net is found s the arrangement of Ga atoms in CaGapQy
{edges correspond to Ga-O-Ga bonds). A formal description of the first net is:

CrBy Mimmm, a =3, c =2, r=0.629
4.62-6-6-6-6 in 8 h: I £ (zx,x,0), x = /6.

lan example of a net with only 7-rings is given below (§ 7.5.1), but one angle contains ne rings.
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Fig. 7.13. Derivation of 4-connected nets from stacked 63 nets (seg text). On the left, lonsdaleite is
derived, in the middle CrBy, and on the right CaGaz0y4. In each case additional bonds go up {down) from
open (filled) circles to identical nets above (below} the ones shown.

The net is illustrated in several ways in Fig. 7.14. On the left it is projected on (001), a
projection that suggests that it could also be derived from the planar 4.82 net in an obvious
way. This projection should also be compared with that of net #109 con the left of Fig,

7.15. The projection in the middle of Fig 7.14 corresponds to that in the middle of Fig.
7.13 (but rotated by 90°). .

[ .

3
i
1
1
]
1
1

Fig. 7.14. The CrBy4 net. Left: 2 projection on (001); filled and open circles are at z = 0 and 1/2
respectively. Middle: the structure projected on (100); filled circles are at x = £1/6 and open citcles at x =
+1/3. Right: as a clinographic projection (¢ vertical). ’

We meet the CrBy net in several disguises. The § & positions of I4/mmm can split into
two groups of 4 corresponding to the positions 4 fand 4 g of Pdy/mam:

4 f e x,0 ; 1242, 1/2~x,1/2) 4 g HxX,0; 1/24x,1/2+x,1/2)

If these positions are separately occupied by Be and O atoms (with x = 1/6) we obtain
the structure of §-BeO (for the real S-BeO structure see Appendix 5),

The same net appears as the Al,Si net in one form of CaAl28i203 (cf. the paracelsian
net in § 7.3.6 which is the net of another form of CaAlySiaOg).

The reader is encouraged to draw the second net (that of CaGayQy). This net also occurs
as the ALP net in the mineral variscite, AlPO4-2H70 (the corresponding net in

metavariscite, which has the same composition, has the CrB4 topology). The
crystallographic description is: :
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CaGaz0y4 Cmca, a=2.823,5=329],c=2.794, r = 0.616
4-62-6-6-6-6 in 16 g: C & (Tx,y.2 5 22, 1/2-9,1/2+7),
x=0,177, y = 0.133, z = 0.087

*7.3.4 Two nets related to CrBy with zig-zag rods

Fig. 7.14 shows (left) how CrBy4 may be derived from the two-dimens'ional net 4.82 by
replacing some of the edges (those not on squares) by zig-zag lines (which are shown as
double lines in the projection) representing edges connecting layers above and belc_;w. A
related net can be derived from 4.82 by an analogous procedure if the squares are stightly
tilted out of the plane as shown in Fig. 7.15 (left). We label this net #109.

Another net that occurs as the (ALP) framework in a form of AIPO4 known as AIPOy-31
is derived similarly from the two-dimensional net 4.6.12 [see Fig. 7.13 (right}].

Fig. 7.15. Left: net #109 projected on (001). Increasing depth of shading irdicates elf:vations of .zj8,
32/8, 52/8 and 7z/8. Right: AIP04-31 projected on (001). Increasing depth of shading indicates elevations
of z/12, 3z/12, 5z/12, 7¢/12, 92/12 and 112/12.

Crystallographic data for these structures are;

net #109 14| famd, a =5.856, c = 1.423, r = 0,656
4-69-6-6-6-6 in 32 & I & {x,y,z ; etc.), x = 0.085, y = 0.080, z = 0.125

"AlP04-31 R3m, a = 6.800, e= 1.578, r=0.570
4.69-6-67-6-63 In 36 iz R = (x,y,z ; ete), x = 0.1992, ¥y = 0.251, z = 0.25

The nets of this and the previous section can be distinguished by numbers of topological
neighbors 7 (the coordination sequence). Values for the first three are rather close to sach
other as might be expected for nets with the same Schlifli symbols,

k 1 2 3 4 3 6 7
CrBy4 4 11 24 41 62 90 122
CaGaz0y 4 11 24 41 63 91 123
net # 109 4 11 24 42 65 95 131
AlPO4-31 4 11 22 37 59 85 114
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' 7.3.5 SrAlz, cancrinite, and related nets with double Zig-zags

Two more ways of connecting 63 nets are shown in Fig. 7.16. These both give rise to
uninodat nets that are of interest in crystal chemistry. The net on the left is found as the Al
arrangerment in SrAly, so we name it after that compound.! The same topology also occurs
(considerably distorted from the geometry given above) as the network of ponds in a-Np.

Fig. 7.16. Derivation of the SrAly (left) and paracelsian (right) nets from 63 {compare Fig. 7.13).

A description of the SrAlg net is:

SrAly Imma, a =3.268, b = 1.681, ¢ = 2.631, r = 0.534
4-6-4-6-6-87 in 8 i: [ (4x,1/4,2), x = 0.153, z = 0.103

The structure is simply illustrated as a projection down the short axis (b); it is shown in
this way as Fig. 7.17 (left). ’ . :

Fig 7.17. Left the SrAlj net projected on {010). a i3 horizontal on the page. Filled and empty circles are
at y = 1/4 and 3/4 respectivety. Right: MAPO-39 projected on (001). Filled and empty circles are at z = 0
and 1/2 respectively. In both cases single lines are edges in the plane of the projection; double lines
represeat edges up and down out of the plane,

IThe “type” compound is often taken as CeCuy, structural data for which are to be found in Exercise
3.11. If you did that exercise, compare your drawing with Fig. 7.17.
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Other occurrences of this net are as the (Al Si) framework in RbA]ISiIOy4 and in the
synthetic zeolite known as Li-A with stoichiometry LiAlSiO4-H,0.

A closely related net occurs in the synthetic zeolite with (Mg,ALP) as framework atoms
known as MAPO-39. The formal description of this net is:

MAPG-3% Aimmm, a = 4,150, ¢ = 1.708, r = 0.544
464-66:8 in 16 & J £ (£x,y,0 ; 2y.2,0), x = 0.121, y = 0201

The relationship of this net to SrAl should be apparent from Fig, 7.17. Both structures
feature double zig-zags of vertices which make up a puckered ladder as shown
schematically on the left in Fig. 7.18. The two nets differ only in the way the double Zig-
zags are interconnected. Note that in Fig. 7.17 the projection is along the axis of the double
zig-zag (which projects as a rectangle).

Sageedn, (Pl

Fig. 7.18. Left: part of a double zig-zag. Right: part of a double crankshaft.

The net on the right in Fig. 7.16 occurs as the (Al,Si) framework in paracelsian and is
discussed in § 7.3.6.

Another simple net containing double zig-zags occurs in the structure of cancrinite,
which has ideal formula CalNagAlgSig0Q24C03-2H20. This net is shown in projection in
Fig. 7.19. Crystallographic data are:

cancrinite  P6almume, a = 4.000, ¢ = 1.633, r = 0.530
4-6:4-6-6:6 in 12 j: £(x, v, 104 ; v,2,3/4 ; ¥ x—y,1/4 L=y, 34
xE 14 Ty—x,34), x = 112, y = 512

Fig. 7.19. The canerinite net projected on {001). Open circles are at z = 1/4 ard filled circles at z = 3/4.
Deouble lines represent “zig-zags™ viewed in projection.

Note that the unit cell consists of hexagons centered at 1/3,2/3,1/4 and 2/3,1/3,3/4 so the
centers of the hexagons are stacked in a sequence AB... as in hexagonal close packing. We




308 Chapter 7

will meet a number of related nets based on stackings of hexagons in § 7.8.5.

¥7.3.6. Some nets derived from 4.82 with double crankshafts

The derivation in Fig. 7.13 of some 4-connected nets from 63 by addition of a fourth
link (zither “up” to a net above or “down” to a net below), suggests that nets could be
similarly derived from stacked 4,82 nets. Four uninodal examples, one of which we have
already met, are given here. Fig. 7.20, which is to be interpreted in the same way as Figs.
7.13 and 7.16, provides a definition of their topologies. Another way of deriving nets from

4.82 is suggested by Fig. 7.17; we meet yet another way in our discussion of the feldspar -

net,1

A feature of the structures in this and the next section is the occurrence of rods of atorns
arranged in what is known as a “double crankshaft” configuration as shown in the right-
hand part of Fig. 7.18 (above). N

On a double crankshaft rod, all vertices are three-connected and related 4-connected nets
(discussed here) differ in the mode of cross-linking the rods, which all have their axes
parallel. In projection along the axis of the double crankshaft it appears as a rectangle with
two links “up” on one long edge and two links “down” on the opposite edge. (In Fig. 7.20
we have nsed an idealized representation in which the rectangles appear as squares—
contrast Figs. 7.17 and 7.19.)

8 R R

Fig 7.20. An idealized represéntation of 4-connected nets derived from stacked 4.32. From the left: net
#73, the paracelsian net [compare Fig. 7.16 (right)], the merlineite net, and the gismondine net.
Fourth edges go up from open circles and down from filled circles,

The net derived second from the left in Fig. 7.20is in fact the same as that shown on the
right of Fig. 7.16; (see below). It occurs as the (ALSI) framework in paracelsian,
BaAlzS5iy0g.2 Other compounds with the same framework are danburite, CaB3Siy0g and
hurlbutite, CaBeaP20g.

A crystallographic description of the paracelsian net is:

paracelsian  Cmem, a= 3.252,5 =3.118, ¢ = 2.850, r = 0.554
4-6-4-6-6-83 in 16 h: € & (T2 ; +v,3,1/2-2), x = 0,154, y =0.335, z = 0.075

l¥or. a systematic account of the derivation of 4-connected nets from 4.82 see 1. V. Smith, Amer.
Mineral. 63, 960 {1978).

2The celsian modification of BaAlySiz0g has the feldspar structure (§ 7.3.9).
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The net derived on the left in Fig. 7.20 has the same Schlifli symbol as paracelsian, .
We have not identified it in a known material so it is arbitrarily labeled net #75. The
description is:

net #75 Hdimem, a =4.509, ¢ =2.844, r = 0.553 :
4.6:4-6-6-83 in 32 m: I & (xy,%2 s Fux.F2 a3, 124 5y, 11242),
x=0.101,y=0243, ¢ =0.176

As it is very useful to be able to interpret projections of nets, in Fig. 7.21 we repeat the
two projections of paracelsian using the coordinates given above.! In the first (left) the
projection [on (001)] is along the axes of the double crankshafts and the second (second
left) the projection [onr (100)] ts normal to the double crankshafts.

Fig. 7.21. Left: paracelsian projected on (001) with b up the page. Open circlc:;:s are vertices at z = 0.0Z
and (.43; filled circles are vertices a1 z = (.57 and (.93. Double crankshafts prollect as rectangles. Secon .
left: the same net projected on (100) with b up the page. Open circis:s are vertices at x = 0.15 and 0.85;
filled eircles are vertices at z = 0.35 and 0.65. Double crankshafts project as single crank-shafts of all fiFled
or all open circles. Second right: net #78 projected on (100} with ¢ up l.he page. Open c1rc-les are vertlct::s
at x = 0.17 and 0.83; filled circles are vertices at z = 0.33 and 0.67. Right: the same net in clinographic
projection with double crarkshafis shaded,

These two projections suggest the pessibility of a family of nets with dgub!e cranks_hafts
running it two perpendicular directions. The simplest such net (and pos:j,xbly the only one
with one kind of vertex) is shown in the two right-hand drawings of Fig. 7.21, Data for
this net (#78) are: -

net #78 {4)/amd, a =3.020, ¢ = 6210, r = 0.565
4:6.4-85-6-6 in 32 i1 { £ (x,3,z; ete.), x = 0.165, y = 0.085, 7 = 0.069

The other two nets of Fig. 7.20 are found in the structures of merlinoite ?md in
gismondine; they both have Schlifli symbols 4-4-4-87-8-8 (note the short symbol is now
43 62.8 in both cases) and are iliustrated in Fig. 7.57 {(p. 342). These nets are less dense
than the other two, and alumino-silicates based on these frameworks accommo‘datfe a
substantial amount of water (as typical for zeolites). Ideal formulas are merlinoite,
K5CasAlgSizaOg4-24H70, and gismondine, CaalSizOg-4H20.

- « i
1Gnce one learns to “read” such diagrams, it will be found very easy ta construct “spaghetti” models.
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merlinoite 1lmmm, a = 4482, ¢ = 3.312, r=0.481
4-4.4-87.8-8 in 32 o: T (etyty iyvEeEz), x=0.112, y = 0.269, z = 0.151.

gismondine  fdifamd, o = 10/3, ¢ = V80/3 = 2,981, 7 = 0,423
4448288 in 16 g: T+ (bx, 14, /%), £ = 3/20

Coordination sequences for nets of this and the last section, ng, are:

k& { 2 3 4 5 i} 7
SrAly, MAPO-39 4 o 21 36 54 78 106
paracelsian 4 10 21 37 57 81 109
#75 4 10 21 37 57 81 110
#78 4 10 21 37 58 83 111
cancrinite 4 10 20 34 54 78 104
merlinoite 4 9 18 32 49 69 93
gismondine 4 9 18 32 48 67 92

The nets are generally distinguished by numbers of neighbors, ny, although SrAls and
MAPO-39 have the same sequence (but these nets are distinguished by their Schiifli
symbols). Notice that SrAly, paracelsian, net #75 ang net #78 have very similar

- Eeometrical densities () and also have very similar numbers of topological neighbors (1),
The same is true for merlinoite and gismondine, Generally it is found {(see § 7.5) that
the geometrical density, r, and the topological density as measured by sum of n, (over, say
ten coordination shells), are rather well correlated. :

*7.3.7Anorher net With double crankshafts: gmelinite

Fig. 7.22, The gmelinite net projected on (001), Open circles are vertices at z = 0.09 and 0.41 and filled
circles are vertices at z = 0,59 ang 0.91. Lines joining filled ¢ircies and lines joining open circles represent

edges normal to ¢ {j.e. pazaliel to the plane of the paper}. The other lines represent edges going up and down
so the rectangles represent double crankshafls in projection,

Another simple net with double crankshafts is found as the (ALSi} framework of the
natural zeolite gmelinite, which has approximate formula NazﬂxCaxAIZSMOlz-GHgO. As
shown in Fig. 7.22, the structure is now derived from the two-dimensional net 4.6.12,
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Note that the structure contains hexagonal prisms centered at 1/3,2{3,1/4 and 2{3.,113,1;.’4.
The hexagon stacking could therefore be symbolized AABB... Contrast cancrinite (Fig.
7.19, p. 307) in which hexagons are stacked AB... Crystatlographic data are:

melinite P63/mmic, a = 4418, ¢ = 3.149, r = 0.45]
y 4-4-4.8.6-8 in 24 I 2(x,y,7 ; ete.), x = 1/3, y = 0.440, z = 0.091

7.3.8 Alternating “up-down” nets

There is a large class of nets derived from a stacking of 3-connected two-dimensional
nets with fourth links from each vertex in the layer a]temat_ing uptoa layer ?bovc oF down
to a layer below. For such alternation to be possible, the rings in the tWO—dln’.ler.lSIDIlal net
must alf be even, and for a given two-dimensional net there is on}y one chstmct' three-
dimensional “up-down” net. Accordingly there are only thrge nets: in this class w1th_one
kind of vertex; they are derived from 63, 4.82 and 4.6.12 respecn.vely. The net derived
from 63 is in fact lonsdaleite (§ 7.3.1). The net derived from 4.82 is found as the Zn and
Sb net of T1ZnyShy so we name it after that compound {recall the{t bold fac.e names refffr to
structures—in this case a net). The net derived from 4.6._12 is fom?d in the alumn:no-
phosphate zeolite known as AIPO4-S. Data for the last two (illustrated in Fi g. 7.23) are:

TlZnz8h 14fmem, a = 3.235, ¢ = 2.639, r = 0.580
= 4-62-663-6-63 in 16 [: ] + (x,x+1/2,7 ; etc.), x = 0.147, z = 0.190

AIPO4-5 Pbimce, a = 4.515, ¢ = 2.599, r = 0.523
‘ 4:62:6:63-62-63 in 24 m: 2(x,y.z ; etc.), x = 0.455, y=0122, z = 0.[92

-Fig 7.23. Left: projection of TIZn2Sb3 on {001). Right: projection of f&lP04-5 on (001). Indboth
<ases open circles are vertices at z = 0.39 and 0.61, and filled circles are vertices at £0.19. Edges go down
from filled circles to a layer below, and up from empty circles to one above,

i i ject as a square with

A conspicuous feature of these nets is the rods of atoms that projec .
connectio%s up-down-up-down (UDUD).! This may be contrasted with the double
crankshaft which projects as a rectangle with connections UUDD. A fragment of an UDUD

rod is shown in Fig, 7.24.

1For the ease of of two or more rods fused together {when the “squares” become rectangles) see § 7.11.8
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F'ig. 7.24.. Left: a fragment of T1Zn2Sby (Fig. 7.23) illustrating an UDUD rod (full lines and filled
circles). Right: the same rod with connecting vertices as in seapolite.

.Several other “up-down™ nets found in zeolites are described in § 7.8.4. A simple net
}mth UDUD rods occurs in minerals of the scapolite family.! We include it here as it
Hlustrates several useful points. Crystallographic data are:

scapolite Immm, a=4338, ¢ = 2.294, r = 0.556
4-32-82-82-82-82 in 8 & J £ (x,0,0 ; 05,00, x = 0.163
4-82-5:5-55 in 16 n: £ £ (O,p. 2z »»:.0.42), y = 0.339, 2 = 0.280

Fig, 7.2.5.:]\_eft: the scapelite net projected on (001). Numbers age elevations in units of ¢, Right: the
4.8< net in its most-symmetrical, minimum-density form (top) and partly collapsed {bottam).

The net consists of UDUD rods linked by single squares of vertices, In Fig 7.24 (right)
one vertex of each such square is shown as an open circle. Fig. 7.25 shows the structure in
projection on (001) and it is worth the effort it takes to read the projection. Note in
particular that squares at z = 0 and z = 1/2 represent planar square groups, but that the other
Squares represent UDUD rods, As usual we show pairs of edges inclined up and down as

IScapolite has approximate formula NagAl3SigOq4Cl. Remember that the net is the structure of enly
the tetrahedraily-coordinated atoms (in this case Al and Siy.
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double lines.

The crystallographic data given above for scapelite are for the highest symmetry form
and the most open structurs. In fact it is common for nets of this sort to “collapse™ to a
denser structure, with the extent of collapse determined by the nature (and size) of the
material in the cavities of the net (in scapolite this is Na and Cl, other members of the
family contain CO3 and SOy groups). Fig. 7.25 also shows schematically a common mode
of collapse of a rod structure (such as scapolite) based on 4.82 nets,

An isolated UDUD rod of {T}0O4 tetrahedra has stoichiometry 770s. In narsarsukite
such rods are joined by columns of vertex-sharing {Ti}Og octahedra to produce a structure
with composition NazTiO(51205);. (For more on narsarsukite, see Exercise 7. 12.14)

7.3.2 Feldspar and coesite

. The feldspars are a large and complex group of minerals with general formula
A(ALSi)a0g. The (ALSi) atoms are on a 4-connected net linked by O atoms. In the
structure of coesite (a high-pressure polymorph of SiQ9) the Si atoms are on a different,
but closely related net. Derivation of the feldspar net from 4.82 is shown in Fig. 7.26. To
interpret this figure, it should be noted that distorted 4.82 nets are packed in a two layer
repeat; the net in-solid lines alternating with that shown by broken lines. Filled and open
circles represent respectively edges going (almost) vertically up and down from the solid-
line net to the broken-line net above or below.

