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MONOGRAPH SERIES
FOREWORD

In 1993 the Mineralogical Society of America (MSA) began publishing its Monograph
Series with a major work by Frank S. Spear, entitled Metamorphic Phase Equilibria and
Pressure-Temperature-Time Paths. MSA’s second monograph was a reprinting of a
slightly revised version of the 1971 book, Crystallography and Crystal Chemistry, by
F. Donald Bloss.

This volume by Michael O’Keeffe and Bruce G. Hyde is the third contribution. As
Series Editor, 1 was responsible for obtaining reviewers. Mike O’ Keeffe prepared the entire
camera-ready text and the figures which were all drawn specially for the book. As noted in
the Preface below, a second volume, Crystal Structures II. Inorganic Materials is
anticipated-in the near future.

Paul H. Ribbe
Blacksburg, Virginia

PREFACE

This book (the first of two volumes) is devoted to the topic of the description of
strixctures, especially periodic structures, and their symmetries. Much of the material is a
prerequisite for serious students of solid state chemistry and related sciences {e.g.
mineralogy, materials science and solid state physics). Earlier drafts served as part of the
lecture notes used for some years for a course in solid state chemistry at Arizona State
University; the order of presentation of topics, occasional repetitiveness and the sometimes
hectoring tone to some extent reflect this origin.

From a chemist’s point of view, probably the most fundamental piece of information
about a chemical compound is the way its atoms are arranged in space. For small molecules
this information can be fairly readily assimilated, but the task becomes increasingly difficult
for macromolecules, as any student of biochemistry can attest. For crystaliine solids (which
are really “infinite” molecules) the difficulty is equally great, and requires leaming the
methods appropriate to describing infinite periodic objects. These methods are generally
unfamiliar to those who are not professicnal crystallographers (a fact that greatly hinders
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the development of solid state chemistry) and one of the primary aims of this book is to
provide a usable introduction to them. This leads inexorably to a discussion of symmetry
(translation is a symmetry operation) so we devote the first three chapters to an introduction
to point and space symmetry groups using crystallographic conventions.

These three chapters are intended to introduce the language of space groups, and are
neither rigorous nor complete. The goal is to enable the reader to be in a position to be able
to extract and understand useful information from the crystallographic literature that is the
primary source of information about the structure of solids and which contains enormous
quantities of buried treasure,

Chapter 4 treats crystal geometry and includes a discussion of transformations of
coordinate systems (unit cell transformations). This topic is essential to aspects of crystal
chemistry such as describing structural relationships. The chapter also contains a
compendium of formulas useful for crystallographic calculations. They are given without
proof, but the derivations are, for the most part, elementary and to be found in standard
crystallographic texts. '

Chapters 5-7 are devoted to the description of simple geometrical patterns that underlie
crystal structures. The development proceeds from simple to more complex: polyhedra,
clusters of polyhedra, plane patterns, layers of polyhedra, sphere packings, cylinder
packings, nets and infinite polyhedra, Many examples are given of the occurrence of these
patterns in crystal structures. Most of the more common binary -and ternary crystal
structures are introduced along the way and, to enhance the value of the book as a self-
contained text, we summarize them and their occurrence in chemical compounds in
Appendix 5 at the end. (The second volume of this series, which is longer than this one, is
devoted to a more complete account of crystal structures.)

Each chapter ends with sections entitled “Notes™ and “Exercises.” The former are often

extended footnotes, somewhat peripheral to the main theme, but considered useful or-

amusing (or both); they often contain useful reference material or refer to some more-
advanced topics. The Exercises are “homework”, designed to provide a diagnosis of the
understanding of the material in the chapter and also often contain useful resudts,

The first four appendices are “Notes” that became too long for inclusion in individual
chapters. We hope that they will whet the appetites of more-adventuresome readers. The
relegation of some material to Notes and Appendices necessitates some cross referencing.
This seems to us to be a small price to pay for having a boek that can serve both as a
textbook for courses and as a general reference. A book with these aspirations has of
necessity a split personality. In Chapters 5-7, some sections could well be omitted in a
formal course at the instructor’s discretion. The same is true of the material in the Notes.

No novelty {except perbaps for the errors) is claimed for the first four chapters, although
we hope that even some experienced readers might find one or two items that provide food
for thought. The later chapters do (we believe) contain some material of interest that has not
been published before. :

Although the book has a distinct crystallographic flavor, it is definitely not a textbook on
crystallography and we do not discuss, except peripherally, topics such as quasicrystals

and incommensurate crystaks that are currently of active concern to inorganic crystailo-
graphers and sometimes even the occasion for controversy. .

We have spent some years on the study of structures, a delightful pursuit that would not
have been possible without the generous support, for which we are indebted, of our
respective institutions. M. O'K. aiso gratefully acknowledges the support of the US
National Science Foundation which has funded a program of research in crystal chemistry
for a number of years. We came to the study of crystal structures indirectly and in complete
ignorance. Over the years we slowly collected a body of information needed to pursue
research in the field. We often wished that someone had provided us with this material, and
the present text attempts to provide such a package for students who may be in the position
we were in 40 years ago.

The text has benefited particularly from the sure touch of Paul Ribbe, who read it ip its
entirety, identified errors, solecisms, and infelicities, and alse made valuable suggestions
for improving the presentation. We owe him special thanks.

The book could not have been written without the seemingly infinite patience and
forbearance of our wives, Lita O’Keeffe and Marie Hyde, and we dedicate it to them.

Michael O Keeffe
Tempe

Bruce Hyde
Canberra
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A Note to the Reader

Matrices are represented by bold capitals thus: A; and often written row-by-row on one
line as {ayy a1z a13 / az1 ax ax f as asy ass}, At is the transpose of A. Column vectors
are lower case as: a. The corresponding row vector is at. The magnitude of aisa. Eis a
unit matrix {(with elements e = 1, eij = 0).

Bold face is also generally used for names of structures. Thus bee refers to the
arrangement of points on a body-centered cubic lattice and NaCl refers to the structure of
NaCl and all iso-structural compounds.

Braces around an atom symbol indicate that reference is being made to its coordination
polyhedron. In quartz GeOs3, the coordination of Ge is a {Ge}Oy4 tetrahedron, ie., a
Ge-centered Q4 tetrahedron, :

Prefixed lower case Roman numeral superscripts in chemical formulas refer to
coordination numbers as in ¥Si;iN>0, Upper case Roman numerals in parentheses after
chemical symbols refer to oxidation states as in Ag(T)Ag(IINO;. Arabic numerals in
parentheses refer to an arbitrary numbering to distinguish crystallographically-distinct, but
chemically-identical, atoms as in B20(1)20(2).

The notation (¥) after interatomic distances or angles means that there are N equivalent
{(symmetry-related) distances or angles of the same magnitude {read “N times”). Thus the
lengths of the six Ti-O bonds formed by a Ti atom in rutile TiO7 are 1.948 (4x) and 1.980
29A (1A=1010m)

We sometimes want o distinguish between compounds with (&) bonds formed between
electropositive and electronegative elements (such as metal oxides and halides) (b) bonds
between electronegative elements (such as in diamond) and (c) bonds between
electropositive elements (as in brass, CuZn). For want of better terms we call these (a)
ionic, (b} covalent, and {c) intermetallic. The use of these terms should not be construed to
mean that we think that any particular theory of bonding is or is not applicable. Indeed they
are merely labels of convenience, and in this book we g0 to some pains to describe
structures and to resist, as far as is humanly possible, the temptation to interpret them. The
reader is free from such constraints, of course,

We draw atiention to the fact that conventions in crystallography are occasionally subject
" to change so that readers of the older literature can be misled. For example the short
symbols for some cubic point groups and space groups were aliered some years ago (see
§ 3.3.6). The method of describing unit cell transformations requires some care (see
§ 4.7.5). Our own view on conventions is that it is not so important that they should be
logical (which, of course, is desirable), than that their users be consistent, and that changes
should be made only for very compelling reasons. ‘

Students of solid state chemistry would be well advised to obitain {or write!) a computer
prograrn that caleulates distances and angles in crystal structures and another that assists in
making drawings. On occasion, structures of lesser interest are simply presented as lists of
coordinates—it is often tedious to convert these to drawings or models entirely by hand
(although we have done just that for many years). Several good programs that do one or
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another of these things are now available CO{ntrCially. At ASU and ANU we use a
progrant, EUTAX, that will, among other things, do most of the numerical exercises
in.1

pre;;;ri;dn}llglr:cular graphics programs can be “trick.ed” into accepting fragmen-ts.of crystal
structures as molecules. Usually all coordinates will have to‘ be entered explicitly so we
generally give all the coordinates of symme.try-rglated atoms in crystal structures. For t.hls
pUrpose We use a condensed notation explametfl in § 3.4. For some conpnents on (,kawmé
structures see § 4.6, All the drawings in this book were mfide using a Macmtos?
computer and Cricket Draw® with, in the case of structure drawings, the help of C?Itesxan
coordinates generated by EUTAX. ‘ .

At several places we give advice on the construction of mod‘ci_s. Our experience is that
the best way to learn a structure is to make & modei of it (fmlmg_that, at least 1:nal§e a
grawing or two). One should then look at it rep?:atedly, especially down principle
symmetry axes, until it can be visualized clearly w1t:h one"s eyes f:lqsed. Contra}'y toa
common belief, learning thiee-dimensional structures is a skill not c_hfflcult to acquire but,
like that of riding a bicycle, requires seme initially fmstrat‘ing practice. The rc;w.ard is that,
not only will a knowledge of crystal structures bfs acql}u’ed, but also one will learn to
appreciate the sometimes stunning beauty of th.ree-_d1mensmna.l structures. S

We entreat the reader working aloné not to be discouraged if some_m.atenal is difficult to
understand at first reading. The book is not “bedside” reading but is 1nten(_ieq to be. read
with pencil and paper at hand to verify the statements made. The l?vel of difficulty is not
aniform and we include some material (especially in the Notes) in condensed form for
future reference if needed. Our advice (we follow it ourselves con‘stantly) to those
confronted with a topic that appears incomprehensible, is simply to read_ it, to 'read on, and
then to return to the topic later. Be aware also that virtually every book (including th}s one)
has some errors (M. O'K. would be very grateful if informed of these). If all c?lse fails, get
another book! Readers new to the subject who do not have such difficulties-have our
unstinted admaration. ) .

The Exercises in many instances illustrate important aspects of crystal chelmst‘ry. (We
call them Exercises to emphasize that a solid state scientist who aspires to obtain some
virtuosity needs to exercise constantly, just as does a violinist or a tennis player.) Some of
them are cast as statements; one should interpret these as a requirement to demonstrate the

validity of the statements made. Yet others simply present interesting siructures for the

reader to explore. The lazy reader who is unwilling to do this may stili find some of the

. results useful and should at least read them. Some Exercises will be found simple, some

are more challenging. Sometimes we give hints and partial answers and some are answera?d
later in the text. We emphasize though, that it is not sufficient to do a problem andl olbtam
the correct answer. One must do a problem, get the correct answer, and-know that it is tl'.lf:
correct answer. After all, this is the situation faced by a practicing scientist {and by us in
setting the Exercises).

& Macintosh® version of this program is available from EMLab Software, 16203 S, 26th Place,
Phoenix AZ 85048. A Windows® version is planned.



The book contains crystallographic data for two kinds of structure. Data of the first kind
are found mainly in Chapters 6 and 7 in which we describe sphere packings and nets. In
these cases the coordinates and unit cell parameters given are such as to have unit distai-nce
between sphere centers, or between the vertices of pets. These data can easily be
recognized because the unit cell parameters are dimensionless. In most instances they have
been calculated specially by us and published herein for the first time. On the other hand
crysta_llograph‘ic data for real compounds are given throughout the text (specially in
Exercises and in Appendix 5). In this second case unit call edges are invariably given in A
and the data refer to structures published in the open literature. All these data come from
one or other of the data bases lsted in Section D of the Book List (p. 446); these (or similar
sourcgs) should be consulted for references to the original literature, The formula index
contatns a complete listing of compounds for which crystallographic data are given.
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CHAPTER 1

SYMMETRY IN TWO DIMENSIONS

1.1 Point symmetry operations in two dimensions

The concepls of symmerry, symmetry operations and symmetry elements play
essential roles in the description of the structure and properties of matter, and it is very
difficult to understand the crystallographic literature without some knowledge of symmetry
theory and its jargon. In this and the next two chapters a brief account is given of the
symmetries of objects with particular emphasis on the approach and sym‘bohsr.n that has
been adopted as standard by crystallographers. No attempt is made to be either rigorous or
complete—that would take us too far afield. ;

For pedagogic reasons we begin with a discussion of the symmetries of tlwo-
dimensional objects. In this case it is not too difficult to give an account of the various
symmetries that are possible in a way that is plausibly complete, We can thep proceed to a
discussion of three-dimensjonal symmetry using the analogy to two dimensions as a prop
to understanding. Two-dimensional symmetries are often encountered in prac':tice (the
surface of a crystal and the image of a crystal structure observed in an electron microscope
are two-dimensional, for example). .

A square confined to a plane looks exactly the same if it is rotated 90° aroupd the point at
its center—we say that this operation, which leaves the object unchanged in aspect, isa
symmetry operation. Thus consider the shaded square shown below (Fig. 1.1).°R0tat1ngn
the square about its center point (the small black square) by 90°, 180° (= 2 X 90°) or 270
(= 3 x 90°%) leaves it unchanged. Note that the fourfold repetition of rlotanon b 90° is
equivalent to rotation by 360°. Any object is left unchanged after a rotation of 360° about
any point and this operation is called the identity ope.ration. We generally refer to a
symmetry element that entails rotation by 360°/N (N is an integer) as N-fold.

Fig. 1.1. Symmetries of a square.

The point at the center of the square is the location of a 4-foid rotation point and this
one of the symmetry elements of the square. Distinguish between the symmetry element
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and the symmetry operations (in this case repeated rotations by one-fourth of a circle, by

convention! anticlockwise, about a point). Note also that the application of any symmetry
operation on a finite object will always leave at least one point unmeoved; for this reason
such symmetries are referred to as point operations (or point isometries).

The square has other symmetry elements. Reflection of the sguare in the vertical line
(labeled “1” in the figure) going through the center will again leave the square unchanged.
The vertical line is a mirror line. There is another mirror line {labeled “27) at right angles to
this (i.e. horizontal) as the square has 4-fold rotation symimetry. :

There is also a second set of mirror lines among the symmetry elements of the square;
these (labeled “3” and “4” in the figure) are at 45° to the first set. The reader might try to
show that these are generated by contbinations of 4-fold rotaltons and one or other of the
first set of mirrors. (We will find a simple way to show this later.)?

Repeated application of any point symimetry operation will always eventually result in
the identity operation (thus: two successive reflections in the same mirror line or four
successive rotations of 90° about the same point), For mathematical reasons it is important
to always consider the identity as one of the symmetry elements of any object.

We have identified the entire set of operations of the symmetry elements of the square. It
forms a representation of a mathematical group3, and is therefore called the symmetry
group—or in this case the point symmetry group because at least one point is left invariant
by all the symmetry operations.

Tt is easy to show (we do it below) that in a periodic object (such as a crystal) there is a
restriction to point groups that include only 1-, 2-, 3-, 4- or 6-fold rotation symmetry
elements, There are ten of these groups in two dimensions; they are called the
erystallogiraphic point groups. We enumerate them and show patterns with each of the
symmetry groups in Fig. 1.2. The patterns are generated by the action of all the symmetry
operations of the group on an asymmetric object (in this case a 7).

There are five groups with only rotation points (we include the group that contains only
the “one-fold” rotation = identity}. A rotation point is symbolized by a number equal to the
order of the rotation. For the groups without mirrors, these numbers become also the
symbols for the groups which are therefore 1, 2, 3, 4 and 6. These are called the pure
rotation groups, as the symmetry operations are rotations only. A pattern with pure
rotation symmetry will be different from its mirror image and so can be said to have a
hand. (I the object is left-handed, its mirror image is right-handed and vice versa)

Additional groups are obtained by adding mirror symmetry to the pure rotation groups,
The simplest such group is just thal obtained by addition of a mirror line (symbol m) to
group 1 to give group 1m. This is the symmetry group of a plane object that has but one
mirror line. An example is an isosceles triangle or the letter V. Note that group 1m consists
of two operations: reflection in the mirror line and the identity 1.