Fig. 7.26. Derivation of the feldspar net from 4.82. See lext.

A crystallographic description of this net (as usual with unit edges and in its highest-
symmetry, maximum-volume form) is:

feldspar C2Um, a = 3,189, b =3.951, ¢ =2.346, B=1154", r = 0.599
vertices in 8t C £ (xFy,2)
4.63.4-8-6-67: x = 0287, y = 0.373, z = 0.376
4-6:4-6-82-101¢: x = 0.000, y = 0.231, z = 0.213

Note that the net of the real mineral is somewhat collapsed from the maximum volume
form. Parameters more representative of real minerals (again for unit edge) are @ = 2.780, b
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=4.202, ¢ = 2314, B = 116.0°, r = 0.659, vertices in 0.213, 0.381, 0,337 and 0.011,
0.176, 0.222. Ordering of silicon and aluminum in real materials also lowers the symmetry
and leads in some instances to larger unit cells; the topology of the net stays the same, of
course.

Why, with simple, symmetrical nets such as those of the previous sections available, did
nature choose this more-complex, lower-symmetry net as the basis of the structute of the
most common of all minerals on the face of the earth?

Fig 7.27. Projection of the feidspar aet on (010). The points.shown are a siab with 1/2 <y < 1. A second
slab lies beneath and related to the first by a mirror plane at y = 1/2. Shaded circles represent one type of
vertex, open and filled circles the other. Vertices cornected by heaviest lines are approximately in a plane
and above the plane of those connected by the lightest lines. Additional edges go vertically up from vertices
shown by open circles and down from vertices shown as filled circles. -

Fig. 7.28. Feldspar projected on {001) showing the twisted double crankshafts (shaded). An ab face of
the unit cell is shown and the arrow marked ¢ is the projection of that axis on the plane. Open, lightly
shaded, darker shaded and filled circles are vertices at elevations approximately 0.45, 0.80, 1.32 and 1.67
above the plane. As ¢ is aot normal to the Page successive layers are displaced up the page by the
projection of ¢. The coordinates used in the drawing are for the denser of the two sets given abave,
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As an aid to constructing a model a projection of the feldspar net is shown in Fig.
7.27. The twisted double crankshafts now run horizontally across the page (parallel to a).
In making a “spaghetti” model the best strategy is to first construct the double crankshafts,
secondly link them to make the layer shown in the figure (the double crankshafts will now
twist) and finafly connect layers to their mirror images using the remaining unused links as
shown in Fig. 7.28 in which the twisted crankshafts are seen in a projection on (001),

A related net, that is also made up of twisted double crankshafts, is that of the $i atoms
in the coesite form of SiOy (a high-pressure polymorph; for data see Appendix 5). The net
is made up of layers similar (topologically identical) to those shown for feldspar in Fig.
7.27. The linkage between layers makes the topology difficult to describe and results in
rings of edges being looped as in a chain. Fig 7,29 (which should be contrasted with Fig.
7.28) shows how the layers of crankshafls are linked. Model builders should first construct
double-crankshaft layers as for feldspar, then link them using Fig. 7.29 as a guide. Note
that the middies of these linking edges are at centers of Symumetry.

Fig. 7.29, The linkage of double-crankshait layers in coesite shown in projection on {001). Only one
double crankshaft of each layer is shown. On the left, the middle double crankshaft is connected to two
higher in elevation, on the right the same (middle} double crankshaft is connected to two others of lower
elevation. Vertices with the same shading have approximately the same elevation.

The coesite net contains odd (9-) rings. This means that if there are two kinds of atoms
(A and B} at the vertices they cannot be arranged so that A has only B neighbors and vice
versq. Data for a form of the coesite net are given below. Note the high density (/. Coesite
is the densest known form of silica with Si in 4-coordination by oxygen.

coesite C2/c,a=2327,5=4152,c=2281, B = 120.8°, r = 0.845
vertices in 8 2 €' £ {x,y.2; x,7,1/2+2)
4-8-4.97-6-8: x = 0.157, y = 0,094, z = 0.088
4-6-4-6-8:92: x = 0.019, y = 0.325, z = 0.041

7.3.10 Sodalite

A simple guasi-regular four-connected net that arises in many contexts is the net we call
the sodalite net. A formal description is, for unit edge length:
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sodalite Im3m, a =8, r=0.530
4-4.66:6-6 in 12 d: I £ (1/4,0,1/2)x

We met this pattern earlier (§ 6.2} as that of the tetrahedral sites of bee packing. Tt may
also be recalled that this arrangement is that of the vertices of a space-filling by truncated

octabedra (illustrated in Fig. 7.30). The centers of the truncated octahedra are on the nodes
of a bee lattice. )

Fig. 7.30. Left: space-filling by truncated octahedra (4.62), Right: the edges and vertices shown as the
four-connected sodalite net. ’

The net corresponds to the arrangement of the (Si,Al) atoms in the mineral sodalite!:
NaySi3Al3012CL, although in the real structure the O arrangement lowers the symmetry to
143m (see Fig. 6.72, p. 275) and 5i,Al ordering further [owers the symmetry to P43n. The
positions of the vertices of the net are also those of the lattice complex W*. The same
pattern is shown as a 4-cornected net in Fig. 7.30. The Schiifli symbol of the vertices is
4-4-6-6-6-6. Note that for a net derived from a packing of polyhedra each angle contains
just one ring (the Schlifli symbol has no subscripts).

The number of topological neighbors is given by the very simple formula;

ne=2%2+2 (7.3)
7.3.11 NbO and quartz

The positions of the Nb and O atoms in the simple cubic structure of NbO (for
crystallographic data see Appendix 5) taken together are at the nodes of another quasi-
regular net (Fig. 7.31). For unit edge length, the crystallographic description is:

Minerais of this group are often called ultramarines, Ordering and the occurrence of incommensurate
phases in sodalites such as CagAlgQha WOy (CAW) and SrgAlgOaMo0y (SAM) dre currently lively
topics of investigation. Yet another sodalite composition is CagAlgO |3 (with one O atom in the cage).
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NBO Im3m,a=2, r=0.75
62:62-62:62-82-8 in 6 b: T + (0,1/2,1/2)x

The vertices of the net correspond fo the invariant lattice complex J*.! They also represent
the distribution of “octahedral sites” in the bee structure and so the vertices are at the centers
of the squares in the sodalite net. The Schlifli symbol of the vertices is
62-62-62-62-82-8;. Note that the edge angles are four of 90° and two of 180" and that the
vertices falf on three mutnally-perpendicular strings that intersect in pairs.

Fig. 7.31. Left: the NbO net. Right: the quartz net (¢ is vertical).

Another quasi-regular net, that we will see is related to the NhO net, is the quartz net. It
describes the positions of the Si atoms in the quartz form of 8104 (the most stable form at
room temperature and pressure), In the maximum volume configuration the structure is:

quartz P6q22, a= V(SB), c=vY3,r=075
6:6-62-62-87-87 in 3 ¢: 172,00 ; 0,1/2,2/3 ; W2,402,103

The net is enantiomorphic; its mirror image has symmetry 6422 with coordinates
12,00 5 0,1/2,1/3 ; 1/2,1/2,2/3. The structure (also illustrated in Fig. 7.31) again
corresponds to an invariant lattice complex; the two enantiomers are labeled *Q and -Q
respectively. The edges are all equivalent, so the net is quasiregular. The angles are two of
90°, two of cos-1{~1/3) = 109.47° and two of cos i(—2/3) = 131.81°..

The NbO and quartz nets have the same short Schlifli symbol: 64.82 and the same
density (r = 0.75). The relationship between them is shown in Fig. 7.32 in which a
projection of the NbO net on (111) is compared with a projection of the quartz net on
(001). It is to be noted that the repeat distance normal to the plane of projection is the same
in the two cases, and that both nets contain the same number of vertices per unit volume
(i.e. they have the same geometrical density). The main difference is that NbO contains
three-fold spirals of two hands whereas quartz contains spirals of only one hand.

INote that in NHO the Nb and O atoms (each 4-coordinated in a square by the other) are each on a J
lattice complex; two such complexes separated by 1/2,1/2, 1/2 combine to give J*;
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A third net is related to these two. It is of some interest bécause, like them, it has only
threej vertices in the primitive cell. The projection in Fig, 7.33 should make the family
!'elationship clear {compare Fig. 7.32). Wells (see the Notes at the end of this chapter) calls
it “net 27 so we label it W2. It is found as the arrangement of Ni atoms in heazlewoodite
Ni3Sz (for erystallographic data see Appendix 5), and is a rare example of a net containiné
only odd rings. A formal deseription is:

w2 R32,a=5N3, ¢ =5, r=0558
3TTTT2T2in 9 R+ (0,0 : 06,0 yX4Lx0), x=1/5

Fig. 7.32, I...cft: the NBO net projected on (111). Right: the quartz net prajected on (001). Open, shaded
and filled circles are at 0, 1/3 and 2/3 of the repeat distance normal to the plane of projection.

Fig. 7.33. The net W2 drawn for comparisen with Fig. 7.32

The nets differ in topological density: The values of ny are given by:

NbO Ag = 3K2 + 2 — (k mod2) (7.4)
quartz ng = 19k%/6 + 2 (k = 6i)

ng = [(19k2 + 10)/6] (2 < k 5 6i) (7.5)
w2 N = 5k2/2 (k = 2i)

mg=SKN2 + 2 (k=2iv1) - (7.6)

Here i is a positive integer, and brackets indicate rounding down to an integer. n1 = 4
for W2 (as, of course, for all 4-connected nets). Topologically, quartz is the densest of
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these nets (has most topological neighbors) and W2 (which contains 3-rings) is
topologically less dense than the other two. (See § 7.5 for a discussion of density.)

*7.3.12 More quasi-regular and/or uniform nets: ¥8i

Three other nets of interest are described briefly here. They are all cubic and alfthough
there is only a small number of vertices in the repeat unit, they provide an interesting
challenge to the model builder, _

The first is found as the structure of a high-pressure polymorph of elemental silicon {for
«ata see Appendix 5), so we call it the 1Si net. Data for the idealized net are:

7-Si 13, a = 206 - N3), r=0.739
: 6-63-6-62-6:67 in 16 ¢ T £ (x50 1 %, 125, 1/2+20K, x = (V2 — 1)/4 = 0.1035

The vertices in 981 have long Schlifli symbol 6-65-6-67-6-67 so that this is another
uniform net. Note that there are two different angles: three of 97.94° and three of 118.13°.

There are several interesting features of the structure. If the value of x is increased to 1/8
={.125 the vertices are on the Jattice complex Y** which is the positions 16 & of Ja3d and
corresponds to an intergrowth of the +¥* and ~¥* lattice complex. We saw (§ 7.2) that these
latter represent the two enantiomers of the Si net in $rSi;. Thus 181 can be considered as
derived from two inter-grown StSi; (3-connected) nets. The %8i and Y™ structures are

compared in Fig. 7.34.

8

{

o [EIELT

Fig. 7.34. Left: the -Si ret projected on {001); vertices in the top layer are at approximately z = 1.1¢
and 0.9¢ and those in the bottom layer at 0.4¢ and (.6¢. Broken bonds go to layers above or below those
shown in the figure, Right: The ¥** lattice complex shown as two intergrown three-connected nets (£¥*)
projected on {001). Open circles at of3, light shaded at 3¢/8, darker shaded at 5¢/8 and filled at 7¢/8.

The positions 16 ¢ of a3 can also be considered to be a combination of two sets of 8 &
of I213: I'+ (x,x,x 5 x,1/2-x,1/2+x)x, with x = uy and x = uy. If sty + uy = 1/2 the
syrmumetry is actually stili Ja3. In 1=8i us = 0.104 and ug = 0.386. If these are changed to
ui = 0.0 and up = 0.25 the structure is transformed to the body-centered cubic array
{described with a cell of twice the edge length). This suggests that the material found after
application of pressure may have transformed from a body-centered cubic lattice at high
pressure as the pressure was released. It has been suggested that the diamond form of
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carbon will transform to 18i at very high pressure (about 800 GPa).!

As ¥8i approximates the ¥** structure (two intergrown ¥* nets) it contains intergrown
31 and 3; helices of 8i atoms each arranged as in Sr8is. For this reason the cylinder
packing consisting of two interlaced SrSiz packings was named the $-Si packing in
§ 6.7.3.

Two other invariant lattice complexes are 4-connected nets. They are of less importance
in crystal chemistry and are frustratingly difficult to llustrate (as our figures below attest),
but we include them here for compieteness. Model makers will find that they are
challenging to construct but very beautiful.

Ed

5 143d, a = N(32/3), r = 0.689

6-6-67-62-62-6 in 24 d: [+ (3/8,0,1/4 ; 1/8,0,3/4)x

This is another uniform net. It is also quasi-regular. A feature of the structure is that
there are large non-intersecting unnels parailel to <111> arranged as in the garnet cylinder
packing (§ 6.7.3). The projection on (111) shown in Fig. 7.35 reveals one such set of
tunnels. :

Fig. 7.35. The lattice complex §* projected on (111). Peints in order of increasing depth of shading are at
heights {in units of la+h+eli2) of 1412, 3/12, 5/12, 7/12, 9412 and 11/12.

The second invariant lattice complex is an enantiomorphous pair:
HLd, 14132, g =N(3213), r = 0344
+y 3-3-102-107-103-103 in 12 1 1 + {1/8,0,1/4 ; 3/8,0,3/d)x
v 3-3.10-102-103-103 in 12 d: T + (5/8,0,1/4 ; 7/8,0,3/4)¢
This is also a quasi-regular net. The net is very open; now two 3-rings meet at each
vertex (Fig. 7.36 emphasizes this aspect of the structire) and the other rings in the structure

IR. Biswas et al., Phys. Rev. B35, 9555 (1983).
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are ten 10-rings meeting at each vertex. The structure is the third of four 4-coordinated rare
sphere packings discussed by Heesch and Laves (see § 7.5.2) so we label it HL4;.

In much the same way as +¥* and -Y* can interpenetrate (Fig. 7.34) so can *V and “V to
produce the lattice complex V* which corresponds to the positions 24 ¢ of Ja34.

Fig. 7.36. A clinographic projection of the lattice complex +V (HL43).

7.3.13 Silica (SiO2) and water nets: keatite and moganite

The plaret we inhabit is made largely of silicates, and its surface consists largely of

water (solid and liquid) and framework silicates. Silica (8iO7) itself is of importance in a
variety of contexts, and at least twelve polymorphs have been described. Low pressure
forms of silica consist of framework structures of {Si}Oy tetrahedra sharing vertices and
the 4-connected nets corresponding to some of these structures have been met already: here
we discuss several others. Silica is also found as a very-high-pressure rutile form (with
six-coordinated Si) known as stishovite. BeF; and GeO; and ternary derivatives such as
AlPQy4 also adopt at least some of the silica structures. Note that most of the silica
polymorphs have lower symmetry than the idealized net on which the structure is based.
Solid water (ice) in its low pressure forms is also based on 4-connected nets of O atoms
joined by -H... bonds and the nets are the same as in some of the silica polymerphs. In
higher pressure forms the structuses are based on two inter-penetrating 4-connected nets.

(1) Quartz, the stable form of silica at ordinary temperature and pressure, was described
in § 3.6 and the 4-connected net discussed in § 7.3.11.

(ir) At high témperature, quartz transforms to cristobalite which is based on the
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diamond net (§ 7.3.1). This is the net of ice I which is stable at very low temperatures.
Ice VII (formed at pressures above about 2 GPa = 20 kbar) consists of two inter-
penetrating cristobalite nets.

(iii} Tridymite is a (possibly metastable} form of silica based on the lonsdaleite net.
This is the net of the familiar ice (I1)) stable at atmospheric pressure below 0 °C.

{iv) Coesite is the first crystalline phase of silica obtained when quartz is subject to
pressure (about 2 GPa). The net of this structure was discussed in §7.3.9.

(v) Melanophlogite is rare naturally-occurring form of silica that is based on the net of
the Type I gas hydrate net (§ 7.6).

(vi) Keatite is another rare metastable form of silica. The net (Fig. 7.37) contains two
kinds of node and occurs also as the structure of 1-Ge (a form recovered from high
pressure) and as the net of ice I1I (which is produced from ico I at a pressure of about 200
MPa). Data for keatite $i0O; and 7Ge are given in Appendix 5. The keatite cell is tetragonal
(P43242, a =746, c=8.6] A); in the maximum volume form of the net, r = 0.668. The
Schifli symbols are Si(1): 5-5-52-7-8;-87 and Si(2): 57:5-7.5-75.

Fig. 7.37. Left: the Si atoms of keatite projected on (001). Increasing depth of shading indicated vertices
at approximately z = 0, 1/4, 1/2, and 3/4. The positions of the 43 axes in the unit cell {broken lines) is
indicated. Right: the moganite net projected on (019). a is horizontal across the page. Progressively. darker
shaded circles represent vertices at y =0, 1/4, 1/2 and 3/4.

(vii) Moganite is another polymorph of $iQ; which is reported! to be monoclinic (/2/a).
Recent results suggest that moganite occurs more commonly than once supposed in fibrous
forms of “guartz” known as chalcedony, agate, chert, flint, etc.2 The idealized 4-connected
net of the Si atoms is illustrated in Fig. 7.37. For unit edge crystallographic data are:

'G. Miehe & H. Graetsch, £ur. J. Mineral 4, 693 {1992), -
Zp. 1, Heaney & J. E. Post, Science 255, 441 (19923,
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moganite Ibam,a =333, 5 = 1.61, ¢ = 2.89, r = 0.731
4:4-62-02-82-89 in 4 a: I £ (0,0,1/4) .
4866666 in 8 ji 1+ (1,0,0 3 V24x,1/2-3,0), x = 0,167, y = 0.250

For more on moganite and its relationship to quartz see § 7.11.7. Crystallographic
data for the real material are given in Appendix 5.

(viii) When molten silica is cooled, it forms a glass (amorphous silica) which is a
random network of vertex-sharing {Si}Oy tetrahedra. This is often referred to as quartz
glass but the term “quartz” should be restricted to the erystailine polymorph, An amorphous
silica is also obtained when quartz is compressed at low temperatures; amorphons ice can
similarly be obtained from crystalline ice.

(ix) The échmre of ice VI (stable between about 0.6 and 2 GPa at room temperature) is
based on two inter-penetrating edingtomite nets (see § 7.8.7)

7.4 Nets and infinite polyhedra

We now expand our consideration of nets constructed from polyhedra sharing faces.
They may be derived as a space filling (tiling} by finite polyhedra or considered as an
infinite surface tiled with polygonal faces (infinite polyhedra). The most important of these
nets are those of zeolites. The simplest such structure, the sodalite net, was described in
§ 7.3.10.

7.4.1 Linde A: an infinite polyhedron 42.62

The first such ﬁew net is that of the zeolite known as Linde A:

Linde A ngm, a=1+8= 3.828, r=0.428
4.6:4:6-4-8 in 24 k: (0,1, 1z ; Oz, 2y)K, y=14d+ \‘2) = 0.1847, z = 2y

In Fig. 7.38 (left) the structure is illustrated as an assembly of cubes and truncated
octahedra (4.62) sharing square faces. Considered as a d-connected ner it has the Schlafli
symbol 4-6-4-6-4-8 given above. However we can also consider this structure as an
infinite polyhedron; at each vertex two squares and two hexagons meet, and the interior of
this polyhedron is the space occupied by the cubes and truncated octahedra. Considered as
a polyhedron the Schlifli symbol is 42.62, Note the distinction between the net description
and the polyhedron description—in the former we count rings at six angles at the vertices,
in the latter we count (in cyclic order) only polygons on the surface of the polyhedron.

The empty space in the above structure consists of truncated cuboctahedra (4.6.8)
sharing octagonal faces as shown in Fig. 7.38 (right). This is likewise an infinite
polyhedron 42.62 and the “interior” of the polyhedron is the space occupied by the
truncated cuboctahedra,
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It may be seen that we have two infinite polyhedra, each of which fills the empty space
of the other. Such pairs of infinite polyhedra are termed complementary. Taken together
they represent an example of space filling (tiling) by regular andfor Archimedean
polyhedra. In each case the same polygons are on the surfaces of both polyhedra.

Fig. 7.38. The Linde 4 structure. Left: as an assembly of cubes and truncated octahedra. Right: as an
assembly of truncated cubociabedra. )

For such an apparently complicated structure the number of topological neighbors is
" given by a very simple formula (brackets indicate rounding down to an integer):

n = [(8k2 + 13)/5] (7.78)
7.4.2 Zeolite rho: infinite polyhedra 43.6 ond 4.8.4.8

The structure of the zeolite known as rho gives tise to another 4-connected net that can
also be described as a space-filling by Archimedean polyhedra as shown in Fig, 7.39. Data
for unit edge are:

rho I, a =2 + VY8 = 4828, r=0.426
4.4:4:6:8.8 in 48 i [+ {1/d,2x,1/24x ; U4,1/245,40K, x = (V2 — 14 = 0.1035

This structure may be considered as constructed of truncated cuboctahedra (4.6.8) and
octagonal prisms (42.8) sharing octagonal faces.! From this point of view it is an infinite
polyhedron 43.6. The empty space is an identical infinite polyhedron, so it is its own
complement. The combination of the infinite polyhedron and its complement corresponds a
space-filling by truncated cuboctahedra and octagonat prisms.

ICompare Fig. 7.38 in which wuncated cuboctahedra share octagonal faces without the intervening
octagenal prisms.
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Fig. 7.39. The structure of zeolite rho. Left: as a packing of truncated cuboctahedra (4.6.8) and octagonal
prisms (42.8) forming the polyhedron 43,6, Right: as the polyhedron 4.8.4.8 formed from fused octagonal
prisms.

Alternatively the same set of vertices may be described as derived from an assembly of
octagonal prisms sharing square faces as also shown in Fig. 7.39. In this description, the
structure is an intinite polyhedron 4.8.4.8. The complement of this infinite polyhedron is
the one (not shown) derived from truncated cuboctabedra sharing their hexagonal faces,

Rho and Linde A have very similar densities, ». Remarkably, equation 7.7a (p. 324)
holds for the coordination sequences of both structures.

74.3 Zeolite ZK-5 and an infinite polyhedron 438

We have already met two structures involving the truncated cuboctahiedron (4.6.8). One
description of the Linde A structure involved linking them by sharing octagonal faces (note
that they also are linked by cubes). Similarly the zeolite rho structure was obtained by
linking truncated cuboctahedra by octagonal prisms attached to the octagonal faces. A third
possibility involves linkage by hexagonal prisms attached to the hexagonal faces. This
produces a structure (Fig. 7.40) that is the framework of the zeolite known as ZK-5 and is
an infinite polyhedron 4.8. Considered as a 4-connected net the Schlifli symbol is
4-4-4-8-6-8. The crystallographic description is:

ZK-5 f3m, o = 2N3 + 48 + 2 = 5983, r = 0.448
4.4.4-8-6:8 in 96 & [ £ {x,%y,+7 ; yte, ),
x=1/2a= 00836, y = 1/4 —x3 = 02018, z = 2y — x = 0.3199

The CS is given by (cf. Eq. 7.7a):
’ ng = [(1262 + 16)/7] (7.7}
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Fig. 7.40. Part of the zeolite ZK-5 structure.

7.4.4 Faujasite: a second infinite polyhedron 43.6

Fig. 7.41. A fragment of the faujasite structure projected on (111). The black hexagons are hexagonal
prisms seen in projection and sharing a hexagonal face with a truncated octakedron underneath. The shaded
regular hexagons are top faces of runcated octahedra connected to hexagonal prisms on the bottom face,

Another net that may be derived from a packing of polyhedra is that of the natural zeolite
faujasite. This is obtained by fusing hexagonal prisms on four non-adjacent faces of a
truncated octahedron (4.62). Adding four more truncated octahedra to the other hexagonal
faces of the prisms results in a tetrahedral arrangement of the four truncated octabedra about
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the first one. Continuing so that a diamend array of truncated octahedra is obtained
produces the faujasite net, which is an infinite polyhedron 43,6, A polytype is obtained if
the truncated cuboctahedra are connected as in lonsdaleite (rather than as in diamond); it
should be clear that an infinite number of other polytypes is possible. Fig. 7.41 shows part
of one layer of the structure. Considered as 4-connected nets all vertices in these structuges
have symbol 4-4.4.6-6-12.

Crystallographic data for the cubic (c-} and hexagonal (h-) faujasite nets are:

c-fanjasite  Fdim, a=20/(V18 - ¥3) = 7.066, r = 0.380
4.4-4-6-6-12 in 192 i: F + (x,y,2; yx.2 ; x, 1/4-y,1/4-2 %, /4, 14-y
v, Ud=z, Az | y, 1/4—x, 14—z ; 2,174—x, /4~y ; 2,1/4—y, 1/4-2)x,
x= (V6 - 1)/40 = 0.0362, y = 1/8, 7 = 3/% - 2x = 0.3025

k-faujasite Poyimmce, a = 5,633, £ =9.199, r = 0.380
all vertices 4-4-4-6:6:12 in 24 I £(x,y,z ; elc.)
vertex 1 x,y.z = 0.371,0.097, 0.018] ; vertex 2: x,5,2 = 0.156, 0.489, 0,0706
vertex 3. x,y,z = 0.430, 0.037, 0.1069 ; veriex 4: x,y,z = 0.489, 0.156, 0.1957

#7.4.5 An open structure, W*8 and a related zeolite

Fig. 7.42. Part of a rare net 4:44-8.4.12 (W*8) shown as an infinite polyhedron 43.8,

If cubes are inserted between the square faces common to the octagonal prisms in Fig.
7.39 (right), a very open 4-connected net 4-4-4-8-4-12 results. (Fig. 7.42). An alternative
description is as an infinite polyhedron 43.8 (cf. the ZK-5 polyhedron, p. 325). For
reasons to become apparent (§ 7.5.2) we label this net W*S8.

Crystallographic data for the W8 structure are (see also p. 373):

w's Im3m, a = 4+V8 = 6.828, r = 0.302
4-4-4-84-12in 96 L T (xykz s yde ko), Zax = 1, 2ay =3 +42, 22z =3 + V8
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The density corresponds to a silicate with framework density FD = 10.5 tetrahedral
atoms per 1000 A3, We do not know of a zeolite based on this framework; the most open
known structures based on 4-connected nets have FD = 12.5. The 12-rings in W8 are not
planar; they have angles of 135" (compare 150" for plane dodecagons). The structure also
contains 24-rings.

A closely related structure occurs in the synthetic zeolite known as CoAPO-50 which has
& framework with composition Co3AlsPgO45. The structure (Fig. 7.43) contains cubes
connected by squares forming hexagonal layers containing 12-rings. The layers are joined
by edges connecting opposite vertices of the cubes. Crystallographic data for the ideal form
of this structure (which has a density close to that of faujasite) are:

CoAPO-50 . P3lm, a=41815, c=27321 r= 0387
4.8-4-8-4-8 in 4 k: H(1/3,2/3,22), z = 0.1830
4448412 in 12 b Hry,2: Fop.2 1 y=07.2 5 7.0, 5 23,702 s Fy-r.2),
x=0.1381,y=2/3, z = 0.3943

Fig. 7.43. The CoAPO-50 net viewed almost down c.
A related net is that of MAPSQ-46 which is left as an exercise-(7.12.12),
*7.5 Rare and dense 4-connected nets

In the Chapter 6 we discussed sphere packings with particular attention to the densest
packings of equivalent spheres. It is natural to ask also what is the rarest (Ieast dense)
packing of equivalent spheres. If we require the sphere packing to be stable, i.e. each
sphere to be in contact with at least four others with points of contact not all on the same
hemisphere, we must consider 4-coordinated sphere packings, or what is equivalent, 4-
connected nets with equal edges.

We remind the reader that the density, expressed as vertices per unit volume, we call the
geomeiric density. In the context of nets, we consider one to be topologically dense if it
has a large number of kth neighbors (obviously, all 4-connected nets have four first
neighbors). As a measure of density in this respect, we arbitrarily use the cumulative sum
of the numbers of topological neighbors, ng, for the first ten coordination shells (ie. k=1
to 10} as a measure of the topological density. Appendix 3 elaborates on this topic.

Es]
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The catalytic activity of zeolites is intimately bound up with the sizes of the rings in the
structure, and considerable discussion has focused on topics such as the connection
between ring size and density (in both senses). The same topic is also of interest in

-connection with glasses; for these a direct measure of ring sizes is generally unavailable,

but can possibly be inferred from the density.
*7.5.1 Two dense nets

We consider here a second net (the first is diamond) with only two vertices in the
repeat unit and a fourth net {the other three were described in § 7.3.11) with only three
vertices in the repeat unit.

To derive the first new net we systematically remove one third of the edges of the
6-connected net of the primitive cubic lattice. The way that it is done is illustrated on the left
in Fig. 7. 44. The arrangement of the vertices is cubic, but if the edges are considered, the
symmetry is tetragonal: Pdy/mme a = 1, ¢ = 2 with vertices in 2 a: 00,0 ; 0,0,1/2. The net
cant be distorted so that each vertex has only four (instead of six) geometrical nearest

‘neighbors as suggested in the center of the figure. The symmetry is now /4 {/acd and

vertices are in 16 e: I % (x,0,1/4 ; x,1/2,3/4 ; 1/4,1/4-x,0 ; 1/4,3/4—x,0). For unit edge
length and the next nearest distance as large as possible (V5/2),a=2,c=V14 and x = 1/8
{r=1.069). Note that distortion slightly increases the geometrical density.

-

%ﬂ’-
.',“-'%-_

1
|

f
SRR

Fig 7.44. Left: the CdSO0y4 net derived from a primitive cubic array. Center: the same net distorted so
that each vertex has oniy four geometric nearest neighbors. Right: a dense net with three vertices in the
repeat unit.

This net is found as that of Cd,S (joined by -O-) in CdS04 (HgS0y4 is isostructural)
hence the name, CdSOy net. The short symbol for the vertices is 65.8. It is interesting that
one of the angles is not contained on any ring, as all circuits containing that angle have
shortcuts (cf. § 7.1.1). We use oo to symbolize such an angle and the long Schiifli symbeol
becomes 6-6:6-6-67-<0. It is very dense in the topological sense; the numbers of neighbors
are:

n=d,np= 12, mp= 4% -6 (k>2) R
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Our second dense net (Fig. 7.44, right) is derived analogously by deleting one-half of
the edges corresponding to nearest neighbor distances in a primitive hexagonal lattice.
Taking into account the edges the symmetry is P6722. Unlike the previous one, this net
does not appear to be realizable with shortest distances corresponding only to equal edges.
It does, however, have some interesting properties that merit mention. Like the previous
net, one angle is not contained in a ring and the long symbol is 77-00-73.73-73-73 (short
symbol 75.9). Tt is the only 4-connected net that has been described that does not have at
least one 6- or smaller ring. It also has the largest number of topological neighbors of any
known 4-connected net, so we call it dense net; the numbers of neighbors are given by:

k 1 2 3 4 5 6 >6
me 4 12 36 72 122 188 6k2-30 (7.9

*7.5.2 Rare sphere packings
This topic was considered many years ago by Heesch and Laves who found what was

long considered to be the rarest (least dense) stable sphere packing. This structure is
derived by replacing the vertices of the diamond net by groups of four spheres in contact

(so that their centers form a regular tetrahedron), The tetrahedral groups are arranged so

that they make contact along the diamond structure edges. We name this structure HL44 or
D4 (because the vertices of the D lattice complex are replaced by groups of four); see
below for a crystallographic description.

A fragment of the structure is shown in Fig. 7.45. In the figure shaded tetrahedra replace
vertices of the diamond net. :

Fig. 7.45. Hlustrating how HL44 is obtained by decorating the vertices of diamond.

We call this process of replacing a vertex of a 4-connected net with a tetrahedral group of
vertices decorating. It turns out that at least four other nets can be decorated in this way to
give new uninodal nets. They are derived from the lattice complexes *@ (quartz), 8%, W*
(sodalite) and *V. We label them +(4, §"4, W*4 and +V4. Here are their crystallographic
data in abbreviated form:

HL44 (D4)  Fd3m, a =8 + 43 = 5.1378, r=0.236 {(p =0.1235)
3:129-3-122-3-122in 32 e: F * (.0 ; X, 1/4x, 1d—x), x = T/(B + Yog) = (.0362

T
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+04 P6222, a = 3.550, ¢ = 3.885, r = 0.283
312-3-122-3-1671n 12 k, x = 0,458, y = 0.115, z = 0.09}

54 Ia3d, a = 7.168, r = 0.261
3.12-3-129-3-127 in 96 A, x = 0.063, y = 0.224, z = 0.424

W*a I3, a =2 4 12 = 6.2426, r= 0,197 (p = 0.1033)
38312312 in 48 j: ] £ Otz ; Oz by,
y=(172+ '\’2)."& =0.3066, z=(1/2 + 3f‘d’2)fa =0.4199

+y4 14132, a = 4 + 48 = 6.8284, r = 0,151 {p = 0.078%}
3.6-3-202-3-203 in 48 i, x = y = V2/8 = 0.1768, z = 0

The last of these is the rarest, but does not correspond to a stable sphere packing as the
four contacts of spheres are all on the same hemisphere. The others, and D4, are stable
sphere packings. W™4 is illustrated in Fig. 7.46 which shows how it is derived by
decorating the sodalite net. It is possibly the rarest stable sphere packing. The density
(fraction of space filled by spheres in contact is 8/(2 + 3¥2)3 = 0.1033 (compare with the
density of /18 = 0.7404 for closest packing).

Fig. 7.46. The rare (low density) sphere-packing net W4 obtained by decorating the sodalite net with
tetrahedral groups (shaded).

It is worth noting the apparently paradoxical fact that the most open nets are
characterized by having a large number of small rings. The rare nets listed above all have -
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three 3-rings or four 4-rings in their symbols (they also have large rings as a consequence).

On the other hand dense nets generally have a small number of 3- or 4-rings, often shortest

rings of & (7 in the case of the dense net). .

It is interesting that density {or rarity) in the gecmetrical sense is correlated with density
in the topological sense. In Table 7.1 we list (for maximum volume form) the number of
vertices per unit volume, #, for some mostly dense or rare nets. Also listed is ¢1p, the
cumulative number of topological neighbors out to tenth neighbors. The net 4-4-4-8-4-12
(W*8) was deseribed in § 7.4.5. It can be derived by replacing the vertices of the sodalite
(W*) net by cubes of vertices (the centers of the cubes are on a sodalite net). It is possibly
the rarest uninodal net that does not contain 3-rings.

Note that if the restriction to uninodal nets is lifted, nets (but not szable sphere packings)
can be constructed of arbitrarily low density by repeating the process of decoration.!

Table 7.1. Some dense and rare aets compared

net Schlifli symbol r cto
 dense 79-00:73-73-72:73 1.155 2078
CdS50,4 6-6-6-8-f3-ca 1.000 1488
coesite 4.6-4-6-8-97 0.845 1324
4-8-4-97-6-8 0.845 1321
quartz 6-6-62-62:87:87 0.750 1230
NLO 62-62-62-67-82-87 0750 1186
diamond 62:62-62-63-62-62 - 0.650 930
sodalite 4-4-6-6-6-6 0.530 790
Wt 4:.4:4.8.4:12 0.302 433
D4 =HL4,4 3-122-3-129-3-129 0.236 496
w4 3-8-312:3.12 0.197 409
+i 3.63:204-3-20, 0.151 350

Fig. 7.47. The two inter-penetrating D4 nets (light and darker shaded} in D4™.

The D4 (HLA44) net (among others) can be intergrown with itself in a way such that the

IM. O'Keeife & S, T. Hyde, Zeits, Kristallogr. (1996).
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shortest distance between vertices of the two nets is greater than the edge length (in much
the same way as *Y* and -Y* intergrow to produce ¥**, see § 7.3.12). The two intergrown
D4 nets are called D4”. The unit cell edge is now only half that the original fce cell and a
lattice vector translates from a vertex on one D4 net to an identical vertex on the other net
(see Fig. 7.47).1 The structure of LiCo(CO)4 is based on this principle with {Li}O4 and
{Co)C4 tetrahedra joined by C-O bonds. Zn{CN); = Zn(1)Zn(2)(CN)4 is isostructural. In
the structure of Znly there are tetrabedral Znly groups joined by common corrners to form a
supertetrahedron (Fig. 5.18, p. 150) and the Zn arrangement is topologically the same. The
Pb arrangement in NaPb is similar. {Data for these compounds are given in Appendix 5.)

p4* Pii3m, a = V2 + 23 = 2.5689
vertice in 8 e K0 5 V242, 1/24,00K, x = 1/4 + Y24y = 0.1124

7.6 Clathrate hydrates; foam, and grains

Imagine a foam of equal-sized bubbles. The surface of the bubbles will form space-
filling polyhedra with edges and faces curved so as to minimize their surface area. Three
faces meet at an edge with dihedral angle 120° and four edges meet at a vertex with angles
of 109.47°, 50 the vertices and edges will form a 4-connected net. The structures can also
be considered as packings of polyhedra with 4-, 5- and 6-gon faces. As discussed by

.Kelvin over a hundred years ago, the simplest such net will be sodalite which, as we have

seen (p. 315), is based on a space-filling by truncated octahedra.

Similar arrangements are found in a number of different contexts such as the crystallites
of a fine-grained metal or ceramic and aggregates of biological cells, The crystal structures
of clathrate hydrates are also based on these principles, for example the hydrogen-bonded
framework of O atoms in HPFg-6H20 is sodalite. Framework silicates with structures
based on these nets are known as clathrasils.

It is common in this context to use symbols for polyhedra that specify the number and
types of faces. Specifically a symbol [M™ N"....] refers to a polyhedron with m faces that
are M-gons, n faces that are N gons, etc. Thus the space-filling truncated octahedron is a
14-hedron with six square faces and eight hexagonal and has symbol [46.63]. For
polyhedra with three edges at every vertex the number of vertices is (mM + nN + ..}/3.

Interesting related space-filling polyhedra were discovered by Willlams.2 Converting
two square faces and two hexagonal faces of [49.6%] into four pentagons will produce a
polyhedron [44.54.66] with symmetry mm2 that has four quadrangular, four pentagonal
and six hexagonal faces as shown in Fig. 7.48. This polyhedron (with slightly curved
edges) will fill space to produce the first Williams structure. Although there is just one kind
of polyhedron, there are now four kinds of vertex.