IThis is the convention in crystallography. Many computer graphics programs consider positive
rotations to be clockwise.
2For example rotation by $0° anticlockwise followed by reflection in the horizontal mirror is equivalent

to reflection in the mirroc line running from top left to bottom right.
3The reader unfamitiar with group theory may find the Notes (§ 1,10.2) for this chapter useful.
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Fi.g 1.2. Nustrating the 10 two-dirmensional crystallographic point groups.
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If the symmetry group of an object contains mirror lines, the object is the same as its
mirror image and thus will not have a hand. The reader should compare the patterns on the
left of Fig. 1.2, which have a hand, to those on the right, which do not.

Next we combine a mirror with a 2-fold rotation (see Fig. 1.2 again), We find in fact
that combination of a 2-fold rotation and a mirror resuits in a second mirror line at right
angles to the first, so the group is symbolized 2men to indicate the presence of the two sets
of mirror lines {gach set consists of one line). Conversely, if we had started with two
mirror lines at right angles we would find that we generated a 2-fold rotation point at their
intersection.! This is the symmetry group of a rectangle or of the letter H,

Proceeding in this way we next generate group 3m from a mirror and a 3-fold rotation.
This is the symmetry of (for example) an equilateral triangle. Combining a mirror with 2
4-fold rotation produces the symmetry group of the square which we have already
discussed. The symbol is 4mm with two m's to signify the presence of two sets (of two
each} of mirrors, In each set the two mirror lines are related by symmetry. Thus (see Fig:
1.1) a quarter turn takes mirror 1 into mirror 2; mirror lines 3 and 4 are similarly related.
On the other hand there is no symmetry operation in the group that converts either mirror 1
or 2 to mirrors 3 or 4—this is why we say there are two sets of mirror lines.

Finally we combine a mirror with a 6-fold rotation, Again we get in the symimetry group
two sets (now of three each) of mirrors. Accordingly the symbol of the group is 6mm. A
regular plane hexagon has this symmetry. The location of the mirror lines is indicated in
Fig. 1.3 below in which the two sets of mirrors are shown as dashed and dotted lines
respectively. As in 4mm, we have a syminetry operation (now rotation by a muitiple of a
sixth turn) to relate mirror lines in a set, but there is no symmetry operation in the group
relating mirrors in one set to any of those in the other set, {(Mirror lines of one set are at 30°
to those of the other set, i.e. related by a rotation of 360°/12; but rotation by 1/12 of a circle
is not a symumetry operation of the group). :

Fig 1.3. Dlustrating 6mm. Dotted and broken lines indicate the location of the two sets of mirrors.

Lifting the restriction to crystallographic symmetry (i-, 2-, 3-, 4-, or 6-fold rotations)

~ we get non-crystallographic point groups. These are rotation groups N with N = 5 or > 6,

and the point groups Nm with N > 3 and odd (a reguiar pentagon has symmetry 5m), and
Nrmm with N> 6 and even (a regular octagon has symmetry Smm). )

1The three-dimensional occurrence of this phenomenon is familiar to those who have looked at them-
selves in two mirrors at right angles, If vou kave never done this please (ry! :
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1.2 Coordinate systems and symmetry operations

Let us consider a Cartesian coordinate system with the x axis pointing down the page
and the y axis horizontal as in Fig. 1.4. Further, let the origin be at the 4-fold rotation point
of 4mm, Three of the symmetry elements of that group are indicated: the 4-fold rotation
point by a square and two mirror lines by heavy lines.

X, ¥

Fig. 1.4, Tllustrating the effects of rotations and reflections on a point {see text).

Imagine now the operation of a quarter turn (90" rotation anti-clockwise about the origin)
on the point x.y. The point will be translated to a position -y,x, This means that the new x
coordinate is equal to minus the old y coordinate and the new y coordinate is equal to the
old x coordinate; thus if the original point had coordinates 0.2,0.1 the new point would
have coordinates —0.1,0.2. The transformation can be represented by multiplying the
column vector (x /y) (representing the coordinates x,y) by a matrix to give new coordinates

xyh
x 0 -1yx ¥
¥ 1o vy, lx
The matrix can be written on one line as {0 1/ 1 0), with I representing -1, and this is a
convenient way of representing the symmetry operation. The matrix corresponding to

reflection in the diagonal mirror is (0 1 /1 0).1 This transforms the point x,y to y,x as

IThe reader who is not entirely familiar with matrices and their multiplication is well advised to work

out the examples given here and subsequently, See the Notes at the end of the chapter (§ 1.10.4) for help .

with manipulating matrices,
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shown in the figure. Finally the operation of reflecting in the horizontal mirror transforms
%y io X,y with the corresponding matrix (1 0 / 0 1). We may now verify by matrix
multiplication that rotation by 90° followed by reflection in the horizontal mirror is
equivalent to reflection in the diagonal mirror shown in Fig 1.4

(0700 T/ 10 (/) =©1/10)x/y) = (v/%)

as should be obvious from ari inspection of the figure.

Instead of using the matrices to represent the symmetry operations, we could use the
transformed coordinates themselves. The resulting coordinates are sometimes known as the
Jones symbol. We list in Table 1.1 the matrices and coordinates for all the operations of
4mm. Reference to Fig 1.2 shows that the original asymmetric object is transformed to
eight such objects, so there are eight syrmetry operations (eight is the order of the group).
It is common to symbolize an anticlockwise rotation by a quarter of a circle by 4t or 41,
rotation by two quarters of a circle (= one halfl circle) by 42 (= 21) and by three quarters of
acircle by 43 or 4-, The last case emphasizes that rotation anticlockwise {the positive sense)
by 3/4 of a circle is equivalent to rotation clockwise (the negative sense) by 1/4 of a circle.

Table 1.1. Symmetry operations of group 4mm.

operation matrix coordinates
identity = 1 (10/01) xy
90° rotation = 41 ©is10) y.x
- 180" rotation = 42 = 21 de/00) %7
270° rotation = 43 0/im %
reflection in horizontal mirror (10/01) Xy
reflection in vertical mirror (10/0D %y
reflection in mirror 3 (Fig. I.1) (O1/10) ¥,x
reflection int mirror 4 (Fig. 1.1) (©i/lo ¥,

In erystallography we does not always use coordinate axes at right angles, In the case of
3-fold or 6-fold symmetry, it is more convenient 1o take axes inclined at 120° to each other
as shown in Fig. 1.5. The figure illustrates the effect of 3-fold rotations on a point x,y from
the rotation point taken as origin. The long and short dashed lines have lengths equal to the
magnitudes of x and y respectively. Noté¢ that to get to the point x,y from the origin, we
translate by a distance x parallel to the x axis and then by a distance y parallel to the y axis.

It should be obvious from the figure that after rotation by one-third of a circle (120°)
about the origin, the new x coordinate is equal to —y, and that the new y coordinate is equal
to x—y. We therefore write the coordinates of the new point 7,x—y. If the original point
were at x = (.4 and y = 0.1, the coordinates of the point generated by the rotation of 1/3 of

INote that the order of matrix multiplication is important. Reversing the order of the two matrices is
equivalent o teversing the order of carrying out the two symmetry operations. (What symmetry operation
does one get then?)
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a circle (anticlockwise) would be x =-0.1, y = 0.3. Repeating this operation takes ¥,t—y to
y-x.% (le. -0.1,0.3 to -0.3,-0.4).

Fig. 1.5. Illustrating a coordinate system with axes (x and y) at 120°,

The symmetry operations of point group 3 can hence be represented as shown in Table
1.2. As there are three symmetry operations, the order of the group is three.

Table 1.2. Representations of the symmetry operations of group 3.

operation matrix coordinates
identity = 1 (10/91) Xy
120° rotation =31 =3+ (01/ 11) FX-y
240 rotation=32=3% (11/10) y=x,%

It is important to note that the matrices and (transformed) coordinates only have the
particular form given for the particular basis (coordinate system) chosen. A recommended
exercise {see Exercise 7 at the end of the chapter) is to find the corresponding matrices and
coordinates for a 120° rotation using a Cartesian basis (axes at right angles).