Crystallographic data for the structure are:

INote that two intesgrown D (diamond) rets are just bee and again the unit cell for the intergrowth
has haif the edge of the original. :
2R, E. Williams, Seience 161, 276 (1968).



334 Chapter7

Williams 1 Pdy/nem,a=2302,c= 7.909, r = 0.573
4-4-6:6:6-6 in 4 a: £(3/4,1/4,0 ; 3/4,1/4,1/2)
5.5-5-5-6-6 in 44 £(3/4,1/4,3/4 ; 1/4,3/4,3/4)
vertices in 8 it Hxx,z ; 12-x,x,1/247 ; x,1/2~x, 11247 ; 1/2-x,1/2-x,2)
4-4-6-6-6-6, x = 0.096, z = 0.0618 ; 4-5-5-6-5-6, x = 0.096, z = 0.1882

Fig. 7.48. The mm?2 l4-hedron in a space-filling configuration. The two aspects shown are related by
rotation by 180" about a horizontal axis.

There is 2 second polyhedror with the same symbol [44,54.6%], now with symmetry
222, that also fills space. It is found in the structure of BaCu;Py4 in which the Cu and P
atoms form a 4-connected net (the coordinations are {Cu}Ps and {P]Cu;P3).
Crystallographic data for the net with unit edge are given below.

BaCujPy Fddd, a=2.334, b = 8.207, c = 4.488, r = 0.538
4.4.5.6-6-6-in 16 £ F * (1/8,5,1/8 ; 1/8,1/4—¥,5/8), y = 0.5065
4-5-5:6-6-6 in 32h: Fx {xy.7; 34-x.3/4y.2 ; 34-xy.3/4-2; x,3/4-v,3/4-2),
x=0,195 y=(.1820, z = 0845

Fig. 7.49. The net of Cu (filled circles) and P in BaCup Py projected on (100). On the left as a 4-
connected net and on the right as a packing of polyhedra, In the latter, the numbers ate the x coordinates of
the centroids of the polyhedra (Ba positions) in multiples of 1/8.
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The structure (Fig. 7.49) contains egual numbers of both enantiomorphs of the
polyhedron. Another feature of the structure is that it contains rods of {Cu}Py tetrahedra
sharing opposite edges that run alternately along [101] and [10T] and connected by P-P
bonds. Ba atoms are at the centroids of the polyhedra (for ¢rystaliographic data see
Appendix 5).

Continuing the process of converting squares + hexagons to pentagons will produce the
second Williams space filling polyhedron [42.58.64] with two square, eight pentagonal and
four hexagonal faces. The structure of the polyhedron packing is now rather simple (Fig.
T.50)

Williams 2 Pdy/mnm, a = 2.325, ¢ = 3.880, r = 0.572
5.5-5-5-6-6 in 4 o £(0,1/2,1/4 ; 1/2,0,1/4)
4.5-5-6-5-6 in 8 j: £(xrx, k7 5 U2+x,1/2-x,1/24z), x = 0.152, z = 0.129

Fig 7.50. The Pdyimrm space filling by poiyhedra shown projected on {110). Filled circles are the
5-5-5-5-6-6 vertices (in 4 d).

Finishing the process of eliminating squares produces a polyhedron [512.62] with twelve
pentagonal faces and two hexagonal faces.! This polyhedron does not {ill space but the
structure of the hydrogen-bonded framework of the cubic chlorine hydrate (of approximate
composition 2Clz. 15H70) is made of a packing of pentagonal dodecahedra [512] and these
14-hedra [5!2.67] in the ratio 1:3 (Fig. 7.51). This is sometimes known as the type I
hydrate structure. The same framework occurs in the naturally-occurring (impure) form of
silica known as-melanophlogite. The same structure is also found in alkali silicides and
germanides typified iy NasySiz; in which 51 atoms are at the vertices and Na atoms center
the larger polyhedra. A stereo view of the net is in Fig. 7.89 (§ 7.11.8).

The structure of the hydrates of a number of molecules such as CHCl3 contains
dodecahedra again and also 16-hedra [512.6%] packed in the ratio 2:1. This is known as the
type II hydrate structure. The 16-hedron s shown in Fig. 7.52; it has symmetry 43m.2

Data for the nets with unit edge length (this condition is sufficient to fix all the
coordinates) are:

IThis polyhedron 1s the dual of the bicapped hexagonal antiprism (Fig. 5.12, p. 143).
2This polyhedron is the dual of the Friauf polyhedron (Fig. 5.12, p. 143).
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Type 1 Pni3n, a =4.3021, r = 0.578
5-5-5.5-6:6 in 6 ¢: £(0,1/2,1/4)x
5-5-5.5-5-3 in 16 i £(x,0,%x 5 1/24x,1/24x,1/220)%, x = 0.1829
5-5-5-5-5-6 in 24 kr £(0,y, 2z 5 1/2,1/242,1/24y )x, y = 03099, z = 0.1162

Type II Fd3m, 2 = 6.2054, r = 0.552
5.5-5-3.5-5in 8 & F £(1/8,1/8,1/8)
5.5.-5-5.5-5in 32 e: F £ (x.x.x ; x,1/4—x,1/4-x)K, x = 0.2180
5-5-3-5-53-6 in 96 g: F * (x.x.2 ; x,1/4~x,1/4-7 ; Hd-x,x,1/4—7 ; 1/4—x,1/4—x,2)K,
x=0.1820, z = 0.3709

Fig. 7.51. A fragment of the Type 1 hydrate (clathrasil) structure viewed down [001}. Dodecahedra are
shown with heavily shaded faces. Tetrakaidecahedra share hexagonal faces to form rods along <100>. The

rods are packed (by sharing pentagonal faces) as in the =W cylinder packing. Dodecahedra fill interstices in

this rod packing.

The last structure {Type H) comes close to having all vertices 56. The unit cefl contains
sixteen 12-hedra, eight 16-hedra, 144 5-gons and sixteen 6-gons. It does not appear
possible to make 4-connected nets with afl 5-rings, although model builders (see Notes at
the end of this chapter) will find that remarkably large clusters of packed pentagonal
dodecahedra can be made before strain becomes too severe to continue. To construct a
“spaghetti” model of the type II net it is best to make one 16-hedron and then to construct
dodecahedra on each of its pentagonal faces (there is only one way to do this); it should be
obvious how to proceed thereafter. A stereo view of the net is in Fig. 7.90 (§ 7.11.8).

Fig 7.52. The hexakaidecahedron appearing in the Type U hydrate net.
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The Type I net also occurs as Si or Ge frameworks in compounds M, St or M,Ge
formed by decomposition (loss of M = alkali metal) of MSi or MGe at high temperatures
under vacuum. The synthetic zeolite dodecasil 3C is also based on this net.

The polyhedra in this section have three polygons (not necessarily regular or even
planar) meeting at each vertex. For such a polyhedron (see the exercises in Chapter 5) the
number of faces, F and vertices, V are related by 2F = V + 4, and the number of edges, E
= 3V/2. If there are Fy4 faces with four edges and F's faces with five edges then 2Fq + F5 =
12. There is no constraint on the number of faces with six edges.

We revisit the clathrate hydrate structures in Appendix 4 where two further structures are
mentioned. Attention is also directed to the structures of the zeolite clathrasils (§ 7.8.6).

7.7 A summary of the simpler 4-connected nets

Here {Table 7.2) is a list of the simpler uninodal 4-connected nets either with Iess than 4
vertices in the topological repeat unit or quasi-regular. Z is the number of vertices in the
topological repeat unit (primitive unit cell). “L.c.” refers to the symbol for an invariant lattice
complex. It would be of interest to know if this list is complete. The list for Z =4 would be
quite long.! The dense net is uniform in that it contains only 7-rings.

Table 7.2. Names and properties of some simple 4-connected nets

net Z symbol le. regular | uniform
diamond 2 67+67-02-69:67-62 D yes yes
CdSoOy 2 6-6-6:6-67+00 ne yes
quartz 3 6-6-69-62-87-87 +o quasi no
NbhO 3 62:62-62-63-82-82 I quasi no
w2 3 37777972 no no
dense 3 Tooe-1373-73-73 no yes
sodalite 6 4-4-6-6-6-6 w* quasi no
HL43 6 3-3:109-102-102-102 v Gquasi no
§* = fa3d 24d 12 6-6-69-67-67-67° 5 quasi yes

7.8 Zeolite nets

The current considerable interest in zeolites stems from their value as catalysts and
“molecutar sieves” and each vear sees a number of new structures discovered. Their

1Nats not realizable with shortest distances between vertices corresponding to edges probably should be
excluded. There are five aninodal nets with Z = 4 in this chapter, we know of only one other. See M.
O'Keeffe, Phys. Chem. Minerals 22, 504 (1993).
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properties are, to a large extent, determined by their structures, so we devote some space to
this topic (but by no means exhaust it).!

An invaluable guide to zeolite nets is the Awlas of Zeolite Structure Types? which
includes eighty 4-connected nets of natural and synthetic zeolites. The Arlas contain stereo
diagrams of each net, coordination sequences for cach vertex, references and synonyms.
Some structures appear dauntingly complex, but many can be described rather simply as
they contain a short axis suitable for projection. Once one learns to “read” the projection, it
will be found that the three-dimensional structure may readily be reconstructed {model
making is highly recommended). As in many instances we provide coordinates for
idealized nets (not given in the Atlas), they can be readily studied by computer.?

The term zeolite is not rigorously defined: it is used loosely to refer to any oxide with an
open structure (say r < 0.6) based on a framework of corner connected { T}O4 tetrahedra®
Some authors use the terin clathrasil to refer to those structures without large channels
(shortest ring at each angle a 6-ring or smaller). From this point of view sodalite is a
clathrasil. Pentasils are open silica-rich alumino-silicate structures in which the smallest
rings are 5-rings. Some of these are referred to as silicalites.

A number of stmpler zeolite nets have already been described (an index to zeolite nets in
this chapter is given in § 7.8.8, p. 353). Here we describe some more, using easily-
recognized structural units (such as “zig-zag” or “crankshaft” rods) as an organizing
principle. The reader uninterested in zeolites is invited to scan through this section quickly,
pausing perhaps to admire some of the more-beautiful structures that occur. '

*7.8.1 Zig-zag structures

In § 7.3.3-7.3.5 we described some nets, including those of zeolites Li-A, MAPQ-39,
AlP0O4-31 and cancrinite, which contain parallel zig-zag rods of vertices. The repeat
distance for a unit edge zig-zag is typically about 1.65 time the edge length (about 1.65 x
3.05~=5 A for zeolites) and many zig-zag structures have one short axis of abou this size,
and have all vertices lying on mirror planes, so that they are readily shown in projection. In
such a projection the framework appears as a two-dimensional 3-connected net,
Cancrinite for example {Fig. 7.19, p. 307), projects as the 4.6.12 net.

A good introduction to the properties and uses of zeolites is the article by J. M. Newsam in Sofid State
Chemistry: compounds (A, K. Cheetham & P. Day, eds.) Oxford (1992). A good source of data concerning
zeolles is Handbook of Molecular Sieves by R, Szostak [Van Nostrand, New York (1992},

2%, M. Meier & D. H. Otsen, Adlas of Zeolite Structure Types, Third Ed. Butterworth-Heinemann
(1992). This also appeared as issue 5 of the journal Zeolites, 12 {1992). Natural Zeolites by G. Gotardi &
R. Galli [Springer, Bertin (1985}] has good drawings that will be appreciated by model buitders.

3The symmetry of real materials is generaily lower that the maximum syminetry of the net. For
structures for which we do not give coordinates, see the references given in the Atlas of Zeslite Structure
Types. Note also that our coordinates may, in some instances, be rather different from those in real
structures; they do however serve to define the topology of the net. )

4When heated, zeolite minerals give off water as steam, and the name comes from the Greek for boiling
stone. Purists insist that the term “zeolite” should be restricted to alumino-sificate minerals, but the wider
sense used in this section (and in the Atlas) now has general currency.
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A particularly simple net with both double and single zig-zags occurs in the zeolite
known as NaJ with ideal composition NazAl»Si20g-H20. The net is illustrated both as a
projection down the zig-zags and in clinographic projectton in Fig. 7.53. Crystallographic
data are:

Nal Pmma, @ = 1.576, b =2.525, ¢ =2.525, r = 0.597
6:6:6-6:-62-69 In 2 g: +(1/4,1/2,2), z = 0.378
4-67-4:62:6:82 in 4 k: £(1/4,£y,z), ¥y = 0.198, 1 = 0.122

Fig. 7.53, The NaJ net. Left: projected on (100} with open and filled circles at x = 1/4 and 3/4
respectively. Right: in clinographic projection. Compare with Fig. 7.62 (A1POQ4-25) p. 346.

Fig. 7.54. The MAPO-36 net projected on {001} with b horizontal on the page. Open and ﬁlled.circles
are at z = 0 and 1/2 respectively. Note that zig-zags are shown as double lines and that double zig-zags

project as rectangles.

The net of the zeolite MAPO-36 {with a MgAl;P1204g framework) projec.ts as 4.6.12
with the squares changed to rectangles representing a double zig-zag in projf:ct]on (an.d -the
hexagons and dodecagons also distorted) as shown in Fig. 7.54 (contrast with cancrinite,
Fig. 7.19, p. 307). Data for this net are:
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MAPO-36 Cmem, a = 4357, b = 6.687, ¢ = 1.697, r = 0.485

46-4-6:6-60in 8 g: C £ (x,y,1/4), x = 0,385, y = 0.040
4-62-4-62:6-127in 8 g, x = 0.319, y = 0.183
462:4-62-6:123 in 8 g, x = 0.115, y = 0.251

A number of zeolite nets with zig
pentagons.

(LiAISi;06.H20) and CsAlSisOy; (Fig. 7.55). Data are:

bikitaite Cmem, a = 2,365, b = 5.104, ¢ = 1.656, r = 0.600
32:62:6-6-6-6.in 4 ¢: C £ (0,y,1/4), ¥ = (0.055 )
5-5:5-56-82in 8 g Ct (&xy,1/4), x=0.289, y = 0.198

CsAlSisO012 Cmem, a=1602, b= 4.713, ¢ = 5.151, r = 0.617

56:5-6-576in 8 f: C£(0y.z; 0.,1/2-2), y = 0,045, z = 0.088
5:5-5:5-6-8 in 8 f, y = 0.255, z = 0.058
36566282 in 8 £,y = 0.440, z = 0.153

Fig. 7.55. Left bikitaite Projected on (001
= 1/4 and 3/4 respectively. Right: CsAlSi
filled eircles are atx =0 and 172 respectivel

) with b_ vertical on the page. Open and filled circles are at z
5012 projected on (100) with ¢ vertical on the page. Open and
¥.

The synthetic zeolites ZSM-12, ZSM-23 and theta-1
small amounts of Na and-Al) are alse derived from two-dimensional nets, but now

includir}g either decagons or dodecagons (see Fig. 7.56). The nets of the first two contain
seven different types of vertex, but theta-1 has a simple description:

(essentially hydrous silica with

theta-1 Cmem, a=4.575, b =5638, ¢ = 1625, r = 0.573

3:5-5-5:62:102 in 4 ¢1 C = ((hy,1/4), ¥ = 0.262

3:5-5.5-63-% in 4 ¢, y = 0,635 (note the absence of a ring at one angle}
5-5.5:5-6-102 in 8 g1 C % (x,5,1/4), x = 0,209, y=0210 ”
52-62-6:62:6-62 in 8 g, x = 0.307, y = 0,052

T ¢ -Zags project as two-dimensional nets containing
Wwo simple examples basc on pentagon-octagon nets are those of bikitaite
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Z5M-12 C2im,a=803,5=162 ¢=392 f=1077,r=058

ZSM-23 P, a = 1.62, b =694, £ =3.50, r = 0.59

Fig. 7.56. Three zeolite nets with zig-zags (shown as double lines} projected down the short axis. Top
left: ZSM-12. Top right: theta-1. Bottom: ZSM-23, Filled and open circles differ in elevation by /2
the vertical repeat distance.

*7.8.2 Crankshaft structures

In § 7.3.6 (p. 308) we discussed some nets derived from the two-dimensional net 4.82
that contained vertices arranged on double crankshafts. In that section coordinates and a
schematic illustration of merlinoite and gismondine were given. It might be noted that
the repeat distance of a crankshaft is about 3.3 times an edge length: this translates into a
repeat distance of about 3.3 x 3 A =10 A for silicates and related materials (atumino-
phosphates etc.). In projections down the crankshaft axes, vertices are at elevations about
+0.15 (in units of the projection axis length) from mirror planes (which are either at 0 and
1/2 or at 1/4 and 3/4). Here we describe two more double crankshaft structures. The first
is found in the aluminesilicate phillipsite and the second in a form of aluminum
phosphate known as AIPG4-C.
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Crystallographic data for phillipsite and AlPO4-C are:

phillipsite Cmem, a =3.446, b =4322, ¢ = 4.359, r = 0.505
both vertices 4-4-4-85-8:8 in 16 4: € + (tx
vertex 1: x=0.145, y = 0.109, 7 = 0.044
vertex 2: x = 0,355, y = 1.243, £ = 0.135

W2 Ty, 1/2-7)

AlPO4-C Cmca, a =2.988, 5= 5897, ¢ = 3334, r=0545
4-4-4-82-8:82 in 16 g: C % (Eey.z £, 1/24y,1/2-7),
x=0.167, y = 0051, z = 0.120
46-4-6682in 16 g, x=0.167, y = 0.221,z=90.120

These nets, together with merlinoite and gismondine are illustrated in Fig. 7.57

Note that in the figure the projection is down the axis of the double crankshaft (which

' prodiectfzi as (2)1 ée(c):tangle). Note also that merlinoite contains octagonal prisms (shaded)
centered at 0,0,0 and 1/2,1/2,1/2. Some relationships between the st

. ? t

4.8y should be apparent from the figure. rctues (all based on

Fig. 7.57. Top left: gismondine proj i i
: projected on {100) with ¢ vertical on the pa ight:
- : : ge. Top right: AIPO4-C
prqected.on (100} with ¢ vertical on the page. Bottom left: phillipsite (100) with & veilicil on the : (]
Bottom right: merlinoite projected on (001). In ea e

ch case open circles are vertices at ab
. \ out +0.15 an
filled circles are vertices at about 0.5+0. 15, Double crankshafts project as rectangles ‘
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Another zeolite framework with double crankshafts is gmelinite (§ 7.3.7, p. 310); this
is based on the two-dimensional net 4.6.12.

A simple zeolite framework containing both single and double crankshafts is found in
AlPO4-12 (AlPO4-33 has the same framework). Data for this structure (illustrated in Fig.
7.58) are:

AlPO4-12 Pmma, a = 3276, b =2.498, ¢ = 2.863, r = 0.512
4.894-89-6-87 in 4 g: £(x,1/2,z ; 1/2-5,1/2,2), x = 0,097, z = 0.356
4-4-4-6:8-8 in 8 I: (x,Ey.z ; 12—x,%y,z), x =0.097, y =0.200, z = 0.134

The short axis of AIPO4-12 is b, It might be noted that along this direction (horizontal in
Fig. 7.58) vertices form rods (either all filled or all empty circles in the figure) that are
referred to as “saw-tooth.” We use a projection down saw-tooth rods in § 7.8.3 (next).

Fig. 7.58. AIP0O4-12 projected on (100) with b horizontal on the page. Double crankshafts project as
rectangles. Yertices not on a double crankshafl are on a single crankshaft. Open circles are vertices at x = 0.1
and 0.4; filled circles are vertices at x = 0.6 and 0.9. Compare with Fig. 7.53 {NaJ), p. 339.