Even with axes at 120" we have to be careful when we consider the point group 3m.
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There is more than one way we can orient the axes with respect to the mirror lines.! There
are two ways that prove to be useful in practice as shown in Fig. 1.6. On the left there are
mirror lines parallel to the x and y axes; on the right they are perpendicular to the axes.
Now it is imiportant to realize that the crystallographer's syrbols for symmetry groups not
only signify the symmetry elements present, but also their orientation with respect to a
coordinate system. Accordingly the symbols in the two cases above are different viz. 31m
and 3ml. (The full significance of the symbols will be made clear later—Tfor now it is
important to note that the two symbols refer to the same point group with the coordinate
axes in two different orientations with respect to the mirror lines.)

¥ oK

Fig 1.6. Illustrating iwo orientations of the x and y axes with respect to the symmetry elements (mirror
lines) of 3m.

For the record note that the three mirror reflections operating on x,y give

for3lm: Ty-x; x-¥3; y.x
for 3ml: xx-y; y-xy, 7,%

These, combined with the three points produced by the 3-fold rotation point (given in _

Table 1.2} produce a total of six peints, so the order of the group is six.

1.3 Translational symmetry: lattices and unit cells

We now turn our attention from finite objects to infinite objects with translational
symmetry. The first important concept that we need is that of a lafrice. A lattice is an
infinite array of points each of which is identically surrounded, In two dimensions a lattice
is generated by repeated translations of a point by two non-coltinear vectors a and b, Thus
starting from an arbitrary origin we generate a lattice as the infinite set of points at the end
of the vectors ma + nb where m, n are positive, negative or zero integers. The lattice is
completely determined by the magnitudes, a and &, of the vectors a and b and the angle y

In a periadic object (crystal) there is translational symmetry and we use axes parallel to translation
vectors, so the orientation of the axes is determined by the crystal lattice.

Symmetry in Two Dimensions 9

between them.!
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Fig 1.7. The five 2-dimensional Bravais lattices.

The parallelepiped defined by a and b is the basic repeat unit of the lattice and is known
as the unit cell. As illustrated in Fig. 1.7(a), more than one unit cell {with corresponding
lattice vectors a and b) can be chosen with lattice points only at the comers. Such unit cells

IThe term “lattice” is widely abused, Crystallographers, in particular, become very upset when lattice is
used to mean structure as in "the diamond lattice” or "the wurtzite lattice” (in neither case do all the atoms
fall on lattice points). Such usage is considered a gross solecism. However terms such as laztice dynamics
and lattice defects are in such common usage that one caniot avoid them. The word “lattice” is also used
in 4 quite different sense by mathematicians. :
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contain one lattice point per cell (each point at each of the four corners is shared by four
cells), so no matter how they are chosen each cell has the same area, Usually the shortest
pair of vectors with ¥ 2 90° are chosen as shown by the shaded parallelogram. The
quantities a, b and yare referred to as the unit cell parameters.

Lattices are classified by their symmetries. Every point in a general two-dimensional
lattice is a site of 2-fold rotation symmetry (remember that a lattice extends to tee in both
directions). For some special relationships of the unit cell parameters, the lattice points are
at points of higher symmetry. This is illustrated in Fig. 1.7 which shows the different two-
dimensional lattices (known as Bravais lattices). The lattices shown in (b) and (c) also
have mirror symmetry (the points are at sites of symmetry 2mmy), that shown in (d) has
4-fold rotational symmetry and that shown in (e) has 6-fold rotational symmetry. After we
have discussed space group symmetry we will see that the lattices (b} and (c) have different
Space groups (p2mm and e2mm respectively), and hence are clagsified as different Bravais
lattices. Every two-dimensional lattice has one of only five possible space group
symmetries and thus is one of the Bravais lattice types illustrated.

The point symmetry operations that leave a lattice invariant (and one lattice point
unmoved) form the point symmetry group of the lattice. As lattice translations leave the
lattice invariant (the lattice extends infinitely) the translations are also symmetry elements
and the full syminetry group {space group) includes the infinite number of iranslations.

The constraints on a, b and yin the five lattices, and names descriptive of the shape of
the umit cells are listed in Table 1.3. The table also lists the Symumetry at a lattice point.

Table 1.3. Properties of the two-dimensional Bravais Jattices.

constraints system

point symmetry
(2) none oblique 2
(b) ¥=90° rectangular 2mm
() a=b rectangular 2imm
(d) a=b, y=00 square 4mm
{e) a=b,y=120" hexagonal 6mm

It may be objected that the unshaded unit cell in (c} is not rectangular, and that is true,
_ but we can take an alternative unit cell that is rectangular (shown shaded in the figure) with
lattice points at the corners and one at the center. Most commonly this is done and the
constraint for lattice (c) above could have been stated as 7= 90" for a cell with lattice potints
at the corner and in the center.

Note that the unit cefls with only one lattice point per unit cell are primitive. On the
other hand the rectangular unit cell shown in {c) contains two lattice points (one
corresponding to the corners, and the one at the center) and is called cenrered. The unit cell
parameters for the centered cell in (c) have a = b, y= 90° as in (b) but, as noted above, the
two latices have different space group symmetries. Two-dimensicnal lattices represented
by a primitive cell are symbolized by p and that conventionally represented by a centered
cell is symbolized by c.
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The terms oblique, rectangular, square, and hexagonal refer to the crystal system.
Clearly there are four crystal systems in two dimensions.

1.4 Allowed rotational symmetries of lattices

We pause now to prove the assertion that the only rotational symmetries allowed in
periodic structures are I-, 2-, 3-, 4- and 6-fold rotations. Certainly one or more of the
lattices (a)-(e) of the previous section have one or more of these symmetries (note that e.g.
a 6-fold symmetry tacludes 1-, 2- and 3-fold). . ‘ o

A proof, which is very old, proceeds as follows, We take an arbitrary lattice and identify
the shortest lattice vector a. Now consider two lattice points A and B separated by 4 (see
Fig. 1.8). Let there be N-fold rotation points at A and B. Let B’ be the irilage of B after:
rotation by 360°/N about A, and A’ the image of A after rotation by -360°/N about B. A
and B’ must also be lattice points, The distance B'A’ is equatl to q[1-2c0s(360°/N)] and
must be equal to 0, a or >a (if B'A’ < a then a was not the shortest lattice vector). We
consider each of these possibilities in tum:

BA' =0 F-2c0s(360°/NM)=0 N=6
BA'=a: 1-+2cos(360°/N)=1 N=4
BA'>a: 1-2co8(360°'M>1 N<4 (e 3,20rl)

Thus the only possible values of Nare 1,2, 3,4 0r 6. Q.E.D.1

Fig. 1.8. Illustrating the proof that only 1-, 2-, 3-, 4- or 6-fold rotations are ailewed rotational
symmetries of lattices.

1.5 Unit cell coordinates: describing structures

Fora periodic structure we now know how to specify the unit cell. To compietely define
the structure the next thing we have to do is o specify what is in the unit cell.

IThe unconvinced reader is invited to consider the case _of N=3.
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The reference coordinate system is always taken with the x axis parallel to a and the y
axis parallel to b. Usually the y axis is drawn horizontal and the x axis down the page so
that the origin of coordinates is af the top left corner of the unit cell. The scale of x is in
units of & (the magnitude of the vector a) and the scale of ¥ is in units of . In these terms
the coordinates of the unit cell corners are 0.0;0,1:1,0and 1,1. Note that x and y are
dimensionless; for example the distance from the origin at 0,0 to-a point x,0 is xz and a has
dimensions of {ength. :

Any point in the unit cell will be specified by x,y where x and y will be in the ran ge O to
<l. It is important to note that coordinates equal to, or greater than, 1 are not used, This is
because (for example) the existenee of a point at 0.y implies a point at Ly. Both these
points are shared with two unit cells so we would be counting points twice if we gave the
coordinates of both points. Likewise x,0 implies x,1 and 0,0 implies 0,1 and 1,0 and 1L

Semetimes crystallographers use negative coordinates such as X or ¥. These should be
interpreted as 1-x and 1-y respectively. It should be clear that adding (or subtracting) an
integer to either x or y will always produce an identical point in another unit cell (remember
that we have translational symmetry). The point in the reference cell will always have
0 <y < 1. It should be noted, however, that when Hlustrating unit cells of stmctures it
is conventional to show points (if there are any) on all edges and corners.

We now cosider some examples: A certain pattern has a rectangular unit cell with g =
1.73 (actually ¥3) and & = 2.0. There are three points per unit cell with coordinates A:
0,0.5 ; B: 0.5,0.25 ; C: 0.5,0.75. Fig. 1.9 shows (on the !eft) a unit cell with the points
plotted as circles (note. that the point at 1,0.5 corresponding to A is also shown). In the
center is part of the patiern obtained by repeating the unit cell, To make the pattern clearer,
on the right the points nearest to each other have been Joined together and the outline of the
unit cell omitted. This pattern is observed in layers of atoms in some crystal structures.

This example illustrates what is generally the case—although the pattern is completely
specitied by the shape and content of the unit cell, it can only be fully appreciated by
drawing a number of unit cells. :

¢ ole o]lo o
b
e
o S SN
A
alle o © o|o oo o
B C

Fig. 1.9. Left: a unit cell of a pattern. Middle: nine unit ceils. Right: the same paltern with nearest
neighbors joined by lines. ’

A second example involves a hexagonal cell. Now b.= ¢ and ¥=120°. Points are at
0,0.5; 0.5,0 and 0.5,0.5. Fig 1.10 shows {on the left) a unit cell, in the center nine unit_
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cells and on the right, the pattern outlined by joining nearest neighbors in the same wa%r as
in Fig. 1.9. This pattern is one that is encountered repeatedly in crystal cherms.try. tk is
often cailed the kagome pattern after the Japanese word for bampoo weaves used in basket
making. It is also very frequently encountered in ornamental designs.

Fig. 1.10. Left: a (hexagoral) unit cell of a pattern. Middle: nine unit celfs, Right: the kagome pattern
3.6.3.6.

Note that in the kagome pattern every point has the same surroundings in the sense that

. the polygons in sequence meeting at the vertex are hexagon, triangle, hexagon, triangle.

By contrast in the pattern of Fig.1.9 there are two kinds of poin.t; at one kind h(A) lt1he
sequence is the same as in kagome (hexagon, triangle, hexagon, triangle) but at t clot elt:
kind (B and C) it is hexagon, hexagon, triaﬁglc, tr1anfgle. E;oth gg;tgzr;l: are examples o
i1 ellations of the plane by a combination of regular p -
nhiggic;rrézgon on tilings: prthe plane is covered completely by just one ‘kmd of tll'iiula;
polygon, we have a regular tiling. It is not difficult to prove thgt there are just Fhed 36.et1?
these, The first, in which six triangles (3-gons) meet at fip()%nt, is oftep symgc.)hzc > ,d le
second, in which four squares {4-gons) meet at a pom@, is symbol{zed 4-, the third in
which three hexagons (6-gons) meet at a poin; is symbolized 63. (6Th1i last 1sﬁa[so kkrriown
as the honeycomb pattern, for an obvious reason.) The symbols 3 , 4% and 6° are known
ifli ols.! ‘
” llgfcgllgg;a?é?: similasly covered by more than one kigd of regular polygon, and all p(tJlmts
at which three or more polygons meet are of the same kind (related by symme?try), ;A;)e -aw;.
the semiregular or Archimedean tilings of the planc._The kz.lgome pattern (F1g.h1. _) :s ;:-e
this type and is symbolized 3.6.3.6 as the polygons in cyclu': order aI'(?U:nd e:ac %om e
3-gon, 6-gon, 3-gon, 6-gon. There are eight different semx-regu}ar tlh-r.lg.s, wcb ?scgnd
them later {Chapter 3). [t is also convenient to refer to them by their Schlifli symbols.
o %ir?asxlfznﬂoted that the pattern in Fig. 1.9 contains two kinds of point‘. The kagomg
pattern in Fig. 1.10 contains only one kind of point, as in this patiern the pomts._are r;latf
by symmetry. Thus starting from one point we can generate two more }Jy rotatmgda out a
3-fold point (there are 3-fold rotation points in the cenlers of all the trlan_g[es) an gei an
equilateral triangle of points. Repeating the pattern of three points by the translation vectors

‘e . 6
1 Afier the great Swiss mathematician, Ludwig Schlifli (1814-1895). Matherinam.::ans }vrtte 3% {for
example) as (3,6) as this allows easier extension to higher dimensions {as in Schlifli’s pioneering work),
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a and b recovers the pattern of points. This array of points however is not a lattice (this is
an important point)—a lattice is generated by translations alone. !

1.6 Glide symmetry

We have identified three kinds of symmetry operation: rotation, reflection and
translation. It transpires that we can combine two of these operations to give a new
symmetry operation: translation + reflection = glide. The translation direction and the
rnirror line must be parallel to each other and to one of the Iattice translation vectors. The
symmetry operation is the compound one of first reflection in a line (a glide line) and then
translation parallel to the line by a distance d.2 Repetition of this operation will produce a
pattern that is periodic with a period 24. The vector of length 24 must therefore be a lattice
vector. Fig 1.11 illustrates nine successive glides of a triangle initiatly on the left: the glide
line is shown in the conventional representation as a dashed line. The symbol for a glide
line is g (compare with m for a mirror line). If you walk in a steaight line, and with a
uniform step, along a beach, your footprints will be related by glide symmetry.

Fig. 1.11. Tilustrating glide. The glide line is shown as a broken line.

1.7 Two-dimensional space groups

We are now in a position to cnumerate the symmetry groups that are obtained in two
dimensions by combining the point operations with those that involve translation. We will
find that there are 17 such two-dimensional space groups. We first combine the point group
operations of rotation and reflection with translation and then consider the cases where
reflection lines are replaced by glide lines. Groups obtained by the combination of point
operations with translations are called symmorphic. Additional non-symmerphic groups
are obtained by replacing (where appropriate) mirror lines by glide lines. The diligent
reader will work through each example by letting the symmetry operations act on an
asymunetric object; Exercise 8 shows how to proceed. If this is dene, patterns similar to
those shown in the different parts of Fig. 1.12 (below) will be obtained.

INote that points (or atoms esc.) related by lattice translations are often referred to as identical (a lattice
is an infinite atray of identical points). Points that are related by symmetry operations other than pure
translations are sometimes called equivalenr. )

ZActually in this case the order in which these operations is carried out is unimportant; one could
translate and then reflect.
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1.7.1 Obligue system

We start with the simplest case in which there is translational sym{netry only with an
oblique lattice. This is the symmetry of the pattern obtained from periodic trans_lauons of an
asymmetric object in two dimensions. The symbol for the_ symmetry group is pl. The p
symbeolizes the lattice (primitive) and the ! the associated point group. '

As already noted, an obligue lattice by itself has 2-fold rotation symme'try at thf: lattice
points, so it is also compatible with the pattern obtained by repeatin‘g an obj_ect (which may
be ¢.g. a collection of points) with 2-fold rotation symmetry by_ obhqge lattice vectmts. Tt}e
symmetry group consisting of the combination of the translations with 2-fold rotations is
symbolized p2. . .

No other symmetries are possible with an oblique laitice so we have found thle two
possible space groups in the oblique system: p1 and p2. Patierns with these symnetries are
shown in Fig. 1.12 (). Note that in the parts of Fig. 1.12, the patterns are gelnerated by
the symmetry operations operating on a single asymmetric object (a scalene triangle) a}ld
the number of such triangles per primitive unit cell is the same as the order of the point
group from ‘which the space group is derived.!
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Fig. 1.12 (a)..I]]ustrming the ablique and rectangular two-dimensicnal space groups. Each pattern has
different symmetry (which shouid be identified).