*¥7.8.3 Saw-tooth structures

A rod intermediate between a zig-zag and a crankshaft is known as a saw tooth. A
double saw-tooth rod is illustrated in Fig. 7.59. Now there are two kinds of vertex—the
“teeth” (T) and the “base™ (B)—in the ratio 1:2 on the rod. The repeat distance of a saw-
tooth rod is sbout 2.4-2.6 times the edge length (about 2.5 x 3.0 A = 7.5 A in zeolites).
The T vertices are on mirrer planes at elevation either O and 1/2 or at 1/4 and 3/4 in
projection down the rod, and the B vertices are about 0.2 from the mirror planes. Again
some zeolite structures are conveniently shown as projections, but the figures must be
interpreted with care (see, for example, the legend for Fig. 7.60).

Fig. 7.59. A double “saw-tooth” rod. “B” and “T” indicate a base and a tooth vertex,
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_ Two simple nets featuring double saw-tooth rods are found in the nets of the zeolites
Linde-L and mazzite (both silica-rich aluminosilicates) shown in Fig. 7.60. '

Linde L Poimmny, @ = 6.007, ¢ =2.354, r = 0.489
4-834-85-6:12 in 12 p: Fey,0; ete), x = 0.096, y =0.359
4-4-4-6-6-8 in 24 r F(x,y,z s ele), x = 0.167, y = 0.500, z = 0.288

mazzite P6s/mme, a = 5816, ¢ = 2.505, r = 0,490
4-82:4-82:56 In 12 j: 20y, 1/4; etc), x = 0.495, y = 0.161
4-54:5-8-12 in 24 & Hxp.z ; ete.), x = 0,096, ¥y =0.364, 7 = 0050

Fig. 7.60. Top: Linde L projected on (001). Open circles are T vertices at z = 0, shaded circles are B
vertices at z = 30.29, The latter form hexagonal prisms centered at 1/3,2/3,1/2 and 2/3,1/3,1/2. Botom:
mazzite projected on (001). Open and filled circles are T vertices at z = 14 and z = 3/4 respectively.
Shaded circles on saw-tooth rods with teeth at z = 1/4 are B vertices at z=-0.05 and 0.55; shaded circles on
saw_-tooth rods with teeth at z = 3/4 are B vertices at z = 0.45 and 1.05. Note that here the rectangles are
projections of the “doubie saw-tooth™ rods of Fig. 7,59 '
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Some other saw-tooth nets found in silica-rich alumino-silicate nets are found in
mordenite, dachiardite, ferrierite and ZSM-57. Symmetries and unit cell parameters (for
unit edge) of these nets are:

mordenite Cmtem, a=5.60,6=680,¢=242 r=052
dachiardite CUm,a=5834,b=248,¢c=330, 8= 1120°, r=0.54
ferrierite fmmm,a =625 50=434, c =241, r=0,55

ZSM-57 Imm2,a=244,b=403 ¢=6.13,r=052

The nets are shown in projection in Fig. 7.61. To interpret the diagrams note that {a)
filled and open circles are T vertices on mirror planes separated by 1/2 the projection
distance; (b) shaded circles are B vertices at elevations of approximately 0.3 above and
below the T vertices to which they are connected, () saw-tooth rods are shown as double
lines.

Fig. 7.61. Top left: mordenite projected on (001) with a horizontal on the page. Bottom left: ZSM-
57 projected on (100} with ¢ horizontal on the page. Top right: dachiarvdite projected on {010) with ¢
horizontal on the page. Bottom right: ferrierite projected on (001) with a horizontal on the page. See also
the text.
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*7.8.4 More up-down structures

In § 7.3.8 we described two nets (one was of the zeolite AlPG4-5) based on “up-
down” connections of two-dimensional nets. Some rather complicated AIPO4 structures
that have recently been discovered are based on this principle, so again there is a short axis,
and they are readily depicted as projections down that axis (Fig. 7.62). The repeat distance
along the projection axis is about 2.7 the edge length (i.c. about 8.4 A in alumino-
phosphates). Note that these nets contain only even rings and that in the real materials Al
and P altemate (lowering the symmetry).

Data for the two simpler of these nets with unit edge are:

VPI-5 POy/mem, a = 6.086, ¢ = 2.674, r = 0,406
4-63-4-63-6-64 in 12 k: #(x,0,4 ; etc.), x = 0.4227, 7 = 0.063
4:626-63:62-63in 24 I H(x,y,z; ete.),x = 0.1786, y = 0.5120, z = 0.563
AlPO4-25 Cmma, a = 2,603, 5 =4.800, ¢ = 3149, r = 0610

6-62:6-67-62:67 in 8 m: C & (dx,1/4,2), x = 0308, z = 0.849
4.62-6-63-67.63in 160 C (Fey.z s 20,129,123,
x=0.192, y = 0.099, z = 0.651

Fig. 7.62. Top left: AIPO4-11 projected on (100) with b horizontal on the page. Top right
AlPO4-41 projecied on (001) with b horizontal on the page. Boutom left: VP1-5 projected on {G01).
Bottom right: AIPO4-25 projected on (100) with b herizontal on the page. Additional edges go “up” from
open circles and “down™ from filled circles, '
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The AIPO4-41 net has symmetry Cmem and four different kinds of vertex; The
AlPO4-11 net has symmetry Imma and three different kinds of vertex.

Another member of this family that has recently been discovered is known as AIPQy4-8.
This beautiful structure, shown (again slightly idealized) in Fig. 7.63, has five different
kinds of vertex and contains 14-rings. The symmetry of the net is also Cmem.

Fig. 7.63. AIPO4-8 projected on (001) with a horizontal on the page.

*7.8.5 The “ABC-6” family

Fig. 7.64. Sodalite projected on (111} with a hexagonal cell outlined. Open circles at 1/6, shaded circles
at 1/2 and filled circles at 5/6 of the repeat unit 1/22<111>. Edges joining vertices at 5/6 to those at /6 (i.e.

1/6) are not shown.

In § 7.3.5 (p. 306} we commented on cancrinite which we described as a stacking of
plane hexagons centered at 1/3,2/3,1/4 and 2/3,1/3,3/4. By analogy with the nomenclature
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?Sefj for sphere packing (§ 6.1.1), we could describe that stacking sequence A5... The
inclined edges linking the hexagons formed double zig-zag rods. Similarly in gm;l.inite
(8 7.3.7. p. 310) there are hexagonal prisms centered at 1/3,2/3,1/4 and 2/3.1/3.3/4 and
the stacking of hexagons could be described as AABB.. and the edges not perp,end;cular to
the stacking direction form a double crankshaft rod. ;

A sequence of hexagons stacked AAB... produces 4 structure hased on saw-tooth rods
This is found in the zeolite offretite. .

The primitive cell of sodalite (§ 7.3.10) is rhombohedral with g = V6, o = cos-1(-1/3)
= 109.47" and contains six vertices with X,z equal to the six permutations of 1/4,1/2.3/4.
These comprise a planar hexagon normal fo [111] and centered at 1/2,1/2,1/2, Paciciné the
rhombohedral cells will result in the hexagons being stacked ABC along a 3-fold axis as
shown in Fig. 7.65.1

Nets derived by stacking hexagons in positions A, B or C are known as ABC-6 nets and
about a l:IOZen have been recognized in natural and synthetic zeolites.2 Some of these are
summarized in Table 7.3. The entries under “vertex types” are the numbers of
topologically-distinct kinds of vertex. -

Chabazite is CazAlg8i12034-20H20; The net contains a rhombohedral stacking of
hexagonal prisms (contrast sodalite which has a rhombohedral stacking of single
hc?xagons}. The remaining space consists of large (36-vertex) polyhedra as illustrated in
Fig. 7.65. Data for the net are;

chabazite R3m, a = 4404, ¢ = 4.757, r = 0.451
: 444868 in 36 i: R (x,y.z7; etc.), x = 0.106, y = 0.439, 7 = 0.062

Fig, 7.65. Tl’-IE: large polyhedron in chabazite formed by a linked stacking of hexagona! prisms. For two
hexagonal prisms only one square face is shown (shaded).

IThe skeptical reader may wish to ransform sodalite to a hexagonal cell as outlined in § 4.4.2. The
cell has 2 = 4 and = 6 and contains 18 vertices. Compare with the 12-vertex cell of cancrinite given in
§7.3.5 {p. 306) which has the same a, and ¢ two-thirds as large.

For a systematic discussion of possible ABC-6 structures and their ! i
mmetries, see J. V. .
M. Bennett, Amer. Mineral. 66, 777 {1981). d * Smith &3
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Table 7.3. Some ABC-6 nets

sequence ner vertex types
AB cancrinite 1
ABC sodalite 1
ABAC losod 2
ABABAC liottite 3
ABABACAC afghanite 3
AABB gmelinite 1
AABBCC chabazite 1
AABBCCBBAACC AlPO4-52 3
AAB offretite 2
ABBACC TMA-E 2
AABAAC erionite 2
AABCCABRC levyne 2

%7 8.6 Pentasils (silicalites), clathrasils and related structures

We have already met the frameworks of melanophlegite (Si0O;) and dodecasil-3C
in § 7.6 where they were identified as the frameworks of clathrate hydrates cailed Type ¥
and Type II respectively. (A zeolite named ZSM-39 also has the latter structure). Another
simple structure based on a space filling of polyhedra is octadecasil (the same framework
has been found in AIPO4-16). In this structure cubes pack with truncated rhombic
dodecahedra in the ratio 1:1 to fill space as shown in Fig. 7.66. The large polyhedron with
18 faces (an octadecabedron = [46.612}) may be derived by truncating the acute vertices
(where four edges meet) of a rhombic dodecahedron. The centers of each set of polyhedra
fall on points of an fcc lattice; accordingly, taken together the centers have a NaCl
arrangement. Data for this net are given on the next page.

Fig. 7.66. The octadecasil net, Left: as cubes connected by isolated tetrahedral vertices (filled circles).
Right: the cctadecahedron.
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octadecasil Frm3m, a = 4.309, r = 0.500
6-6-6-666in8c: Fx (1/4,1/4,1/4)
4:6:4-6-4-6 inx 32 FFE(Eeen)x x=0116

A particularly beautiful clathrasil known as sigma-2 has recently been described. This is
based on a packing of 36-vertex icosahedra [512.68] and enneahedra (43.56], The large
pelyhedron, which has symmetry 42m, is called the “tennis bali” because the pentagons
form an endless strip rather like the seam of a tennis bail (see Fig. 7.67).1 Like that of most
clathrasils, the structure is difficult to illustrate satisfactorily, but it js easy to make a model.
In sigma-2 the “tennis balls™ share opposite hexagonal faces to form rods along <100> as
indicated in Fig. 7.67, and the smaller polyhedra (also shown in the figure) fill the
interstices of the packing. The rods of face-sharing tennis bafls are packed as in the 4-layer
cylinder packing of § 6.7.2 (b) (p. 264).

The crystallographic description is fairly simple:

sigma-2 Hyjamd, a =328, c = 11.17, r = 0.53
5-65636in 16 A: [ £ (0,2 ; e[c.),}‘ =0.098, 2 =0.7133
4-6:3-3-35in 16 k: [ £ (D, ; ete.}, y = 0.038, 7 = (.3669
4-6-53-5:5-5 in 16 k: [ £ (O,y,2 ; ete.), y = 0.098, ¢ = 0.5529
4-6-53-5-3-5in 16 £ 1 £(x,0,0 ; ete), x = 0.274

Fig. 7.67. Left: The “tennis ball” icosahedron as it appears in sigma-2, The 4 axis is vertical on the
page. Middle: part of the icosahedron packing of sigma-2 viewed down [001]. Right: the enneahedra that
fill the interstices are shown in two different orientations.

A zeolite named AIPO4-22 is included hers because it is another simple example of a 4-

1For more on this and related polyhedra see Appendix 4,
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connected net derived from packing polyhedra. (As the net contains 8-rings, most authors
would not classify this material as a clathrasil.) The net is shown in projection in Fig. 7.68.
Model builders will discover that it is made up of equal numbers of two kinds of polyhedra;
one with 10 faces [45.64] and the other with 18 faces [48.68.82] (Fig. 7.68). Fach kind of
polyhedron forms rods along ¢ by sharing opposite faces. Crystallographic data for the
ideal net are:

AlPOy4-22 Pdlnmm, a = 4324, ¢ = 2,547, r = 0.504
4-4-4-6-6-6 in 8 g: £ (x,x 0etc), x =0.134
4.4.6-6-6-8 in 16 k: £ (x,p,2, etc.), x = 0.029, y = 0.866, z = 0,345

The 4-4-4-6-6-6 vertices form squares at z = @ and the 4-4-6-6-6-8 vertices form octagons
at z = +0.35. How the polygons are connected should be evident from Fig. 7.68.

Fig, 7.68. Left: the ALPQ4-22 net projected on (Q01). Open, shaded and filled circles are at z = 0, 0.35
and 0.65 respectively. Right: the two kinds of polyhedra in the structure (¢ is vertical), The top and bottom
faces of the polyhedra are separated by ¢,

Fig, 7.69. Left: a pentasil unit. Right: three condensed pentasil units

The structures known as silicalites are rather more complicated. The net of silicalite 1
{ZSM-5) has twelve different kinds of vertex and that of silicalite 2 (ZSM-11) has eight
different kinds. 3- and 6-rings dominate but there are also 4- and 10-rings in the structures.
A basic building block in these structures is the “pentasil unit” (shown in Fig. 7.69) which
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is a polyhedron with eight pentagenal faces (a “pentagonal octahedron™) and two divalent
vertices. These can be condensed into corrugated slabs as hinted in the figure, The silicalite
structures are then derived by joining the slabs either across mirror planes to form silicalite
2 or through inversion centers to form siljcalite 1.!

*7.8.7 Fibrous zeolites

The materials under this heading are a group of natural and synthetic zeolites with some
fascinating crystal chemistry. The basic building unit is the rod of vertices shown on the
left in Fig. 7.70. These rods can be linked in two directions perpendicular to the rod axis as
shown on the right in the figure which illustrates the linkage in edingtonite.

Fig. 7.71. Left: edingtonite projected on (001); numbers are elevations in multiples of ¢/100. Right:
natrolite projected on {0C1); numbers are approximate elevations jn multiples of ¢/8.

1Good illustrated accounts of these structures are given by C. A Fyfe et al., J. Amer. Chem, Soc. 111,
2470 (1989) and D. H. Olsen er ai,, J. Phys. Chem. 85, 2238 (1981). Silicalites are important commercial
catalysts.
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The two simplest topologies are:

edingtonite  Pdm2, g = 2.204, ¢ = 2.122, r = 0.485
42-4384:84-84-84in 1 4: 0,00
4-83-4-83dp-84 in 4 j: (te,0,z ; 04x,7), x = 0.273, 7 = 0.376

natrolite fifamd, a = 4406, c =2.124, r = 0.485
4-42-84-84-84-84 in 46 1 £ (0,1/4,3/8)
4-82-d-82:42: 84 tn 16k T £ (03,2 ; 1/2,y,1/2~z ; 1id+y, 174,344z ;
1f4+y,3/4,1/4-7), y = 0.387, £ = -0.001

Fig 7.71 shows, on the left, edingtonite in projection. The rods project as centered
squares and together with the links between rods form a 4.82 pattern. It is important to
recogrize that we have described the net in its most-symmetrical minimum-density form. In
real material (edingtonite has the ideal formula BaAl;Siz01¢-H20) the framework collapses
as discussed for scapolite in § 7.3.8 (see Fig. 7.25, p. 312) and the unit cell is doubled. In
the real material the symmetry is further lowered by Si,Al ordering and is in fact P2,2;2.

Fig. 7.71 also shows natrelite in projection. The links between rods are now at four
different elevations and form rods arranged as in the four-layer cylinder packing of § 6.7.2
(b). Natrolite itscif has the ideal composition NapAlSi30102H70. The same framework is
found in other minerals such as scolecite, CaAl28i3G10:3H,0 (note the substitution of 2Na
by Ca+H30) and also in anhydrous synthetic materials such as RbyGaGes01p. Again the
framework is partly collapsed and its symmetry is lowered from Iy/amd to 1424, Si,Al
ordering in natrolite further lowers the symmetry to Fdd2 (with a doubled cell) and in
scolecite Ca, HzO ordering reduces the symmetry further o Ce. It is common to use the
same size of cell for these structures: this entails using a face centered cell for all four
symmetries. The tetragonal space groups become Fd1/ddm and Fad?2 (sce § 3.34, p.73)
and Cc becomes Fd. The descent in symmetry is in terms of full symbols:

parent structure F M/d 2d 2Um
collapsed F 4 d 2
Si/Al order F d d 2
Ca/H20 order F 1 d 1

The conventional Ce cell is obtained from Fd by (001/010/1/20 1/2).
Thompsonite, which has approximate composition NaCay Al58i5020-6H30, has a close-
Iy related structure with a different linkage of rods.!

7.8.8 Zeolite net nomenclature and index

The bewildering variety of names for naturaf and synthetic zeolites has lead the Structure
Commission of the International Zeolite Association to establish three-letter symbols for

IFor a systematic account of linkages and symmetries possible for fibrous silicates, see J. V. Smith,
Zeits. Kristatlogr. 165, 191 (1983).
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Structure topologies.! These are given in Table 7.4 for the zeolite rets discussed in this
chapter (three of these are in the Exercises § 7.12) together with the names that we have
used, so this section can serve as an index to those structures. It is a pity that no generally
agreed symbols are available for other common nets (such as diamend and keatite)
which oceur in many different contexts.

Table 7.4. Symbols, names and sections for some zeolite nets

ABW  Sraly §733 GIS  gismondine §7.3.6
AEL  AlPO4-11 §78.4 GME  gmelinite § 737
AET AlPO4-8 § 7.8.4 JBW  NaJ § 781
AFG  afghanite § 785 KFI1 ZK-5 §7.43
AFL AlIPOy4-5 §738 LEV levyne § 7.8.5
AFQ  AIPO4-41 § 7.84 LIO liottite § 785
AFS MAPS0-46 §7.12.12 LOS losod §7.85
AFT AlPO4-52 §785 LTA Linde A § 7.4.1
AFY  CoAPO-50 § 7.4.5 LTL - Linde L § 783
ANA  analcime §7.12.6 MAZ mazzite §78.3
APC  AIPO4-C § 782 MEL  silicalite 2 (Z5M-11) § 7.3.6
AST  octadecasil § 7.8.6 MEP  melanophlogite §76
ATN  MAPO-39 §7.35 MER  werlinoite §7.3.6
ATO  AIPO4-31 § 734 MFIL  silicalite 1 (Z8M-3) § 7.8.6
ATS  MAPO-36 § 7.8.1 MFS ZSM.s57 § 783
ATT  AIPQ4-12 § 7.82 MON montesommaite § 7127
ATV AIPQ4-25 § 784 MOR  mordenite §7.83
AWW  AIPO4-22 §7.86 MTN  type II {ZSM-39) §7.6
BIK hikitaite § 7.8.1 MTT ZSM-23 § 7.8.1
CAN  cancrinite §73.5 MITW ZSM-12 § 7.8.1
CAS  CsAlSiz0;4 § 7.8.1 NAT  natrolite § 787
CHA  chabazite §7.85 OFF  offretite § 785
DAK  dachiardite § 783 PHI phillipsite § 7.8.2
EAB TMA-E § 785 RHO  rho § 742
ED1 edingtonite § 7.8.7 SGT  sigma-2 §7.8.6
EMT  bex. faujasite § 7.4.4 SOD  sodalite § 7.3.i0
ERI erionite § 785 TON  theta-1 § 7.8.1
FAU  fauajasite § 744 VFE VPI-5 § 784
FER  ferrierite § 783

7.9 5-connected nets

Five-connected nets have received comparatively little attention, Describing them by
Schlafli symbols gets a little cumbersome as there are now ten angles and they cannot be al]
equivalent.2 Some examples are to be found jn the structures of borides which often have
extended B-B bonding with connectivity ranging from 2 {forming rods) through 3 (forming

The index of the Atlas of Zeolite Structure Types has 332 entries.
This follows from the fact thar the complete graph with five points is not plarar and therefore cannot
represent the vertices and edges of a three-dimensionai polyhedron.
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layers)to 4, 50r 6 (forming three-dimensional frameworks).