IThe device of using a scalene triangle as an asymmetric object is old [SE:E- e.g. L. ‘Weber, Zeits.
Kristatlogr. 70, 309 (1929}] and patterns similar to those in the varicus parts of Fig. 1.12 are o be found
for example in Elementary Crystallography by M. I. Buerger [Wiley, Nx.e-w York (1963)]: T_‘he space
‘groups are deliberately left unidentified in the figure. The reader should provide the Jabels. This is an easy
exercise, but it should be done.
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Fig. 1.13. This figure is continued on the next page (see the caption there).
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Fig. 1.13. The symmetry elements of the two-dimensional space groups. Light lines outline a unit cefl.
Heavy solid lines indicate the location of mirror lines and broken lines indicate the positions of glide lines.
2-, 3-, 4 and 6-fold rotation points are represented by “lenses”, triangles, squares and hexagons respectively.
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Figure 1.13,shows the location of the symmetry elements in one unit cell for the space
groups. In p1, there are only translations, but in p2, in addition to the 2-fold rotation points
at the corners of the cell, there are also 2-fold rotation points (whose locations are indicated
by the two-pointed symbols} in the middle of the edges and the center of the unit cell. Note

that all the symmetry elements of p2 are obtained by combining one rotation point with
translations.!

1.7.2 Rectangular system

The rectangular lattice p has mirror symmetry and the lattice transtations can be
combined with point group Im to give a symmetry group plml (often abbreviated to pm).2
The symmetry elements of this group consist of orthogonal lattice translations and a family
of mirror lines parallel to one of the axes. The spacing between the mirror lines is one-half
of the lattice repeat.

We can also combine the elements of 1m with the translations of the centered rectangular
lattice ¢ to get space group clsml (abibreviated symbol cm). Note in Fig. 1.13 that the space
group also contains glide lines interleaved with the mirror lines. These should be identified
in the appropriate part of Fig. 1.12.

Point symmetry group 2mm is also compatible with a rectangular lattice, so we have
space groups pZmm and c2mm (often abbreviated to prmm and cmm respectively). These
are the space groups of the primitive and centered rectangular lattices respectively, Note that
they are different symmetries and in particular c2mm contains glide lines that are absent in

P2mm (Fig. 1.13 again). _

Now that we have mirror lines in the space groups, we must consider the possibilities
that arise when mirror lines are replaced by glide lines. Thus the mirror line in the
symmorphic group p1ml can be replaced by a glide line to give the non-symmorphic group
plgl (often abbreviated pg). Again the symmetry elements should be identified in Figs.
1.12 (@) and 1.13.

We remarked that the symmorphic group clm| already contains glide lines so there is
rot a new group “clgl” to be obtained by replacing the myirrors of ¢lm1 by glide.3

From the symmorphic group p2mm we get the non-symmorphic groups p2mg and p2gg

{often abbreviated pmg and pgg) as illustrated in Fig. 1.13. .

As explained below, the symbol p2mg refers to the space group in which there are
mirror lines perpendicular to a and plide lines perpendicular to b, The group p2em is the
same symumetry group but now the axis perpendicular to the mirror lines is b and the axis
perpendicular to the glide lines is a. Thus p2mg and pP2gm are two different setrings of the

YA reminder that here, and throughout the rest of § 1.7, the reader who is unfamiliar with the material
will: (a) Verify that the patterns in Fig. 1.12 are indeed genetated by the basic point group operations plus
translations. {&) Verify the existence of the symmetry elements shown in Fig. 1.13 from the patterns of
Fig, 1.12.

The significance of the “1”s in the symbol is explained below. The novice may well wish to reread this
section after reading § 1.8.

3The skeptical reader should aevertheless do the experiment. It will be found that replacing the mirror
lines in c1m1 by glide lines will produce mirror lines where the old glide lines were,
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same space group with the first arbitrarily chosen as the standard settin:g..This illustratfes

that symbols for space groups can change with relabeling of the axes. T!us is not mucl:h of a

problZm in two dimensions, but we will need to devote careful attention to the analogous
tion in three dimensions. o

qu‘;‘f is important to recall that glide lines already exist in em and c2mm so there are no new

groups cg, cmg or c2gg. We have therefore identified all the rectangular space groups.

1.7.3 Square system

In the square system, we can combine the ranslations of the square lattice with the4poin(§
symmetries that inctude a 4-fold rotation, i.e. 4 and dmm, gett;lng spagt? gficz)l:]pz fPlat?;;e
in Fi a
4m). It should be seen in Fig. 1.13 that the combin

B O T i igi tes a second 4-fold point at the center of
translations and a 4-fold point at the origin genera o of

ints i i . The pattern of symmetry pdm

2-fold points in the middle of the cell e.dges : -

;lklleoﬁfci]t?:(iidentiﬁeg in Fig. 1.12 (b) and the glide lines paralle! to the unit cell diagonals

in Fig. 1.13) identified. . )
(Sh;:en;:isteice of one set of glide lines parallel to the spcond set of mirrors (sgmb?ilhzsg
by the second “m™) in pdmin meatis that although there is a new SP?CCE froup P z::) i

. Again identify the space
4.0} there are not new groups p4img or pdgg ! the

\c}?:glbfllg (i)) and locate the symmetry elements. We have now identified all the square

space groups.
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Fig. 1.12 (§). llustrating the square two-dimensional space groups. Ea¢h pattern has different symmetry

1.7.4 Hexagonal system

In the hexagonal sysiem we can combine the translations of the hexagonal lattice with the

i etries 3, 3m, 6, and Gmm. ‘ . .
POlztS Sz?{f-zlz:iy explained (see Fig. 1.6) 3m can be oriented in two ways with :_:s};?ectt ';c; ;22
i i - ice translations) to give two aistinc
dinate axes (which are paraliel to the lattice ns 0 dis .
C:))ll.;ps p3ml and p3lm. Patterns with these two symmetries are shown m#ﬁg. léfn gcgs
'gfo determine which is which (a) cutline a unit cell, {b} 1dentng th‘la ir?t’l}rror ines. p
i i dees (compare Fig. 1.15)
e that has mitror lines normal to the cell edg : .
th(:Tol?e other symmorphic space groups are p3, p6 ‘and pbmm (sometimnes abprev;;lt';zilg
p6m). Note again in Fig. 1.13 the presence of additional symmetry elemegs, inp
in the hexagonal system we always have 3-fold points at 1/3,2/3 and 2/3,1/3,
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. The. groups p3ml fmd p?lm both already have glide lines so there are no new groups to
e derived by replacing mirrors by glides in these instances. Finally there are lidef'

parallejl to both sets of mirrors in p6rmm so again there are no new groups to be o%tain énbes
rejplacxr-ng the mirrors by glides.! We have therefore concluded the enumeration ail o
dimensional space groups. ronallthe twe-
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Fig, 1.12 (c}. Mlustrating the hexagonal two-dimensional space groups.

i . . .
In the centered rectangular lattice ntirror lines and giide lines are interleaved throughout space, The

texagonal lattice may be considered as a i i
o 2 26 special case of a centered rectangular laitice (ses Table 1.3,p. 10
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1.7.5 Synopsis of the two-dimensional space groups

Tabie 1.4 below summarizes the two-dimensional space groups. The final column Lists
first the symmorphic groups and secondly the non-symmeorphic groups obtained when
mirror lines are replaced by glide lines. Note that the system 1s determined by the shape of
the conventional unit cell, or equivalently by the point symmetry at a point of the lattice
(Table 1.3). The point group from which a space group is derived is the class.

Table 1.4. Synopsis of the two-dimensional space groups (short symbols in parentheses)

system point group space group
(class) symmorphic m =g
oblique 1 pl
p2
rectangular 1m plml (pm) plgl (pg)
clml (cm)
2mm p2mm {pmm) p2mg {pmg)
_ pgg (pgg)
c2mm (crmm)
sqﬁare -4 p4
dmm phmm (pdm) pdgm (p4g)
hexagonal 3 p3
im p3ml
p3lm
6 76
6mm - pomm (pbm)

1.8 Construction and interpretation of space group symbols

We now summarize the rules for constructing and interpreting space group symbols, It

is emphasized that the space group symbol both identifies the space group and specifies the

" orientation of the reference axes with respect to the symmetry elements. In specifying the
direction of mirror or glide lines we actually specify the directions of the normals to them
(for reasons that will become apparent in Chapter 3}. Note that in interpreting the space
aroup symbol, we have first to identify the system (oblique, rectangular, square or

hexagonal).
The first letter of a space group symbol refers to the lattice type and must be “p” or “¢.”
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In the oblique system we have either p1 or P2 as space group symbol.

In the rectangular system there are (in the long, or full, symbol) three places after the
lattice symbol. The first of these three places has a symbol which refers to the nature of the
rotation point and is either “1” or “2.” The next symbo! refers to the nature of the symmelry
line (“m” or “g”") normal to a (the ttormal to the mirror or glide line is parallel to a}. The last
symbol refers to the nature of the symmetry element normal to b and is either “1", “m” or
“g.” Note the use of “1” as a place marker to avoid ambiguity when no symmetry element
is present. The standard setting for pm is with the mirror planes normai to a hence the long
symbol plml; if for some reason we wished to label the axis normal to the mirror plane b,
the space group symbol would now be written plim,

In the square system the first position of the space group symbol is for the lattice (must

be p). The second is for the rotational symmetry (must be 4) the third (if present) is for _

symmetry elements along x and y (i.e. parallel to a and b—because of the 4-fold symmetry
these symmetry elements must be the same) and the fourth position (in the full symbol)

signifies the presence of symmetry elements at 45° to x and y (i.e. along the directions
ath),

In the hexagonal system the first position of the space group symbol is again p. The
second indicates the rotational symmetry (3 or 6). The third position. signifies SyImmetry
elements along the x and y directions (which are at 120%), i.e. parallel to a and b and to the
third equivalent direction which is parallel to —(a+h). The fourth positions refer to
symmetry elements at $0° to x and y. Recall that the orientations of mirror lines are
specitied by the directions of their normals and note again the use of 1 as a place marker in
p3m1 and p31m. Accordingly in p3m1 the normals to the mirrors are parallel toa and b
[the mirror lines are normaf 10 a and b and —(a+b)]; in p31m the normal to the mirrors are
at right angles to a and b [the mirror lines are parallel to a and b and —(a+hb)].

1.9 Using the International Tables

" Volume A of the International Tables Jor Crystallography (see the Book List) is the
standard (and indispensable) source of information about space groups.! Fig. 1.13 closely
follows the diagrams in that book which we often refer to just as the International Tables.

The International Tables also gives ihe coordinates of the points in one unit cell
obtained by the operation of the symmetry operations of the space group on an arbitrary
point x,y. These are the coordinates of the general positions. The number of general

positions will equal the order of the point group multiplied by the number of lattice points
per unit cell (1 for p and 2 for ¢).

ITwo points to note here about the Tables: (a) The two-
groups”. (b) The short symbois (which are widel
of the Tables for more on this point).

dimensional space groups are there caled “plane
y used elsewhere) are not used for these groups (see p. 16
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There are also special positions in the unit cell. Thcse correspond to pointls: .tha; zirae
either at rotation points or on mirror lines. Thus consider ?he gr:)jup pénzlfg r!(s;:;: thleg.6 éolci
i igin is on a 6-fold rotation point and opera -
e o contonts any 2o ints. Likewise the same point is also on the mirror
rotation will not generate any new paints. LIKewis s
i ts. In fact the symmetry operatl
o the mirror planes produce no new poin ct o perd
gizr&?c: no new points at all, This may be vertfied by substititing x = 0 and y = 0 in the
dinates of the general positions listed below: .
Cmgth?:? special pisitions of p6mm are on the 3-fold points at 1/?{,2/?1 emg1 2;'?;,8 lflé;"l;‘;
i i i ilf produce only the othe
operations acting on one of these points wi : 8 ma
ff?:i?eilugy sriﬁ)stimting x = 1/3 and y = 2/3 in the coordinates of the general pt:>s1tfaons.-tionS
Tn Table 1.5 below we give for pémm (short symbol p6m2j: fﬁst tltlg numb;c;; I?atgsoséf 0
] ! i then the coor
iven kind, then the Wyckoff notation (a, b, etc.) an : ]
Of(‘);t;g;:;senRefer to Fig. 1.13 to see that the positions 6 e correspond to pomt-s_consérz;n;rt:
Eo lie on -one set of mirror lines and thus at sites of symn*:{]etry m. '{h_t:e;;(;?iﬁt;sm .
ikewi i i d set of mirror lines and again at 51 X
likewise arbitrary points on the secon ‘ _ : ety
iti i i ts and at the intersection of two mi ,
Positions 3 ¢ are points on 2-fold rotation points A A
i i i Positions 2 b are on 3-fold rotation p
so are at sites with point symmetry 2emnr. : : o B o the
i i i t-sites with symmetry 3m. Pomn
intersection of three mirror lines so they are a e axout 1o
igi m. The letters a, b, etc. have no special signific
O e ety aceen roup will have special and general
as (umiversally accepted!) labels. Each space group ve
Sers‘;:iens (labeled from a (for the highest symmetry pomts),. alphabctlca_lly t10 wt{atet;:r 10.2;:;:11;
?sonecessary for the general positions. The last entry in the table below 1s p
symmetry ateach kind of site. o

Table 1.5. Special and general positions of pGmm

wyckoff notation coordinates : symmetry
12f Y Ty YT L X EYX VY 1
T 5 9Y-X; Y X VK XY YKy

Ge T ox2x; 28X a0 %,2% m
6d £0;0x;%%3;%0:0% ;xx m
3¢ 1/2,0;0,1725 172,172 2mm
2b 1/3,2/3 ; 213,1/3 63m
la 0,0 . Hrm

Having available the coordinates of the general and speci_al positions afllao::f Oa;
considerable economy in specifying structure. Thus only t:e coordmzcllt?:s ogfi:j:: gxpﬁcmy
iti i ordinates need be .

I positions need to be given. In some cases no £oort o
%‘ir;esriopcompletely specify the positions of the pomtsé;g the; I:;g(gr;eg 15?35?0 E?trh6e ?,1 Ifl)t

it i 1 1 mnt}, the
described above, it is sufficient to give the space group ' e o
i tions ¢. The points of the honey:

ameter (¢) and to state that points are at posi : : :

;f;l;f:;f (63) ang at b (make a quick sketch). Another example using this space group 15

Igemember that x = —1/3 is equivalent to x = 2/3 etc.
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given in Exercise 3 at the end of the chapter.
In a space group with a centered lattice the existence of a point x

of an identical point at 172+4x,1/2+y because transkation by 1/2,1/2 is a symmetry operation.
In the International Tables the positions of cm are given as shown in table 1.6.

Table 1.6. Special and general positions of cm.

0.0;1/2,1/2) +
4b  xy.xy
2a 0y

Thus the coordinates of the general pbsitions are xy ; Xy 3 V24, 124y 5 1/2-2,1/2+y
and the coordinates of the special positions a are 0,y ; 1/2,1/2+y (i.e. on the mirror lines at
x=0and x = 1/2).

1.10 Notes
1.10.1 Symmetry operations

The symmetry operations we have discussed are special cases of general geometrical
transformations or mappings. They are those which preserve distances and angles and
hence the term isomerry. There are many mappings in which there is a one-to-one
comrespondence between the object before and after the transformation. A similarity
transformation is one in which angles, but not distances are conserved. It may be
considered as the result of an isometry followed by an expansion or contraction in scale.
Another transformation of interest is inversion or reflection in a circle. For examples of the

remarkable patterns that can arise from repeated reflections in a system of circles see

R. Courant & H. Robbins, Whar is Mathematics?, Oxford University Press, Oxford
(1941) p. 162,

1.10.2 Groups

Intreductions to symmetry group theory! are F. A, Cotton, Chemical Applications of
Group Theory, 3rd Edition, Wiley, New York (1990) and Boisen & Gibbs (Book List).

A group is a set of (at least one) things with the following properties.