Cur first three examples also represent space filling by regular and Archimedean
polyhedra, The first of these is a space-filling by octahedra and truncated cubes (3.82) and
is found in nature as the B structure of CaBg and similar borides such as KBg and LaBg. It
is illustrated in Fig.7.72. This is a simple cubic structure; data for unit edge length are:

CaBg Prdm, a= 1442 =2.4142, r = (426
vertices in 6 e & (0,00, x = 142 + ¥2) = 0.2929

In €aBga = 4.151 A, Ca is a 172,142,142 in the center of the truncated cube (24-
coordinated by B), and the x parameter {0.302) for B is close to the ideal value given
above.

Fig. 7.73, The boron arrangement in UBq.

The second five-connected structure is a space-filling by truncated octahedra,
cuboctahedra and truncated tetrahedra that is the B structure of UB17 and isostructural
borides (e.g. NiB1z, LuB ;7). The crystallographic description is again very simple:
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UBy2 Frdm, a =18 = 4.2476, r = 0.629 {a = 7.473 A for UB15]
vertices in 48 i £ (1/2x,20K, x = 1/3

A sketch of part of the structure is shown in Fig. 7.73. In UBy3, U atoms in 4 a: F +
{0,0,0) center the Bog truncated octahedra. The centers of the cuboctahedra are at 4 b: F +
(1/2,1/2,1/2) and the centers of the truncated tetrahedra are at 8 ¢ FE{1/4,1/4,1/4).

If the truncated octahedra and half the truncated tetrahedra are omited, the rermaining
truncated tetrahedra and cuboctahedra form an infinite polyhedron 3.4.62.4. The symmetry
of the figure is now F&3m, but the positions of the vertices are the same (see Fig. 7.74).

The third polyhedron packing is a space-filling by cubes, octagonal prisms, rhombi-
cuboctahedra (3.43) and truncated cubes (3.82). n Fig. 7.74 the network of cubes and
rhombicuboctahedra is shown as an infinite polyhedron 3.44. The complementary
polyhedron (also 3.4%) consists of truncated cubes (3.82) joined with octagonal prisms.

Fig. 7.74. Left: a fragment of an infinite polyhedron 3.4.62 4. Right; Rhombicuboctahedra and cubes
forming an infinite polyhedren 3.4%,

Crystaltographic data for this structure are:

344 Pedm,a=2+2=34142, r = 0.603
vertices in 24 m: (fxtxt2)K, £ = 1/(4 +Y8) = 0.1465, £ = 1/9-x

Per unit cell there is one rhambicuboctahedron {center af cell corner), one truncated cube
(center at cell center), three octagonal prisms (centers ia cell faces) and three cubes (centers
in middle of cell edges). As an example of the occurrence of this structure we cite the
structure of Pdj7Se;s (for crystallographic data see Appendix 5) which is truly a
polyhedrist’s delight. In the unit cell of this structure, 24 Pd atoms make up the
S-coordinated packing and additionally: {Pd}Seg octahedra center the rhombicuboctahedra,
PdgSers clusters consisting of Pdg octahedra edge-capped by Se forming a Sejz
cuboctahedron {cf. § 5.2.4, Fig. 5.32, p. 159) center the truncated cube and {Pd}Ses
squares center the octagonal prisms. The unit cell content is accordingly
PdSes-PdgSe 2 (PdSeq)s-Pdag = Pd34Sesp. Rh17815 is isostructural, .

Two more five-connected infinite polyhedra foliow. The first (Fig. 7.75) is 33,62 and is
made up of truncated tetrahedra sharing triangular faces with octahedra {so that two
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opposite faces of an octakedron are shared with truncated tetrahedra). Crystallographic data
are :

33 g2 Fdim, a = 6.6024, r = 0333
vertices in 96 g: F * (x,xz etc.), x = 0.0714, z = -0.0357

In this structure, the connectivity of the truncated tetrahedra {(by octahedra acting as
links) has the diamond topology (the centers of the truncated tetrahedra form a diamond
net). The structure can also be considered as octahedra Jained to six neighboring octahedra
by a fifth edge, as in CaBg, but now the topology is different-—the centers of the
octahedra are at the points of the 7 lattice complex.

Fig. 7.75. Left: part of an infinite polyhedron 33.62. Right: part of an infinite polyhedron 3.4%.

Another infinite polyhedron with vertices 3.44 consists of truncated tetrahedra sharing
hexagonal faces with hexagonal prisms (Fig. 7.75). This arrangement is a conspiclous part
of the so-called E structure which occurs for compositions such as Mgz Al gCra, ZrZnyy
and AljgV. Crystallographic data for the five-coordinated packing are:

3.44 Fd3m, a=5.138, r = 0.709
vertices in 96 g: F # (g etc.), x = 0.0562, 7 = 0.3314

7.10 Nets with mixed connectivity

Nets with mixed connectivity inevitably involve more than one kind of vertex. Here we
give some examples of such nets with just two kinds of vertex.

*7.10.1 (3,4)-connected nets

A very simple cubic structure (Fig. 7.76) has been proposed for Pt304 in which the
atoms lie on invariant lattice complexes:
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P304 Pm3n,a =558 A
Ptin 6 c: £(1/4,0,1/2)¢
Oin 8 e 2(1/4,174,1/4 ; 1/4,3/4 3k

In this structure there are {Pt}O4 squares and {O}Pta equilateral triangles with the Pt-Q
distance equal to a/V8. The O atoms are on the points of a primitive cubic lattice. The Pt
atom positions correspond to lattice complex W and form non-intersecting rods of Pt atoms
a distance a/2 apart. The rods, parallsl to the cube axes, are packed as in the B-W cylinder
packing (§ 6.7.3).

Fig. 7.76. The structure of P304 as a {3,4} connected net.

Boron in borates is commonly found as {B}Oj3 triangles and {B 104 tetrahedra forming
frameworks by sharing vertices. Exercise 2 gives an example of a 4-connected net derived
from vertex sharing tetrahedra in CaB204 and the structure of B203 was cited (§ 7.2) as
providing an example of a 3-connected net derived from vertex-sharing triangles. The
structure of boracite, Mg3B7013Cl, which contains [B}0O; triangles and {B}0y tetrahedra
provides an elegant example of a (3,4) connected net of B atoms. Per formula unit there are
4B0Oss2 + 3BOy = B7047 in the B-O-B framework.

Here we describe just the idealized (3,4)-connected net, The basic unit consists of an
octahedron of 4-connected vertices (B) with 3-connected vertices {A) centering four of the
octahedron faces to form an A4B6 cluster (shown in Fig. 5.31, p. 155). Joining these
octahedra by vertex sharing as shown in Fig. 7.77 [in the same way as in the J lattice
complex {Fig. 6.27)] produces stoichiometry A4Bg/2 = A4B3. For unit edge the
crystallographic description is:

boracite net P43m,a =5
3-connected in 4 e; (xx.x; X.X.00K, x = 1/6
4-connected in 3 d: (1/2,0,0)x

In the real structure of boracite at high temperature,  the unit celi edge is doubled to allow
suitable B-O-B configurations, and the symmetry is Fd3c. Below 300 °C, the symmetry is
lowered to Pca2y but the topology of the framework is unaltered.
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Fig. 7.78. Generaticn of 3- and (3,4)-connected nets from diamond (left). The (3,4)-connected net
discussed in the text is shown in the middle and the ThSiz net is shown on the right. In each case 2 body-
centered tetragonal cell is shown and in the projection on (100), ¢ is vertical, and points shown as filled and
empty circles have elevations differing by dx = 1/2.

3-connected nets can simply be derived from 4-connected nets by replacing each
4-connected vertex by a pair of 3-connected vertices as shown in Fig. 7.78. The figure
shows how to generate the ThSiy net from diamond in this way. On the left diamond
projected on (:10) (cf. Fig. 7.11, p. 302} and on the right the Th&iz net is projected on
{(100) of its tetragonal (I4{/amd) cell (cf. Fig. 7.8, p. 298). Notice how each diamond
vertex becomes a pair of 3-connected vertices with their edges in planes mutually at right
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angles. If only half the diamend vertices are so altered, a simp]le (3l,4)-cennccted net is
obtained. The ring size (all 8-rings) is intermediate betweer} that‘m diamond (alll 6—r1ng§)
and in ThSiz {(all 10-rings). The net has only three vertices in the repeat unit and is
probably the simplest (3,4)-connected net. The cell is again body-centered tetragonal:

Hm2, 2 =1.800, c = 3.744
4-connected in 2 a: 7+ (0,0,0)
Jconnected ind £ 1+ (0,1/2,2 ; 172,07}, z = 0.3836

(3,4)-connected net

7.10.2 (4.6)-connected nets

Simple examples of (4,6)-connected nets with two kinds of vertex occur as the
structures of corundum (YIAlIVO3) and ViNiyivss,

In structures based on a framework of tetrahedra sharing corners with octahedra {and
vice versay}, the central tetrahedral and octahedral atoms form vertices of a (4,6)-connected
net. Examples of such structures are these of the polymorphs of Fep($04)3 and
Al (WOy)3; in these structures -O- links serve as the edges of the net, Just as for stmctgres
based on tetrahedral frameworks, “stuffed” variants are also found. In tl'.lc foliow:ng
examples the atoms in bold face are on the net (different in every case apd with -O- links
again serving as edges) and the remaining metal atoms are in cavities in the frlamework:
garnet, CazAly(8i04)3; langbeinite, KyMga(804)3; nasicon! = NagZr(8i04)3 and
AL(WO4)1.

Fig. 7.79. Corandum as a (4,6)-connected net.

INasicon is a good Na-ion conducting silicate (Na silicate eonductor).
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As for 4-connected nets, the same topology is often found in different contexts; for
example, the same (4,6)-connected pet is found in corundurm, rhombohedral Fea(504)3
and in nasicon. We call it the corundum net. The corundum structure is possibly best
appreciated as a packing of {Al}Og octahedra (see § 6.1.6), however it is shown as a bond
(Al-O} network in Fig, 7.79.! Fig 7.80 shows the connection of octahedra and tetrahedra
in thombohedral Fe, (SO3.

The occurrence of the corundum net in crystal structures illustrates the hierarchical way
structures can develop. In AlxO3, the edges of the net are Al-O bonds, in Fes830;5 the
edges are Fe-0-S bonds. In KzFeZZn3(CN)[2.xH20, the edges are Fe-C-N-7Zp bond
groups (atomns in bold correspend o the vertices of the net). The molar volume of the last
compound is over eight times that of the first ong,

Fig. 7.80. The rhombohedral Fez(804)3 structure as a network of vertex-sharing (Fe}Og octahedra and
[5}04 tetrahedra. The structure is projected down c, Although two kinds of octahedra are apparent in the
drawing, they are topelogically equivalent.

The different (4,6)-connected nets we have mentioned are readity distinguished by
comparing their coordination sequences. The example below shows (2) that the (4,6)-nets
of garnet and Ala(WO4)3 are topologically distinct {despite a statement to the contrary
sometimes encountered), and (b) that there are two topologically-distinct W atoms in
AL (WO,

net atom nj [} n3 ny ns ng
garnet Al 6 12 42 50 114 110

Si 4 16 28 74 76 162

Aly(WO,) Al 6 4 42 50 4 110
W1y 4 17 28 70 76 163

W(2) 4 16 28 72 76 162

For many people, Fig. 7.79 will merely illustrate the difficulty of interpreting “bail and stick”
diagrams of structures!
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Fig. 7.81. A part of the garnet structure shown as linked {$i)0Q4 tetrahedra and [Al}Og octahedra
projected down [111]. For clarity only about a half of the polyhedra in the repeat unit {= (a + b + ¢)/2] out
of the page are drawn,

The common, and important, structure of garnet is remarkably difficult to illustrate or
describe. Here we illustrate (Fig. 7.81) just the connectivity of octahedra and tetrahedra
which correspond to a (4,6)-connected net with -O- links as edges. Note that the vertices
of the net (Al and Si positions) are at the sites of invariant lattice complexes (see § 3.4 for
a list of coordinates); in § 6.6.4 we showed how the cation positions are related to Cr3Si.

For some low-density (4,6)-connected nets see Exercise 15,

7.11 Notes
7.11.1 More 3-connected nets

Wells (reference in § 7.11.10) made a special study of uniform 3-connected nets (those
in which the shortest rings at each angle are the same size). In contrast to uniform
4-connected nets, which are all 66, Wells found nets 73, 83,93, 103 (see § 7.2) and 123
Here we list coordinates for a few of the simpler 3-connected nets with one kind of vertex,
The reader may enjoy drawing them. They serve to illustrate the topologies that can oecur.

A simple net 124-127-124, which cannot be constructed with all angles equal to 120°, is
for maximum volume:

123 P6722, a = 2475, ¢ = 2.026
vertices in 6 g: £(x,0,0 ; x.x,1/3 ; ¥.5,1/3 ; 04x,2/3), x = 0.298
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There are many 83 nets. Known nets with one kind of vertex are a 8-8-32. The first
cannot have all angles equal to 120°, so we give coordinates for maximum volume; for the
other two (Fig. 7.82), the coordinates are for bond angles of 120°:

I Im3m, 2 = 6352
vertices in 96 [ [ + (Fxdy 47 by v te), 5 = 0.349, y = 0.190, z = 0.079

L. P6222, a =573, ¢ =
vertices in § &; (x,2x,0 (X200 23,13 50,103  20x,2/3 5 £,2%,203), x = 2/5

1L Rim,a=5,¢c=6
vertices in 18 £ R+ (x 00 0.x,0; x,x0), x =25

Fig. 7.82. The nets I (left) and III (right) projected down ¢, Open, shaded and filled circles are at
elevations 0, 1/3 and 2/3, respectively,

Net II occurs as the {(Cu,S) ret in BiCu384 (Cuand S are 3-coordinated to each other).

As the 103 ¥* (§ 7.2) net is the only 3-dimensional 3-connected net with equivalent
edges it is the only one that can be decorated with triangies to produce a uninodal
3-connected net (cf. § 7.5.2).) The 3-dimensional net is 3-205-205 and is probably the least
dense three-dimensional uninodal net (¢1g9 = 207), we call it ¥*3, Data for this net are:

¥*3 14132, a = 40024 - 18y = 6.0044, = 0. 196, o = 0.0555
vertices in 24 g1 / + (1/8,x, 1/d—x s 3/8.x,3/d—x ; 5/8,1/2x,3/4+x H
8,142+, 174+, 1 = (V12 - 3)/8 = 0.0580

The quasiregular 4-connected NbO (J*) net could not be decorated with tetrahedra as the
edges are coplanar; however if each vertex is replaced by a square, a 3-connected uninodal
net is obtained? with symbol 4-12,-12,:

4122 Ii3m, a =2 +3
vertices in 24 g: / + (x,0,172 V020, x = 14 + \fS) =(.1464

“Five-clectron” compounds AB, where A is an alkali metal and & is from group 4A

!The analagous process in two dimensions produces 3.122 from 63,
The analogy in two dimensions is the generation of 4,82 from 44,
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(column 14) of the pericdic table, have some fascinating structures, usually with B in three-
coordination. The mest common structures are KGe and NaPb in which B atoms fgrrn
tetrahedral groups. In LiGe, however, a 3-dimensional net is formed in which the vert1°ces
are 8-8-103 {(LiSi and MgGa have the same structure). The angles are less than [20° as
might be expected! and we give the actual coordinates for the structure,

LiGe e, a=995A, c=578 A
LHin 16 £ [ % (.25 W2-x35,1/247 ; 3=y, Vd+x,1d+z -
3/4+y, 3M-x, 3442, with x = G100, y = (.100, z = -0.055
Ge (8-8:103) in 16 £, with x = 0,106, y = D.051, £ = 0,304

With these parameters, the Ge-Ge distances are 2.55 (2x) and 2.60 A._The: next shortest
Ge-Ge distances are 4.10 A (2x). A sketch of the Ge structure is shown in Fig. 7.83.

Fig. 7.83. The Ge net in LiGe.

Finally, a cubic net 6:9-9 which cannet be made with angles of 120°, so is given in its
maximum volume form:
6.92 Fd3m, a = 6.521

vertices in 96 g: F & (2 ; x.1/d—x,1/4—7 ; 1/4—x.x, /A= ; d—x, 1 /d=x.2)K,
x = 00708, z = 0.8875

7.11.2 Model building
Most three-dimensional nets are best appreciated by building modeis. Fortunately,

“spaghetii” models of 3- and 4-connected nets are casily and cheaply built fmrfl readily
available triangular and tetrahedral connectors and plastic tebing.2 Connectors with 3 mm

!'1iGe may be written as Li*Ge; Ge™ with five valence elestrons is f:.xpected to have three 2-e]ec1r§)n
bonds pyramidally disposed and a non-bonding electron pair in an orbital at the apex of the pyramid.
Compare CaSt; (§ 7.2) .

2Available from many chemical supply houses. These are often sold as carbon, nitrogen, e:c. ammi for
building models of organic melecules, although the tetrzhedral stars {also known as caltrops™ or
“calthrops™} probably more often end up as vertices in zeolite frameworks.
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(1/8 inchy diameter spokes are suitable. As considerable bond strain oceurs in small (3-or
4-} circuits, it is best to use tightly-fitting flexible plastic tubing and to make the edges Just
over twice the length of the spokes from the vertices,

J.11.3 Identifying nets

It is sometimes quite difficult to identify nets in crystal structures, particularly when the
stricture is of low symmetry. A good way is to count numbers of (topological) neighbors
using a computer (it is a good idea to count out to ry = 10}. Usually edges in nets
correspond te shortest distances between vertices and it is very simple to count neighbors
in this case. We have given the signature of a number of common nets in this chapter. Tt is
also fairly simple also to get & computer o determine the Schiifli symbols of the vertices,
Counting rings and numbers of neighbors by hand from a model can sormetimes prove
remarkably difficult {nets are known with more than 1000 shortest rings at an angle). If the
net matches in both regards with a known net it is a fairly safe bet that they are the same.

The Exercises give some examples that are suitable for computer study; they are all done
readily using EUTAX,

7.11.4 Diamond and SiC polytypes

In § 7.3.1 we discussed polytypes of diamond, Polytypes of SiC are derived from these
by replacing half the vertices by Si so that each Si is surrounded by four C and vice versa.
In 4 formal sense the structure can be considered as €p Si with C in one half the tetrahedral
sites (either all “up” or all “down”). The polytypes of SiC {(a large number have been
characterized) are usually named for the nature of the close packing, e.g. as hcc or 61 or,
in Zhdanov notation 33 (see § 6.1.4).

There is an important distinction to be made between the description of SiC polytypes
and the description of close packing. In the hec sphere packing all the ¢ spheres are related
by symmetry (see Exercise 6.8.2), but in hee $iC the ¢ layers of Si are not so related (there
are two distinct kinds) and to know which is which, it is necessary to know which of the
two sets of tetrahedral sites is occupied by C. Usually the sequence of layers along the ¢
axis is written on a line; here we use the convention that the direction from left to right is
along the direction of a Si to C vector of a $iC bond parallel to ¢. Thus with Greek letters
for carbon positions 65 SiC is coded (see §6.1.4):

In this sequence A--a, B--j, C--y correspond to Si-C bonds along c. The layer B is & and
the layers A and C are ¢,

The possible symmetries for polytypes of diamond are the centro-symmetric groups:
Fd3m (only for cubic diamond itself), PG3/mme, R3m, and P3m1. In each case the center
of symmetry is in the midpoint of a C-C bond. Tn the polytypes of SiC the center of
symmetry is destroyed and we have the possible symmetries: F43m (only for the
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sphalerite form, polytype symbol 3C), Pé3me (polytype symbol NH), R3m (polytype
symbol NR), and P3m1 (polytype symbol NT). In giving coordinates for atoms in SiC
Polytypes it is convenient to take an origin midway along a $i-C bond so that for every Si
atxy.z there is a C at %,7,7. Thus we need only give explicitly coordinates for Si. It might
be noted that in all polytypes except 3C, the Symmetry at atom sites is 3m.

Table 7.5. Coordinates for idealized polytypes of SiC {see text)

type vertex  pos  z§j type vertex pos  Z§j
3C C
2H h b 116 10H, cchhh b 33/80
4H ch a 13/32 <311> chhhe b 180
<2> he b 532 hihce a 980
6 cch b 17/48 hhcch & 1780
<3> che b uag hechh a 5/16
hce a 316 10H3 chchh b 4980
9R chh a 6972 <221>  hehhe a 1780
<2i> hch a 13/72 chhch b 13116
hhc a 5372 hhche b 3380
8H| ccch b 2164 hchch b 180
<4 cche a 29/64 15R, cchch a 73120
chee b 54 <32> chche a 41120
heee b 45/64 hchee a  3/40
8H7 chhh  a 29/64 chech a 19/40
<211> hithe b 5064 heche a 8
hhach a 13/64 158y chhhh a 3940
hchh b 2164 <2111> hhkhkhe a 17724
12R cchh  a 7396 hihch a 13/120
<31> chhic a 17/96 hhchh a 1011720
hhice a 19732 hchhh a 29/120
hech  a 1132 21R ecchech  a  15/56
5T ccchh ¢ 9140 <43 ccheche a 55756
<41> cchhe a 1740 chechee a 39156
chhce b 58 hechece a 23156
hhcce ¢ 33740 cchcech a 19724
hecech b 1140 checeche a 291168
104 cceeh  a 5/16 hcechce a  31/56
<5» ecche b 33/80
cchee b 1430
cheee  a 9/%0
hcecce b 5780

In Table 7.5 we give a name (6 etc.) for all polytypes with five or fewer distinct kinds
of 8i (and hence C) atom and also fora 21R polytype. Underneath the name, the shortened
Zhdanov symbol.! Next is given in bold the symbol (h or e¥ for the Si layer followed by

'IF the number of symbols between angle brackets is odd the Zhdanov symboi is twice as long. Thus
<22 1> refers t0 221221,
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the symbol for the following layers along the ¢ axis in the direction specified by the sense
of the Si to C bond. Next we give the Wyckoff symbol of the positions and finally the z
coordinate for Si in the ideal structure with regular tetrahedra. For this ideal structure g =
4(8/3)a‘ where d is the Si-C bond length. The coordinates of special positions (z is given in
the'table) and the axial ratios are:

NH Péame, cfa = N(2/3)

2a {0.0.2 5 0,0,1/2+2) ; 2 b: (143,213, 2/3,143,1/2+2)
NR R3m, cia = N(2/3)

3a:R+(0,02
NT P3ml, cla = NN(2/3)

Ta: (0,0,z3: 1 b: (132801 ¢ {213,173,

Dozens of polytypes of SiC have heen characterized. Most are intergrowths of ke (4H)
and hee (6H). Some polytypes have been assigned special names:

B=3C, 1= 15R,, 0 =6H, OI'=4H, TV = 21R.

7.11.5 Two more nets derived from 63; "C” gnd “D phases”

Many compounds MTT'X4 have structures with nets derived from 63 nets (cf, § 7.3.3).
These are often described as derived from tridymite but this is only correct if the net of the
T atoms is lonsdaleite {§ 7.3.1). Here we mention two binodal nets derived from 63
(Fig. 7.84). The first is found as the (Be.P} net in the structure of berylionite, NaBePQy,
and in related compounds, and is often called the “C phase” structure, The second ocenrs in
compounds such as KA1GeO4 [(AlGe) net] and is known as the “D phase structure.”

Fig. 7.84. Derivation of two 4-connected nets from 62. Fourth boads go up and down from open and

filled circles respectively. Heavy lines are quadrangles seen in projection. Left: berylloaite (C phase),
Right: D phase.

In cubanite, CuFe,83, all the atoms are 4-connected, and the net of zll the atoms is
beryllonite (for crystallographic data for cubanite see Appendix 5).
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7.11.6 Nets in CdPy and CdAs,

The nets in CdP; and CdAsy provide a treat. Cd is in tetrahedral coordination and each P
{or As) atom is bonded to two other P (As) atorns so the net of all the atoms i 4-connected
[compare the (Cu,P) net in BaCupP4—see § 7.6]. In CdAsy (Fig 7.85, left), 43 helices of
Ag are cross-linked by Cd atoms. The net is remarkable for the large number of 1 1-rings
{see the vertex symbols below). The net of the Cd atoms alone (with -As- acting as edges)
is diamond, so the structure, considersd as a framework of corner-connected {Cd}Asy
tetrahedra, is topologically the same as that of cristobalite Si0,.

Fig. 7.85. Left: CdAsy projected on {0C1). Numbers are elevations in mualtiples of ¢/8 with even
numbers for Cd. Right: CdP3 projected on (110). ¢ is horizontal on the page and numbers are elevations
in units of Ka+b)IF100. Smaller cirles {at G and 50) are the 5-5-5-5-6.6 vertices.

CdP7 occurs in two forms (o and B) that are topologically the same. The net of all the
atorns has two kinds of vertex, but one kind is P and the second kind is alternating Cd and
P, so there are three kinds of atom in the structure, The net is illustrated in Fig. 7.85
(right).

Crystallographic data for the nets {with unit edge) are:

CdAsp 4122, a = 3.1706, ¢ = 1.5804, r = 0.756
55-6-6-1126- 1126 in 4 a: [ + (0,0,0 ; 0,1/2,1/4)
5-5-52:1120-6-6 in & £ [ + (x,1/4,1/8 ; ete), x = (.4549

CdP2 Pdafnem, a = 21912, ¢ = 3.9493, r = 0.633
5-5-5:5-6-6in 4 b: +(1/4,3/4,3/4 1/4,3/4,1/4)
3-6:5:6-5-T2 in 8 i Hx,x,z; etc.}, x = 0.0886, z = 0.3942

ZnP; and ZnAs; are isostructural. The {Zn,P) or (Zn,As) rets have four kinds of vertex
with 5-, 6- and 7-rings and are not discussed further. Notice that BaCug Py (p. 334) may be
written as Ba2+[CuPy-12 and that CuP3- and ZnP; are isoelectronic.
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7.11.7 More on the moganite, quartz and reiated nets

On p. 322 we mentioned the net of the §j atoms in the mioganite form of Si04. Here
we describe a simple relationship between that net and the quartz net. In Fig 7.86 we
show projections of the P6222 {*Q) and P6422 (-0) enantiomorphs on (1120) of the
conventional hexagonal cell {cf. § 7.3.1 L, p. 316). The two structures are related by
reflection in a mirror plane at elevation 1/4. The bottom left shows the moganite net
projected on (010) of Ibam as it appears in Fig. 7.37 (p. 322). Notice that the net consists
of alternating bands of left- and right-hand quartz net. Interestingly real moganite Si0;
can similarly decomposed into bands of left- and right-handed quartz 5iOs. In the
amethyst form of quartz, Brazilian twins (intergrowths of left- and right-) are common and
microscopic bands of moganite-structure material separate the two enantiomers [for details
see B, G. Hyde & A. C. McLaren, Aust. J. Chem. (1996)].

moganite lbam moganite Crmmm

Fig. 7.86. Top: the two enantiomers of the quartz net projected on (1120) with the arthohexagonal cell
outlined. Numbers are elevations in muitiples of la+bl/4. Bottom left: the moganite net projected on
(010); numbers are now elevation in units of &/d, Note the alternating bands of *Q and - (shaded). Bottom
right: an alternative conformation of moganite with 3 vertices in the repeat unit {projection on (010},
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It should be emphasized that the Ibam conformation of the moganite net is a close
approximation to the Si structure reported for the mineral and for that reason was used to
iltustrate the structure.! However the figure shows that a simpler, more symmetrical
(Cmmm} conformation of the net (with of course, the same topology) can be realized with
only three vertices in the repeat unit, The nets of § 7.3.11 (quartz, NbO and W2) are the
only others known with this property. Crystaltographic data for ¢his conformation are:

moganite net Cmimm, a=3517, b=1.786, ¢ = 1.513
4-4-62-63:82-82 in 2 a: C + (0,0,0)
4-86-0-666 in4 h: C+(x0:1/2), x = 0.186

Fig. 7.86 should readily suggest ways of generating other nets in the quartz-moganite
family. Two simple examples are shown in Fig. 7.87. That on the left (with 6- and 8-rings)
is related to quartz-—but notice that the vertices in 2 g (see below) are co-planar with their
four neighbors (as in NbQ). The net (which also has 4-rings) on the right of the figare is
closely related to moganite. Parameters derived in what should be an obvious way from
those for the orthohexagonal cell of quartz (with a shift of origin) are:

Fig. 7.87 (left) Pmna,a =8, b=+3, ¢ = (&3
62:65-62-62-84-84 in 2 &: (0,0,0 ; 172,0,1/2)
66666267 in 4 g2 2(=1/4,y,1/4), y = 1/3

Fig. 7.87 (right} Pcem, =43, b = (8/3}, ¢ = V8
4-4-68-6-82-82 in 2 e: +(0,0,1/4)
4-810:6-85-6-85 in 4 g: £(x,3,0 ; Ty12), x =13,y = 14

Pmna Pcem

Fig. 7.87. Two nets related to quartz. Lefi: projected {001}, elevations in multiples of ¢/4. Right:
projected-on (019), etevations in multiples of /4.

7.11.8 Stereo picture of nets: Y, clathrate hydrates I and I

Many people find stereo pictures of nets helpful.2 Here (Figs. 7.88-7.90) are such

!BeH., has the moganite siructure, and the structure has symmetry fbanm. See Bxercise 17.
“Steren viewers (available in many bookstores) are helpful. Some peopie find the stereo perception
easier when the picture is turned upside down.
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pictures of three important nets that are difficult to illusirate.

A K FRSCSE
SR )
QN T NSV AN
[RSEX TP, OB
YNSRI AN
NIRRT
AR5 i q
T RET75 A

e P
PSR R KT
RS T R
AN SO

A Top
) )

g

Fig. 7.90. A stereo view of the Type II hydrate net.
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7.11.9 Anion positions and the possibility of open zeolite frameworks

) We have seen (§ 7.5.2, p. 330) that to make open {rarej nets with low density and large
rings, configurations which also have a large concentration of small (3- or 4-) rings are
generally needed. We have also seen (§ 5.2.1, p- 150) that small rings (<6-rings) put a
constraint on the maximum 7-X-T angle possible for catenated regular { T} Xy tetrahedra.
Thus for a ring of three tetrahedra (Fig. 5.19) the maximum 7-X-T angle is 130.5°, and for
clusters of 3-rings forming a tetrahedron (to give a supertetrahedron of four regula,r {T)X4
tetrahedra), it should be obvious from Fig. 5.18 that the T-X-7 angle is 109.47° [the
tetrahedral angle, cos-1(-1/3)]. Similarly for a ring of four tetrahedra (Fig. 5.19) the
maximum 7-X-T angle is 160.5° and for cinsters of 4-rings forming a cube {to give a
TgX0 cluster of regular {T} X4 tetrahedra, Fig. 5.20) the maximum 7-X-T angle is 148 4°,
To make a cluster of twelve tetrahedra with 7 atoms at the vertices of a pair of cubes
sharing a face, the 7-X-T angles are reduced to 109.47° {Fig. 7.91). The “cubes” are no
longer cubes, but tetragonal prisms; the faces parallel to those shared are square, but the
others have edges in the ratio 1:1.21. - '

A way of making nets of low density is to replace vertices in a net by tetrahedra of
vertices as described in § 7.5.2 (this process can be repeated ad nauseam to produce nets
of arbitrarily low density). Another way is to replace cubes in nets such as those of Linde
A (F_ig. 7.38) or W™8 (Fig.7.42) by stacks of N cubes sharing faces; nets of arbitrarily low
density can be made by increasing M. In both these cases however, some 7-X-T angles
must be as small as 109.47°. In silicas with framework structures the $i-0O-§i angle is
usually greater than sbout 140" (with similar values in related oxides), so these open
structures cannot be formed.! In fact it appears that for alumino-silicates the faujasite
structure is about the least dense that can be made, We give here coordinates for some
tetrahedral framework structures based on simple low-density nets with cubic symmetry.
The coordinates are for regular tetrahedra of unit 7-¥ distance and are such as to maximize
the minimum T-X-T angle. It may be seen that the tetrahedral siructure based on W8 is not
very likely to be formed for an alumino-silicate framework.

Fig. 7.91. Left: a cluster of twelve regular tetrahedra with centers at the vertices of two “cubes” (actually
tetragonal prisms) sharing a common face. Right: a cluster of twelve tetrahedra corresponding to a fragment
of a net containing “up-down” tetrahedra and hased on rectangles sharing a common edge (see text).

1 ) + . .
Minimun: T-X-T angles are much smaller in sulfides than in oxides, so the former offer much greater
- . i
promise for making open framework steuctures, See for example Exercise 16,
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In the case of sedalite we give coordinates for the maximum T-X-T angle; decreasing
the angle (as in the real mineral) will increase the density as described on p. 275. The
transition from (-quartz to a-quartz (§ 3.6) corresponds likewise to a decrease in density
accomplished {for rigid tetrahedra) by decreasing the T-X-T angle.! Thus for a given
topology, the density of tetrahedral framework structures can often be increased by
decreasing the T-X-T angle; but to achieve frameworks of lower minimum density the
minimum 7-X-T angle has to be decreased (see e.g. the crystailographic data below).

sodalite Im3m, a = 5.575, density = 0.0692 T' vertices per unit volume
Tin 124 (14,0172 s ete) s X in 24 ke (O,y,y ;s ete.), y = 0.3536, T-X-T = 160.6°

rhe Im3m, a = 9.2733, density = 0.0602 T vertices per unit volume
Tin 48 i {14y, 1/2—y ; etc.), ¥ = 0.1036
X(1Yin 48 j: O,z ; ete)), ¥ = 0.2242, 7= 03809, T-X(1)-T = 147.6°
X(1)ind8 & (xx,2;etc), x = 0.1658, z = 0.3707, T-X(1)-T = 147.6°

Linde A Pm3m, a = 7.4339, density = 0.0584 T vertices per unit volume
Tin24 k: (Oy,z;etc), ¥y =0.1831, z = 0.3706
X(1) in 24 m: (x,x,2; ete.), x = (0.1098, £ = 0.3447, T-X(1)-T = 148.4"
X2 in 12 A (2012 s et ), x = 02197, T-X(2)-T = 148.4°
X(3)in 12 & (0,5 1 ete), ¥ = 0.2929, 7-X(3)-T = 160.5°

faunjasite Fd3m, a = 15.1618, density = 0.0551 T vertices per unit volume
Tin 192 i: {x,y,z; etc.), x = 0.0361 y = 0.1240, z = 0.3045
X(1) in 96 k: (03,7 ; etc.), y = 0.1059, T-X(1)-T = 140.8"
X(2)in 96 g: (x.x.z ; etc.), x = 0.0697, z = 0.3211, T-X(2)-T = 140.8°
X(3) in 96 g, x =0.3284, 7 = 0.0374, T-X(3)-T = 149.2°
X(4)in 96 g, x = 0.2537, z = 0.1395, ToX(4)}-T = 152.7°

w*8 Inm, @ = 12,5567, density = 0.0485 T vertices per unit volume
Tin 96 I: (x,y,7; etc.), x = 0.0793 y = (.3231, z = 0.4267
X(1)in48 j: (0.2 ;etc), y = 0.1635, z = 0.3917, T-X(1)-T = 133.8°
X(2)in 48 & (14, 1/2-y ; ete)), y = 0.0983, T-X(2)»-T = 133.8°
X(3)m 48 k: (xx,z ; ete.), x = 0.1228, 7 = 0.3897, T-X(3)-T = 133.8°
X(4)in 48 j, y = 0.3309, z = 04281, T-X{4)-T = 168.7°

An interesting way to obtain tetrahedral frameworks of low density has been described.?
The nets are based on the “up-down” principle of coupling 3-connected two-dimensional
nets. In § 7.3.8 (p. 311) examples are given in which “up-down” rods of vertices are
derived from squares of the planar net. In VPI-5 (§ 7.8.4) the net is derived from a two-
dimensional net with pairs of squares sharing an edge (fusion of two up-down rods), and it
should be obvious that VPI-5 (Fig. 7.62) is simply derived from AIPQ4-5 (Fig. 7.23) by
replacing a square by two “squares” (actually now rectangles) sharing an edge. In Fig.

L Another tetrahedral framework than can have variable density is cristobalite (§ 6.3.9, p. 240), Note
that in cristobalite (which has all 6-rings) the T-X-T angle can be as much as 180, In the quartz structure,
which has 6- and 8-rings, with regular tetrahedra the maximum angle is 155.6" (in the - structure).

23, V. Smith & W, J, Dytrych, Nature 309, 607 (1984),
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this type, the vertices on the octagon have Schlifli symbol 4:672-6-63-6-63;
edges betwec.an two rectangles) have symbol 4:63-4-63-6-64. It may be sae,en that th t
most two 4—{mgs meeting at a vertex, so that low (in the limit zero) density is achie\? 1'; ;
this case with g relatively small number of small rings. For frameworks of : lIn
tetrahedra, some of the 7-X-T' angles cannot exceed cos1(-5/9) = 123.75° st
In the real AIPO, framework of VPI-5 [L. B. McCusker ef al.. Z.eolites 11, 308
(1991)] the tetrahedra are not very regular; in particular one { AllOy “tétrahedron:’ is ],:Jetter
thought of as part of an actahedron (with two water molecules completing the coordinatio
spht?r(_a}. The Al-O-P angles range from 137" to 162° (AL.P = 3.00 to 3 27 Ay; .
berlinite AIPOy in which the values are Al-O-P = 142.5° and Al...I-D =3 08' A Fcomeare

all the rest {on

A

Fig. 7.92, An “up-down” net derived b i
. y replacing the squares of TIZr28bs (Fi i
: 2 (Fig. 7.23) b f
t‘}f:;‘t;ngles shax.'mg an edge. L'efl:.showmg the {T}Xy4 tetrahedra in prajection down zhi 4-folc)i ai’ispall{? hot'
network in the same projection. Open (filled) circles are vertices with Tinks to layers above (bel.ow)g .