*There is defined a binary operation symbolized by * such that c*p = ¥, where @, f
and yare all members of the group. In the case of symmetry operations,
operation 3 followed by operation ¢, and Y is also a symmetry operation.
general o+ and B+o are not equal (but may be). If for every pair of elements
0*P = Bt the group is said to be commutative or abelian,

o+f means
Note that in
in the group

INote that in this chapter we haven’t done an

¥y group theory (nor shall we in subsequent chapters). All
we have done is to enumerase certain kinds of 5¥!

mmetry group.

.y implies the existence

Symmetry in Two Dimensions 25

. o ros [8),‘
. #v) = (oex)=y (this is the associative ru -
%:12?'8 ?xisfs al? )elZment € in the group such that ;*0& ~—l-l otjl:ie -t ‘? io;e(;; :i:ggal to any
. to the identity .
up. In symmetry groups £ corresponds to t e
mﬁ‘ri:l:beraif ﬂ;fe%:;nfa in the group there is another {§ (thq inverse of o) suc?l t()ii_a:e (:UI? =
* Srs ayand p may be the same (for example two reﬂectlclms nl the :l:,amadn;)mmtatim o
Bheai;en.tity) or different [rotation by one-third of a circle (3 = 3 )'f:;l C?J:e (33; Rl
tt thirds of a circle (32 = 3), or vice versa, again results in the identity
WO _
- ' i implest
B {lz}l‘e number of distinct elements in the group is the order of the group. The simple: .
i of order 1) contains only &. ' e aron
Poiijfxiiﬁgfe(gf a finite group (of order thre_e) is the numbers O,dé;)in%hZu;fweehive:p_
operation * is defined as "addition modulo 3", Le. oxf = (o) mod(3).

050 =0 1%0=1 2+0 =2

_ -0
o¥l=1 . 1¥l=2 221
¢2=2 1¥2=0  2%2=1

Here 0 COI[CSPOHdS to and 1 alld 2 are the IMYEIsSes Of each OthEr. We can write out
2
the above Ielatlonshlps as a ﬂlultlphcatloll table. I\‘IultlpllCatlon refers to the gI()up

operation, in this case “addition modulo 3.7

0 1 2
0 0 1 2
1 1 2 0

is g has the same siructure as (is isomorphic v\'fith) the point s:yl?réletg agrcc?:é)l 2
one e ts are the identity and rotations by one-third anc.l by two-thirds 2.
¥£§:: :vlveonf;issof things with their appropriate group operation (*) form two di
representaﬁ(?ﬂs Otft:hteusﬂzrg::il:zgﬁrgsr;ﬁew operations (see e.g. the case of 4mm Ttgblllz
ks mami'ees re:entation of the same abstract group as do t-he. symmetry operatio
tlliix)nizgzsaif t}?e group operation now is identified as matrix multiplication.

1.10.3 Two-dimensional space groups and decoration

) . . ITH - . .t . A
The occurrence of periodic patterns in decoration \;s fanuharda;;cilaiasti; ftrl-(l);n 5?:3;; ryz'l 4
iodi i fury g

iki e of periodic patterns is the XI cenl he A o

G Sél'llﬁlﬂgsﬁzlilrl;c Morg recently, the Dutch artist M. C_. Escher was 1ns§1;:inbzi e

igzﬁbi;rtlo pixj'odl.t.ce some remarkable periodic designs whlchAhavi‘ gezr} L;;e e

i Symmetry Aspe . C. .

. taltography [C. H. MacGillavry, ' - e

?j:ii;tiili% ;)?c(aivingsg, Olgsl?’hoek, Utrecht (1963)]. Escher's art also provides some be
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examples of repeated similarity transforms.

The Moors did not use all the two-dimensional Space groups in the decoration of the
Alhambra, It is interesting that the explicit enumeration of the 17 two-dimensional groups
was only done after the 230 three-dimensional Space groups were enumerated. The
symmelry groups of three-dimensional objects with translations in only two dimensions are
the 80 layer groups which are sometimes of use in crystal chemistry. We refer to these
again in Chapter 3 (see also Appendix Al).

1.10.4 Matrix manipulations

The reader entirely unfamikiar with matrix manipulations will have to consult one of the
very many elementary mathematics texts that deat with such matters. In this chapter we use

only 2 x 2 matrices such as A = (@11 @12/ agy ax9) and 2 x 1 matrices (2 rows and 1
column; also known as coluran vectors) such as x = (x) / xy).

Multiplication of a 2 x 1 matrix by a 2 x 2 matrix give a new 2 x 1 matrix asin Ax =y,
where y= (a11x1+a12x2 / 1X1+ag0x7).

Multiplication of a 2 x 2 matrix by a2 x 2 matrix gives a new 2 x 2 matrix as in AB=C,
where C = (aub11+a12b21 a11b12+a12b22fa21b11+a22b21 a21b12+a22b22). Note that
the order of multiplication is important and in general AB=BA (recall that the order in
which symumetry operations are carried ont may be important).

1.}1 Exercises

L. Circles of unit diameter are packed as closely as possible on a plane. A fraction nv12
of the area of the plane is covered, The symmetry is pGmm and the centers of the circles are
on the points of a hexagonal lattice. (Do this by packing coins of one kind on a table top.)

2. A hexagonal lattice can be described by a centered rectangular cefl with b = V3. (The
centered cell is sometimes called orthohexagonal).

3. A pattern often encountered in crystal chemistry and in omarment is the Archimedean
tiling 3.4.6.4 which has symmetry pbmm. If the edges of the polygons are equal to 1, the
unit cell parameter is & = 1493 aod the points are in 6 ¢ (Table 1.5) with x = 143+3).

Verify by plotting the pattern. [Hint: if you have difficulty plotting with hexagonal axes see
Fig. 4.10, p. 121.}-

4. The symmetry of the face of a conventional brick wall-is c2rmm,

3. A pair of pa.ra.llel miirror lines separated by a distance d produces an infinite set of

mirror lines with spacing d and translational symmetry with period 24 (the barber shop
phenomenon).

6. Use the matrices given in Table 1.1 to construct a multiplication table for 4w,
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i i *y, rotation by 120” about the origin of a
. Referred to Cartesian coordinates (axes at 90°), ro |
oi‘]nt xcyegivcs a new point at /23912, {3x 212, The- trace (sul_n f’f diagonal teLf*‘n:;)
Ic')f the I;mtrix generating the new coordinates from the lold is -1, gnd is mdepe;:gg?t_ of the
choice of coordinate system {compare the matrix given in Table 1.2 for axes at ).

3. In Fig. 1.14 (below) the broken lines represent two glide lines at ritfiht a;lgit:i,? )tl':f1
ight T it cell of edges a and b. Start with an asymmetric obj
light rectangle represents a unit ce _ \ " e 1o

1l and use the glide reflections and tran ' )
the upper left corner of the ce d ‘ " T et
i iginal object. This process has been begun 1 L !
generate images of the onigina ; e
i latjons and the bent ones represent g
straight arrows represent translati : e iy al the syrametry
ill generate all the symmetry eleme.nts of pge (plgg). 1

ggym:ftswiln tﬁe unit cell {(objects of every pair must be related by a symmetry operation}.
Compare with Fig. 1.13 (in which the unit cell origin is taken at a different point).

4

e

Fig, 1.14. See Exercise 8.

9. The orders of the point symmetry groups can be found by counltir21g ’;‘t;e numb;;f 2?
. i 'Fi num
i ic object that are in the patterns of Fig. 1.2. The ;
e e chime ooatant o i it cell of the patterns of Fig. 1.12 will be the
tric objects (scalene triangies) in a unit cell o e p of Fig. 1. t
:an?;l: the orgler of the point group of the space group if the cell is primstive, and twice
that if the cell is centered. Verify for each space group.

10. Many examples of twe-dimensional patterns (tilings) appear in Chapter 5. Identify
the symmetry elements and verify their space groups.

ked for the next letter in the sequence

i tory of the crystallographer who was as ) _ t

Xh;ncll'gr; _lsl;ger:sporlse naturally was K as this is the next letler in the alphabe;16 wig-: sg‘nérr;e(tgnrsnw(enrzl
e);ac.tly’ in' the font used here!). What are the symmetries of F,G,HLJ S+ #* ?

1, 1, 2mm, 2mm, 1, 2, 4mm, 3, 8mm, 5m, 2.}