], lflhc T atoms can be considered 1o lie ona
. ) polyhedral cavity of n T atoms, there are 3n/2 X
atmps (one associated with each T...7' “edge”) generally slightly closer to the center of the
;awty: Thus, for the frarr}ework of Linde A with the coordinates given above, the
ollowing atoms are at the given distances from the center of the cavity: - ,

cavity T atoms X atoms

t.ﬁ.ZS 4.50 (48x) 4.26 (48x), 4.31 (24x)

s .6 3.07 (24) 2.81 (24x), 3.08 (12%)
47 (cube) 1.67 (8x} 163 (8x), 1.63 (4
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Similarly the TXTX... rings on the surface of cages are usually puckered and, especially
for larger rings, with X inside the ring. Fig. 7.93 shows the $-ring in Linde A.

Fig. 7.93. The 8-ring in Linde A TX> with coordinates given on p. 373. Filled circles are 7.

7.11.10 References

The pioneering work on nets and infinite polyhedra by A. F. Wells is collected in his
Three-dimensional Nets and Polyhedra [Wiley, New York (1977} A catalog of
4-connected nets {over 300} has been compiled by Smith and Bennett {see J. V. Smith,
Chem. Rev. 88, 149 (1988}]. References to zeolite nets are given in § 7.8 (p. 337) and
some references to the topology of nets are given in Appendix 3 (§ A3.9). For a review of
structures of clathrate hydrates and inclusion compounds see Chapter 7 of Crystallography
in Modern Chemistry by T. C. W. Mak & G.-D. Zhou [Wiley, New York (1992)].

Those who are skeptical about the relevance of geometry to chemistry should know that
some of the beautiful zeolite and other structures based on polyhedron packings that appear
in this chapter were first described (and illustrated as models) by A. Andrieni in a ctassical
paper Sulle reti di poliedri regolari e semiregolari e sulle corrispondenti reti correlative
EMem. Soc. Ital. delle Scienze Ser 3, 14, 75 (1907)]. The Type I and Type II hydrate
structures were predicted (and elegantly illustrated) by W. F. Clausen [J. Chemn. Phys. 19,
259 and 662 (1951)]. Many structures now known were predicted in advance, especially
by A, F. Wells and by J. V. Smith and collaborators (loc. cit. supra). Indeed some zeolite
strizctures could only be solved with the knowledge of possible structures, their symmetries
and approximate coordinates. Some nets that were described as “unknown™ in earlier drafts
of this chapter, were subsequently found in recently determined crystal structures.

7.12 Exercises!

1. A body-centered array of cubes connected corner to comer by additional edges will
produce a simple 4-connected net somewhat analogous to the connection of octahedra in the
5-connected CaBg net.2

IMost of the Exercises in this chapter will be tedious to do by hand, but are readily done using a
compuier program such as EUTAX (see the Note to the Reader).
ZThis structure (“supercubane™) has been proposed as a possible form of carbon. See R. L. Johnston &

R. Heffmann, J. Amer. Chem. Soc. 111, 810 {1989). Compare with the octadecasil net (§ 7.8.6).
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Idm, a =2+ 213 = 3.1457
482432483 in 16.£ 1 £ (Srxx)K, x = V34 + ¥48) = 0,1585

2. The 4-connected net of the B atoms in CaBz04 may described as follows for unit
edge (the same net appears in the structures of SrB204, BaAizS4 and BaGapSy):

Pa3, a = 3.5334, r = 0.544,
36777372 in 24 4 Hayz a2y 1127 U2+, y, 1127 ;
12-x,1/2+y,2)%, x = 0.1046, ¥ =0.1709, 7 = 0.3295,

3. LiAIO; is tetragonat:

FLiAIO, P41212 2= 5169, ¢ = 6.268 A
Liand Alind @ : r 005 ¥.5,1/2 5 #1120, 1/24x, 1/4))
For Li, x = (.688 ; for AL x = 0,324

q.lil 8 b (xyz P XL U242 2=y, 1724+x, 11447 124y, 1/2—x,3/4+2 Hp
Y 225 12-x,1/24y,1/4¢ 124,102y, 3/4-2),
x=0210,y = 0,164, z = 0.228. )

_Li and Al are each on diamend nets and the atomis taken all together are on a CrBy net
(this structure is derived from that of BBeO by the substitution 2Be = Li+ Al),

4. B-LiGa0; is orthorhombic:

BLiGa0O, Pral), a=35.402, b =6.372, ¢ = 5.007 A
all atoms in 4 a: (x,y,z VXLFL 24 12+x,12-y,2 ; 172-x,1/24%,1/2+7)
Litx=0421,y=0.127, z = 0.494 ;G x = 0082,y = 0.126,z=00
O(1): x=0.070, y = 0.112, z = 0.37] : O(2): x = 0407, y = 0.139, z = 0.893

Li and Ga are cach on dizmond nets and the atoms taken a]l together are on a
lonsdaleite net (this structure is derived from that of ZnO by the substitution 27n — Li+
Ga). The O atoms are hep, as are the metal atoms (combined).

5. A d-connected net considered by Heesch & Laves is derived from a space filling by
truncated tetrahedra, truncated cubes and truncated cuboctahedra, We call this net HI4;.

HLdz  Fm3m a=2+V18=6.2426, r = 0.395
34-6-86-8 in 96 & F + (e etz Ik, 7 = 14 + ¥72) = 0.0801, x = (1 + V2)z = 0.1934

A “spaghetti” model is easily made if it is realized that sach triangular face of the
truncated cubes is shared with a similar face of a truncated tetrahedron and vice versa. The
truncated cuboctahedra and truncated cubes likewise share octagonal faces,

6: Arzoth?r uninodal 4-connected net oceurs as the {Si,Al) framework of the natural
zeolite analcime, NaAlSirOg-Ha0. A formal description of the net withi unit edge [ength is:

analcime [a3d, g = \4'(96!5) =4.3818, r =0.571 ; 4-4-6-6:84-84 in 48 g: (1/8 ,x.1/d—x sete.), x=1/3
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Try to make or find a good picture of this net (difficult!).

In the bixbyite structure of ScoQs, the O atom positions are in positions 48 ¢ of Ja3:
XY,z ete, with x = 0390, y = 0.153, z = 0.380. Each O atom has four O nearest
neighbors. Show that the net of the O atoms has the same topology as that of analcime.

7. The net of the recently described mireral montesommaite [approximate composition
(K.NajoAlgSiz3Osq-10H20] is very simple [hint; project on {100)]:

moatesommaite HMylamd, a = 2258, ¢ = 5.795, r = 0.542
4:325-82-53-82 in 16 h: I £ {0,y,z ; etc.), y = 0.028, z = 0,0856

8. The diamond net is ubiguitous (see Exercises 3 and 4). Here are two more examples
of its occurrence as the metal arrays in oxides. (Note that we are concerned with the
topology of the structure, in this instance the topology of the net defined by edges joining
the first four nearest neighbors.)

corundum (Alz03) Rél‘. a=4759,¢=12.991 A
Alin 1Z e R £(0,0,7; 0,0,1/242), z = 0.3523 : O in 18 : 0.3064.0,1/4

anatase (TiOg) HMilamd, 2 =3.785,c =9.514 A
Tiind a: [ +{03/4,48); Oin 8 e: 0,1/4,0.0816

9. Another net that occurs in many different contexts is SrAlz (the Al net in SrAly).
Two examples of compounds jso-structural with SrAl; were given in Exercise 3.8.11.
Here are three other examples of its occurrence as the net of (a) Mg and St in SrMgSi, (b)
Both atoms in o-Np and {c} Al and Si in synthetic zeolite Li-A (L1AISiO4-2H;0):

StMgSi Prnma,a =778, b= 4.56,¢c=849 A
Srin4 ¢ 26 W,z 5 U2+x,1/4,1/2-2), x = 0.515, 7 = 0.683
Mgin4ec, x=0.640,2z=0057;Siind ¢, x = 0.276, z = 0.110

a-Np Prma, a=6.661,b=4271,c=4888 A
Np(l) in 4 ¢: k(x, 14,z 3 1/24x,1/4,172-2), x = 0.036, £ = 0.208
Np(2)ind ¢, x=0.319, 7 = 0.842

Li-A Praly,a=1031,5=818,c=5004
Alin 4 a: (xy.2 3 55,1242 5 124x,1/2-y,7 1/2-x,1/24y,1/2+7),
x=0.136,y =0.072,z=025;Siind g, x=0.338, y =0.378, z = 0.252

10. The compound NaGaSns can be considered in a formal sense as Na*(Ga-Sng) with
the (Ga-Sn3) part having four valence electrons per atom, so it is not surprising to find
these atoms forming a 4-connected net. The (Ga,Sn) structure was reported as:

NaGaSns P3112,a = 6328, c = 6.170 A
Mi in 3 a: (xX,1/3 ; x,2x,2/3 ; 25.%,0), x = 0.431
M2 in 3 b: (x 7,506 ; x,25,1/6 ; 2¥,%,172), x = 0.903




378 Chapter7

with MI and-MZ being a disordered combination of Ga and Sn, Show that the net of the
atoms is a un;np@al net 5-5-.5-5-5-84 which, in its most symmetrical form has symmetry
P6122. The net is illustrated in Fig. 7.94 below {note that a and ¢ are approximately equal).

Fig 7.94. A net 5:5-5.5-5.84 projected down the ¢ axis of P6]2£, Elevatiens are in muitiples of ¢/12.

11. The P atom positions in one form of P20s5 have been given as;

Fdd2,2=163,b=812, ¢ =525 A

Pin 16 b: F + (oy,z 5z ; Vdex Udsy 144z ; 1M4x, 114—y;
25 XY R f B 14—y 1/44z),
x=0.073, y =0.083, z = 0.153 7 &

Verify that the five shortest P-P distances are 2779,2.92 (2xy and 4,34 (2x) A and that
the three shortest P-P distarices define a net with the topology of the Si net in ThSiy.

12. A zeolite we haven’t discussed, but which is aice to draw or to explore using

computer graphics, is known as MAPSO-46 (symbol AFS). Here are data for the
maximum volume form of the net with unit edge:

MAPS0-46 Pbi/mcm, a = 4.363, ¢ = 8.034, r = 0.366
4-8:4-84:8 in 8 by £(1/3,2/3 4z : 1/3,2/3,1/242), 7 = 0.438
4:4:2-82.62-8 in 24 I £(xy.z ; ete), x = 0.364, ¥ =0496, ; = 0.366
4-4-4-6-6-12 in 24 {, x = 0.570, ¥y=0703, z = 0.312

.'I‘he net is closely related to that of CoAPO-50 (Fig. 7.43, p. 328), the main difference
being that the cubes in that net are replaced by polyhedra with nine faces.

13. BaCu38; is polymorphic. One form has the ThCrzSi; steucture (§ 6.4.2) with Ba
between tetragonal layers of {Cu}Sy tetrahedra, A second form forms a three-dimensional
‘l.-cc_}nnected Cu,S net derived from 4.82 by double zig-zag connections in the manner
similar to that shown in Fig. 7.17 (p. 306). The vertices are all 4.6-4-6-6-8, but there are
two topologically-different kinds. Crystallographic data for the compound are:
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BaCuyS2 Pnma, a =9308, b=4.06L, c = 10.408 A, Atoms in 4 ¢: +x, 14z 5 1/24x,1/4,172-2)
’ Ba: x = 0240, z =822 ; Cu(ly x = 0.036, 7 = 0.111 ; Cu(2): x = 0.083, 7 = 0.545
S(1): x = 0483,z =0.169 ; S(2): x = 0.339, 7 = 0.559

Plot the Cu and S positions in projection down b to identify the net.
The net syminetry is Crmem, but Cu,S erdering lowers the symmetry to Prcn {Prmu).

14. A 4-connected net with “up-down” rods (§ 7.3.8) occurs as the Ga net in Mg;Gas.
MgzGas HMfmmm, a=8.627, c=7.111 A
Mg in 8 ke 1% (x,kx,0), x = 0.300; Ga(l) in 4 e: / +(0,0,2), z = 0.288
Ga(2yin 16 m: 1 £ (Oy,%z 5 v,0,+g), y =0.298, z = 0.18]

Ga(2) atoms form “up-down” rods (shaded in Fig. 7.95) and Ga{1} atoms link the rods.

Fig. 7.95. The Ga arrangement in MgyGas projected on (001). Numbers are elevations in units of ¢/100,

The silicate, narsarsukite, was menticoned in § 7.3.8. In that compound Ti atoms link up-
down rods of {31104 tetrahedra to produce the same 4-connected net with steichiometry
(TiSig)O1¢. An additional O atom links the Ti atoms in the ¢ direction producing distorted
[Ti}0g octahedra and the composition is often written NayTiO8i5019, Drawing the
structure of narsasukite and identifying the net is a nice exercise [for data see D, R, Peacor
& M. ]. Buerger, American Mineralogist, 47, 539 (1962)]. If you do this, you may
notice that the metat atom arrangements are nearly identical (except for a change of scale) in
Mg2Ga(1)Ga(2)4 and NayTiSigOy .

15. Open (zeolite-like) (4,6)-connected networks are often produced by linking clusters
of tetrahedra by octahedra and vice versa and indeed some authers include such structures
under the heading of zeolites. The parsasukite framework (Exercise 14) is a (4,6)-
connected net if alf -O- links are counted. Here are some other examples for exploration:

(&) Part of the pharmacosiderite structure was illustrated as clusters of octahedra linked
by tetrahedra in § 5.2.2 {see Fig. 5.23, p. 154). The coordinates of the metal atoms are:
space group P43m: Fe (octahedral) in 4 e: x,x,x ; (x,,X)K ; As (tetrahedral) in 3 &:
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(1/2,0,0)x. Fe has 3 Fe and 3 As neighbors, and As has 4 Fe neighbors, If all edges are
equal, x = 57206 - 1) = 0.145 (quite close to the actual value). For the full structure see
M. J. Buerger er al., Zeizs. Kristallogr. 125, 93 {1967).

(b) An open structure consisting of rings of three tetrahedra (corner sharing) joined b
further corner sharing with octahedra oceurs in catapleite, NayZrSi309.2H50 in whi(:l);

rings of three corner-sharing {Si}0Qy tetrahedra are Joined by {Zr} Qg tetrahedra. Data for
the non-water atoms are:

catapleite Péyimme, a =740, ¢ = 10.07 A, V=477 A3
Z.r in 2a:(0,00:00,1/2) ; Nain 4f+{1/323,7 V3.213,11242), 7 = 0,08
Siin IGk: +{0,2%, 14 ; 13,14 ; 25 %, 1/4), x = 0,205 O)in6 h x=047
O(2)in 12 &: £ (x,2x,2 TXXT 20X,z x2x k)2 ERESE L VR v XS V)
x=0.135, 7 = 0.125 '

In the Zr.Si net, Zr has 6 Sj neighbors and Si has 2 Si i
! , s Arl t and 2 Zr neighbors. Not
unexpectedly, the Zr-Si distances are rather different (larger) than the Si-Si dist‘zgmces.
(c) A related, but different, structure is fouad in benitoite, BaTiSi30g

benitoite P82, a=6.61,c=972 A, V=163 A3
B.a.in 2£(23,180; 23,1/3,0/2) ; Tiin 2 ¢ (1/3,2/3,0; 1/3,2/3,1/2)
8iin 6 k: (x,y,1/4 P Y-y 14 y-x ¥ 144 ¥x34; yexy,34 ; xx-y,3/4),
x=00711,y=0.28%; O(1) in 6 k x =0.2535, y = 0,1972

O2)in 12 £ (as 6 & but 1/4 replaced by z and 1/2—z and 3/4 repi F
~ aced by 7, 1/2+
x=0.0880, y =04302, = 0.1127 ? v ?

Compare the 71,5 net in catapleite with the Ti,8i net in benitoite. Note that the latter is
much denser (compare the volumes of the unit cells which contain 6 Si atoms in each case)

16. A fascinating open structure based on a 4-connected net is that of the zeolite-like
compound: [N(CHz)4],MnGeyS1g with a framework based on vertex sharing {Mn)S, and
{ Ge!S4 tetrahedra. Ge4S1q “supertetrabedron” units (Fig. 5.18, § 5.2.1) and MnS4 units
fxre linked as in diamend (or better, as in sphalerite) so the net of the metal atoms is
Intermediate between diamond and D4. Here are data for the framework (explore!):

f4,a=9513,c=14.28] A,
Mnin2d, I +(0,1/2,1/4)
Gein8g: F+{xyz: ey EI  VaThx= 0.570, y = 0.325, 7 = 0.089

The vertex symbols are Mn: 92:92:89.94-99-95 and Ge: 3:92:3.99.3.99.

1;. Draw thﬂ structure of BeIIE and ShOW that 1t'1s t()polo 1Ca. ly t]lf: same as tha 0[
1
nlogaﬂlte (SIOZJ~ g

BeHz tham, a =9.082, b = 4,160, c = 7.707 A iBe(l)ind a: 7 0,0 1/4)
Be(2)in 8 714 (xy,0: 1£2x,1/24,05, x = 0. 1699, y = 0.1253,
H(1) in 8/, x = 0.3055, y = 0.2823 .
H2)in 16 &7+ {xy2z; 1/2-x,1/24y,42), x = (.0895, ¥y =0.1949, z = 0.1515

APPENDIX 1
MORE INFINITE SYMMETRY GROUPS

In this appendix we describe some infinite symmetry groups other than the space groups
discussed in Chapters 1 and 3. Three-dimensional objects with translational symmetry in
only two dimensions are layers. The symmetry groups of these objects are the 80 layer -
groups that are given below. Likewise three-dimensional objects with translational
symmetry in only one dimension are rods. The 75 crystallographic rod groups are also
listed.! Two-dimensional objects with one-dimensional translational symmetry are called
bands or friezes and we describe the 7 band groups also.

A convenient way to consider these groups is as derived from space groups by removing
translations in one or twa dimensions. The reason for doing this is thai the coordinates of
general and special positions (and their site symmetries), and the nature and location of
symmelry elements, can be obtained directly from the space group tables in the
International Tables (abbreviated here to IT). As the coordinates of the general and
special positions are the same as those of the space groups from which they are derived, the
same labels (Wyckoff notation) are used for them here.

For completeness we also mention the cylindrical and spherical point groups that
describe the symmetries of objects with «-fold rotation axes.

Ald Layer groups

In the coordinate system used here it is assumed that the transiations are along the x and
¥ directions. The lattice can be oblique, either primitive (p) or centered (¢) rectangular,
hexagonal or square as for the two-dimensional space groups. The position in the plane
group symbol has the same significance as for the three-dimensional space groups.

Once the space group from which the layer group is derived has been identified {and, if
necessary, the axes relabeled as explained below) the symmetry elements and their
locations and the coordinates of special and general positions are obtained directly from the
IT (but of course there are no translations along z. In fact z is now to be considered as the
height above the z = G plane, and as such, has dimensions (e.g. z may be measured in A).
The symmetry efements of the layer group are those of the space group which are contained
in, or which intersect, the plane z = 0.

Comments and examples are taken in order of the system of the corresponding three-
dimensional groups. For the full table of groups see § A1.6 (p. 389).

Monoclinic. The cases to be considered are classes 2, m and 2/m. The 2-fold axis of
the layer group can be along z in which case the Iattice is oblique. The symbol for the layer

I'With translations in only one direction, there is no restriction on the nature of rotation axes in rod
groups. Here we restrict ourselves to those containing only 1-, 2-, 3-, 4- and 6-fold axes.




